PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 33 (47), 1983, pp. 69–71

A GENERALIZATION OF A THEOREM OF A. D. OTTO

Th. Exarchakos

Abstract. In this paper we prove that if G is a finite p-group of class c with G/G^′ of exponent p^r and L_i/L_{i+} is cyclic of order p^r for i = 1, 2, . . . , c − 1, where L_i, i = 0, 1, . . . , c is the lower central series of G, then the order of G divides the order of the group A(G) of automorphisms of G.

Introduction and notation. Let G be a finite p-group of class c. Let G = L_0 ⊃ L_1 ⊃ · · · ⊃ L_c = 1, 1 = Z_0 ⊂ Z_1 ⊂ · · · ⊂ Z_c = G be the lower and the upper central series of G respectively, where L_1 = G^′ = [G, G] and Z_1 = Z = Z(G). If G has no non-trivial abelian direct factor, then G is called a P Ngroup. A. D. Otto in [1] proved that if G is a P N-group with |L_i/L_{i+1}| = p for all i = 1, 2, . . . , c − 1 and exp(G/G^′) = p, then the order of G divides the order of the group of automorphisms of G. We generalize this result by showing that if G is any finite p-group with L_i/L_{i+1} cyclic of order p^′ for all i = 1, 2, . . . , c − 1 and exp(G/G^′) = p^′, then |G| divides A(G). We also show that the same result holds if Z_i/Z_{i−1} is cyclic of order p^′, i = 1, 2, . . . , c − 1, and L_j = Z_{c−j} for some j, 1 ≤ j ≤ c − 1. Throughout this paper, G is a finite non-abelian p-group, |G| is the order of G, C(p^x) is the cyclic group of order p^x, A(G), I(G), A_c(G) are the groups of automorphisms, inner automorphisms, central automorphisms of G. ∗ ∗ ∗ We begin with

Lemma 1. Let G be a PN-group. If exp(G/G^′) ≤ |Z|, then |A_c(G)| ≥ |C/G^′|.

Proof. Let |G/G^′| = p^m and G/G^′ = C(p^{m1} ) × C(p^{m2} ) × · · · × C(p^{mt} ),

where m_1 ≥ m_2 ≥ · · · ≥ m_t ≥ 1 and t∑ j=1 m_j = m. Similarly let |Z| = p^k and

Z = C(p^{k1} ) × C(p^{k2} ) × · · · × C(p^{ks} ) with k_1 ≥ k_2 ≥ · · · ≥ k_s ≥ 1 and s∑ i=1 k_i = k. If

AMS Subject Classification (1980): Primary 1650, 1660; Secondary 0510.

70 Th. Exarchakos

a_x is the number of times p^x appears in the invariants of G/G^′, then m∑ x≥1 xax = m. Since G is a P N-group |A_c(G)| = |Hom (G, Z)| = |Hom (G/G^′, Z)| [2]. So we have |A_c(G)| = |Hom (G/G^′, Z)| = |Hom t∏ j=1 (C(p^{mj} ), s∏ i=1 C(p^{ki} ))|. Hence |A_c(G)| = t,s∏ j,i |Hom (C(p^{mj} ), C(p^{ki} )) t,s∏ j,i p^{min(mj ,ki )} = p^A for some A. Summing powers over m_j = 1, 2, . . . , m_1 for k_i = k_s, . . . , k_1 we have A = k_s∑

x≥1 xa_x + k_s m_1∑

x>k_s a_x + · · · + k_1∑

x≥1 xa_x + k_1

m_1∑

x>k_1 a_x =

= s∑ i=2 k_i∑

x≥1 xa_x + k_i k_1∑

x>k_i a_x + s∑ i=1 ( k_i m_1∑

x>k_1 a_x ) + k_1∑

x≥1 xa_x =

= s∑ i=2 θ_i + k

m_1∑

x>k_1 a_x +

k_1∑

x≥1 xa_x, where θ_i = k_i∑

x≥1 xa_x + k_i k_1∑

x>k_i a_x.

Since k ≥ m_1 we have k

m_1∑

x>k_1 a_x ≥ m_1∑

x>k_1 xa_x and so A ≥ k s∑ i=2 θ_i +

m_1∑

x>k_1 xa_x = s∑ i=2 θ_i + m.

