PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 35 (49), 1984, pp. 161–166

ON RANDOM VARIABLES WITH THE SAME DISTRIBUTION TYPE AS THEIR RANDOM SUM

Slobodanka Janjić

Abstract. Let ξ_1, ξ_2, . . . , ξ_n, . . . be a sequence of nonnegative, independent, equally distributed random variables with distribution function F (x) and corresponding Laplace transform f(t); let ν be integer-valued random variable independent of ξ_n, n = 1, 2, . . . , p_n = P (ν = n), p_0 = 0, P (s) = ∑_∞ n=0 s^np_n – its generating function. In this paper, solutions (P, f) of the following functional equation are found: P (f(t)) = f(c_ν t), where c_ν is a real number depending on ν.

Let ξ_1, ξ_2, . . . , ξ_n, . . . be a sequence of nonnegative, independent and equally distributed random variables with distribution function F (x) = P (ξ_1 < x), and ν integer-valued random variable, p_n = P (ν = n), p_0 = 0, independent of the random variables ξ_k, k = 1, 2, . . . . Denote by S_ν the following sum:

S_ν = ξ_1 + ξ_2 + · · · + ξ_ν ,

Φ_ν (x) = P (S_ν x). Obviously, we have

Φ_ν (x) = ∞∑ n=1 P (S_n < x)p_n = ∞∑ n=1 F^{∗(n)}(x)p_n (1)

where F^{∗(n)}(x) is the distribution function of the sum S_n = ξ_1 + ξ_2 + · · · + ξ_n. In terms of Laplace transform (1) becomes φ(t) = ∞∑ n=1 (f(t))^np_n, (2)

where f(t) = ∞∫ 0 e^{−tx}dF (x), φ(t) = ∞∫ 0 e^{−tx}dΦ_ν (x). AMS Subject Classification (1980): Primary 60E99

Let us denote by K the class of random variables for which

Φ_ν (x) = F (x/c_ν ) (3)

is valid, where c_ν is a real number depending on ν. In other words, K is the class of random variables for which the distribution function of the sum ξ_1 + · · · + ξ_nu of random number of equally distributed random variables differs only by a scale factor from the distribution of one random variable from that sum, i.e., the distribution function of random variables from K has the same type [1, p. 137] as the distribution of one random variable from the sum.

From (2) and (3) we have the functional equation ∞∑ n=1 (f(t))^np_n = f(c_ν t) (4)

Let us denote by P (s) the generating function of random variable ν, P (s) = ∑_∞ n=0 s^np_n, s ∈ (0, 1]; then (4) becomes

P (f(t)) = f(c_ν t). (5)

In [2] a case when the random variable ν has geometric distribution (i.e. p_n = pq^{n−1}, p + q = 1, n = 1, 2, . . . ) was investigated; then equation (5) reduces to pf(t)(1 − qf(t))^{−1} = f(c_pt), and a characterization of the corresponding class of random variables was given by their Laplace transforms.

The question is how the solutions (P, f) of functional equation (5) look like, where P and f are, as before, generating function and Laplace transform of some random variables. We shall obtain the solution of (5) as a special case when s = 1 from the solution of the more general functional equation: P (sf(t))/P (s) = f(c(s)t), (6) t ∈ [0, ∞), s ∈ (0, 1], where P (s) is the generating function of a nondegenerate, integer-valued random variable with finite mathematical expectation and variance, f(t) is the Laplace transform of nondegenerate random variable; c(s) is a real function on (0, 1].

Theorem. Functions (P, f, c) are solutions of the functional equation (6) if and only if

P (s) = [ ps^k 1 − (1 − p)s^k ]_{1/k} , p ∈ (0, 1), k ∈ N, s ∈ (0, 1], f(t) = (1 + ct^α)^{−1/k}, c > 0, 0 < α ≤ 1, t ≥ 0, c(s) = (1 − (1 − p)s^k)^{−1/α}. (7)

Proof. In one direction this theorem is proved immediately by substitution of (7) in the equality (6).

We shall now prove the converse of the theorem. Let us suppose that functional equation (6) is valid for some functions P (s), f(t) and c(s). Since f(t) is a Laplace transform, it must be strictly monotone, continuous and it possesses derivatives of all orders. Let us show that its first derivative never equals zero. If, on the contrary, f^′(t_0) = 0 for some t_0, then for every T > 0 the following holds:

0 = f^′(t_0) = ∞∫ 0 xe^{−t0x}dF (x) ≥ ∞∫ T xe^{−t0 x}dF (x) ≥ ≥ T (1 − F (T ))e^{−t0x0} , x_0 ∈ (T, ∞), so we have that F (x) is a distribution function of a degenerate random variable, contrary to our assumption. Since the first derivative of f(t) never vanishes, the derivative of the inverse function f^{−1}(u) exists.

