PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 36 (50), 1984, pp. 105–106

A FIXED POINT THEOREM IN REFLEXIVE BANACH SPACES

Ljubomir Ćirić

In this note we shall prove the following fixed-point theorem. Theorem. Let B be a reflexive Banach space, K a nonempty bounded, closed and convex subset of B and let T : K → K be a map such that diam [T (D)] < diam (D) (1) holds for every closed and convex subset D of K, containing more than one element and mapped into itself by T . Then T has a fixed point in K.

Proof. Let F denote a family of all non-empty closed and convex subsets of K which T maps into itself. Then using the result of Smulian [7, p. 327] and Zorn’s Lemma it follows that F has a minimal element, say C. Since T (C) ⊆ C ∈ F it follows that Cl [co T (C)] ⊆ C and hence T (Cl [co T (C)]) ⊆ T (C) ⊆ Cl [co T (C)].

This implies Cl [co T (C)] ∈ F and by the minimality of C we have Cl [co T (C)] = C. (2) As diam (co S) = diam (S) for every subset S of K [5, p. 17], (2) implies diam [T (C)] = diam (C). (3) Now, using (1) we conclude that C is a singleton, say C = u. Therefore, u is a fixed-point of T , and the proof is complete.

We remark that maps considered in [2], [4] and [6] satisfy the condition (1), and therefore our theorem is a certain generalization of corresponding fixed-point theorems. We shall illustrate this on a theorem given in [6].

AMS Subject Classification (1980): Primary 47 H 10; Secondary 54 E 35; 54 H 25.

106 Ljubomir^´Cirić

Theorem A [6]. Let K and D be as in the previous theorem and T : K → K mapping satisfying the following conditions: ‖T x − T y‖ ≤ max{‖x − T x‖, ‖y − T y‖, a‖x − T y‖ + b‖y − T x‖, (‖x − y‖ + ‖x − T x‖ + ‖y − T y)/3}; x, y ∈ K, a ≥ 0, b ≥ 0, a + b < 1, (4)

sup_{z∈D} ‖z − T z‖ < r diam (D), 0 < r = r(D) < 1. (5) Then T has a unique fixed point in K.

Proof. If diam (D) > 0, then by (4) and (5) for every x, y ∈ D we have ‖T x − T y‖ ≤ max{r, (a + b), (1 + 2r)/3} · diam (D) < diam (D). Therefore, T satisfies (1), and by the previous theorem, T has a fixed point in K. Since condition (4) implies that T may have at most one fixed point, the proof is complete.

REFERENCES

[1] J. Achari, Extensions of Ćirić’s quasi-contraction in Banach spaces, Mat. Vesnik (N.S.)

13 (28) (1976), 258–260.

[2] Lj. Ćirić, On fixed-point theorems in Banach spaces, Publ. Inst. Math. (Beograd) (N.S.)

19 (33) (1975), 43–50.

[3] Lj. Ćirić, A note on fixed-point mappings with contracting orbital diameters, Publ. Inst.

Math. (Beograd) (N.S.) 27 (41) (1980), 31–32.

[4] R. Kannan, Somme results on fixed points-III, Fund. Math. 70 (1971), 169–171. [5] R.H. Martin, Nonlinear Operators, John Wiley & Sons, 1976.

[6] Z. Mavar, A fixed-point theorem in a reflexive Banach space, Publ. Inst. Math. (Beograd), (N.S.) 33 (97) (1983), 139–141.

[7] V. Smulian, On the principle of inclusion in the space of type (B), Math. Sb. 5 (1939), 327–328.

[8] M. Tasković, Reflexive Banach space and fixed-point theorems, Publ. Inst. Math. (Beograd) (N.S.) 20 (34) (1976), 243–247.

Matematički Institut (Received 05 10 1983) Knez Mihajlova 35 (Revised 23 04 1984) Beograd