Let us write (6) in the following way:

f^{−1}(P (su)/P (s)) = c(s)f^{−1}(u), u ∈ (0, 1), s ∈ (0, 1]. (8)

If, for some s_0, c(s_0) = 0, it follows from (6) that f(t) ≡ 1, which is impossible. So, c(s) ≡ 0, for every s ∈ (0, 1].

From (8) we have f^{−1}(P (su)/P (s)) f^{−1}(P (sv)/P (s)) = f^{−1}(u) f^{−1}(v) , u, v ∈ (0, 1), s ∈ (0, 1]. (9) Differentiating (9) with respect to s, u, v, after simple transformations we get f^′(f^{−1}(u)f^{−1}(v) f^′(f^{−1}(v)f^{−1}(u) = P^′(sv)(uP^′(su)P (s) − P^′(s)P (su)) P^′(su)(vP^′(sv)P (s) − P^′(s)P (sv)) . (10)

Let us differentiate (10) with respect to s, and let s tend to 1. We have uP^{′′}(u) P^′(u) − u^2P^{′′}(u) − P^{′′}(1)P (u) uP^′(u) − P^′(1)P (u) = vP^{′′}(v) P^′(v) − v^2P^{′′}(v) − P^{′′}(1)P (v) vP^′(v) − P^′(1)P (v)

(11)

for every u, v ∈ (0, 1). If, for fixed v, we denote by a the expression on the righthand side of equality (11), we have P^′(1)P^{′′}(u)/P^′(u) + aP^′(u)/P (u) − (P^{′′}(1) + aP^′(1))/u = 0, u ∈ (0, 1), P (1) = 1 which is equivalent to

P^′(1) ln P^′(u) + a ln P (u) − (P^{′′}(1) + aP^′(1)) ln u = C_0 = P^′(1) ln P^′(1). The solution of this equation is:

P (u) = [ (a/P^′(1) + 1)P^′(1) a + P^{′′}(1)/P^′(1) + 1 u^{a+P ′′ (1)/P ′(1)+1} + C_1

]_{a/P} ′_{(1)+1)}−1 .

From P (1) = 1 we obtain that

C_1 = 1 −

(a/P^′(1) + 1)P^′(1) a + P^{′′}(1)/P^′(1) + 1 . Solution P (u) is of the form

P (u) = [p^{−1}u^{−α} − (1 − p)p^{−1}]^{−β/α}, u ∈ (0, 1). (12)

Let us show that α, β are positive integers and 0 < p < 1. 1. If α < 0, let us write the Taylor expansion for P (u):

P (u) = ( p − 1 p ) p^{−β/α} ( 1 + u^{−α} p − 1 )_{−β/α} = ( p − 1 p )_{−β/α ∞}∑ n=0 ( −β/α n ) ( u^{−α} p − 1 )_n . Since P (u) is a generating function, powers of u must be positive integers, which means that −α ∈ N; for all n, coefficients must be nonnegative, i.e., (_{−β/α} n ) (p − 1)^{−n} ≥ 0, n = 0, 1, . . . , whence β < 0 and p < 1. But then we get P (u) > 1, which is impossible.

2. If α > 0, the Taylor expansion for (12) is

P (u) = (u^{−α}p^{−1})^{−β/α}(1 + (p − 1)u^α)^{−β/α} = = (u^{−α}p^{−1})^{−β/α} ∞∑ n=0 ( −β/α n ) (p − 1)^nu^{αn} = ∞∑ n=0 p^{β/α} ( −β/α n ) (p − 1)^nu^{αn+β}, whence again β > 0, p < 1, α and β are positive integers. From p < 0 it follows that P (u) > 1, and we must have p > 0. We obtain that P (u) is

P (u) = [ pu^k 1 − (1 − p)u^k ]_{n1 /k} , u ∈ (0, 1), p ∈ (0, 1), k, n_1 ∈ N. Let us write M(t) = (f(t))^k , (1 − p)s^k = 1 − z; then from (6): [ zM(t) 1 − (1 − z)M(t) ]_{n1} = M(ζ(z)t), t ∈ R^+, (13)

where ζ(z) is a real function on (p, 1),

ζ(z) = t^{−1}M^{−1} ([ zM(t) 1 − (1 − z)M(t) ]_{n1} ) , and therefore ζ(z) is differentiable and its derivative never vanishes. Let us differentiate (13) with respect to t and z; after simple transformations we get tM^′(t) M(t)(1 − M(t)) = ζ(z) zζ^′(z) , t ∈ (0, ∞), z ∈ (p, 1). (14)

If we denote by a_0 the left-hand side of (14) for t fixed, it follows that a_0/z = ζ^′(z)/ζ(z), whence ζ(z) = z^{a0} /a_1. In order to obtain M(t), let us write (14) in the following way (for fixed z, the right-hand side of (14) is constant b_0):

b_0 t = M^′(t) − 2M(t)M^′(t) + 2M(t)M^′(t) M(t)(1 − M(t)) . It follows that

b_0 ln t = ln M(t)(1 − M(t)) − 2 ln(1 − M(t)) + ln C,

and therefore M(t) = (1 + ct^{−b0} )^{−1}. Since M(t) is an k-th power of the Laplace transform f(t), we must have c > 0, −b_0 = α ∈ (0, 1]. So, M(t) and ζ(z) are solutions of equation (13) only when n_1 = 1, a_1 = 1, a_0 = −1/α. We have that

f(t) = (1 + ct^α)^{−1/k}, c(s) = [1 − (1 − p)s^k]^{−1/α}.

The proof is complete.

We supposed that P (s) was the generating function of a nondegenerate random variable. Let us discuss now solutions of (6) in case P (s) is the generating function of a degenerate random variable. Then (6) reduces to (f(t))^n = F (ct), t ∈ [0, ∞), n ∈ N, c > 1. (15) If c = 1, then if n = 1, f is arbitrary, and if n > 1, f is the Laplace transform of a degenerate random variable. Let us consider the case when n > 1, c > 1. Since for every t ∈ [0, ∞) f(t) ≠ 0, we can write f(t) = exp(u(t)), and (15) becomes exp(nu(t)) = exp(u(ct)), or nu(t) = u(ct). (16) Let u_1(t) and u_2(t) be two solutions of (16), and let g(t) = u_1(t)/u_2(t). Then, from (16), we have g(t) = u_1(t)/u_2(t) = u_1(ct)/u_2(ct) = g(ct).

Let h(ln t) = g(t), then h(ln t) = h(ln t + ln c), i.e. h(s) = h(s + ln c). Whence u(t) = u_0(t)h(ln t) and f(t) = (f_0(t))hc ln t) = exp(u_0(t)h(ln t)). Since (15) holds,

(f(t))^n = (f_0(t))^{nh(ln t)} = (f_0(ct))^{h(ln t)} = (f_0(ct))^{h(ln t+ln c)} = f(ct).

One solution of (15) is f_0(t) = exp(−t^β ), 0 < β < 1. Let us compute β. We have u_0(t) = −t^β , −nt^β = −(n^{1/β}t)^β = u_0(ct); then c = n^{1/β} , whence β = ln n/ ln c. Since f(t) = exp(−t^sh(ln t)), then h(ln t) = −t^s ln f(t). When h(ln t) is constant, f(t) is the Laplace transform of a stable, [1, p. 448] distribution function.

Remark. It is natural to ask about solutions of (6) when P (s) and c(s) are as before, and f(t) is the characteristic function of a random variable which need not be only positive. In [3], the solution of (4) is found on the condition that ν has the geometric distribution function and f(t) is the characheristic function of a random variable with arbitrary sign. It is easy to see that if P (s) and c(s) are as in (7) and

f(t) = (1 + 4v(t))^{−1/k} where v(t) = (c_0 + it/|t|c_1|)|t|^α, 0 < α ≤ 2, c_0 ≥ 0, c_1 ∈ R, k ∈ N, then stch (P, f, c) are solutions of the equation (6). The question is whether, except for these (P, f, c), other solutions in this class of function exists.

REFERENCES

[1] W. Feller, An Introduction to Probability Theory and Its Applications, vol. 2, New York, 1971.

[2] B.V. Gnedenko, Limit Theorems for Sums of a Random Number of Positive Independent Random Variables, Proceedings of the Sixth Berkley Symposium on Mathematical Statistics and Probability, vol. 2 (537–549) 1970.

[3] B.V. Gnedenko, S. Janjić, A Characteristic Property of One Class of Limit Distributions, Math. Nachr. 113 (1983) 145–149.

Matematički institut (Received 08 10 1983) Knez Mihailova 35 11000 Beograd Yugoslavia