Lemma 2. [4]. Let G be a finite non-abelian p-group. Let G = L_0 ⊃ L_1 ⊃ · · · ⊃ L_c = 1, 1 = Z_0 ⊂ Z_1 ⊂ · · · ⊂ Z_c = G be the lower and the upper central series of G. If L_i/L_{i+1} is cyclic of order p^r for all i = 1, 2, . . . , c − 1. then L_i ∩ Z_{c−i−1} = L_{i+1}, i = 1, 2, . . . , c − 1.

Lemma 3. [3]. If G is a finite non-abelian group and Z_i/Z_{i−1} is cyclic of order p^r for all i = 1, 2, . . . , c − 1, then [G, Z_{i+1}] = Z_i for i = 1, 2, . . . , c − 1.

Theorem 1. Let G be a finite group of order p^n and class c. If L_i/L_{i+1} is cyclic of order p^r for all i = 1, 2, . . . , c − 1 and exp(G/G^′) = p^r, then |G| divides, |A(G)|. Proof. Consider the following:

A: G is a P N-group. Since L_i ⊆ Z_{c−i} and L_i ⊄ Z_{c−i−1} we have (Z_{c−i}/L_i) ⊇ (L_iZ_{c−i−1}/L_i) ≃ Z_{c−i−1}/L_i ∩ Z_{c−i−1} = Z_{c−i−1}/L_{i+1} (by Lemma 2). Hence |Z_{c−i}/Z_{c−i−1}| ≥ |L_i/L_{i+1}| = p^r for all i = 1, 2, . . . , c − 1. But |G/Z_{c−1}| = p^{2r} [4] and so |G/Z_2| ≥ p^{(c−1)r} which gives |Z_2| ≤ p^{n−(c−1)r}. If |Z| = p^k then |I(G)| = |G/Z| = p^{n−k} and |Z_2/Z| ≤ p^{n−(c−1)r−k}. Since L_{c−1} ⊆ Z and |L_{c−1}| = p^r we have |Z| ≥ p^r = exp(G/G^′)

A generalization of a theorem of A. D. Otto 71

and so by Lemma 1, |A_c(G)| ≥ |G/G^′|. But |L_i/L_{i+1}| = p^r for i = 1, 2, . . . , c − 1 which implies that |L_{c−i}| = p^{ir} and so |L_1| = p^{(c−1)r}. Therefore we have |G/G^′| = |G/L_1| = p^{n−(c−1)r}, and so |A_c(G)| ≥ p^{n−(c−1)r}. Since A_c(G) centralizes I(G) in A(G) we have |I(G) ∩ A_c(G)| = |Z(I(G))| = |Z(G/Z)| = |Z_2/Z| ≤ p^{n−(c−1)r−k}. Hence |A(G)|_p ≥ |I(G)A_c(G)| = |I(G)| · |A_c(G)|/|I(G) ∩ A_c(G)| ≥ ≥ p^{n−k}p^{n−(c−1)r}/p^{n−(c−1)r−k} = p^n. B: G = H × K, where H is abeilian of order p^e and K is a P N-group.

By [1], |A(G)|_p ≥ p^e|A(K)|_p. Since G = H × K, |G^′| = |K^′|, and by induction L_i(G)| = |L_i(K)| for all i = 1, 2, . . . , c. Hence L_i(K)/L_{i+1}(K) is cyclic of order p^r for i = 1, 2, . . . , c − 1. Moreover G/G^′ = H × K/K^′ and so exp(K/K^′) ≤ p^r. But exp(L_i(K)/L_{i+1}(K)) = p^r and so exp(K/K^′) = p^r. Therefore by A, |A(K)|_p ≥ |K| and so |A(G)|_p ≥ p^e. |K| = |G|. Corollary. Let G be a PN-group. If |L_i/L_{i+1}| = p, i = 1, 2, . . . , c − 1, and exp(G/G^′) ≤ |Z|, then |G| divides |A(G)|. Theorem 2. Let G be a finte p-group of order p^n and class c. If Z_{i+1}/Z_i is cyclic of order p^r for all i = 0, 1, . . . , c−2, and Z_{c−j} = L_j for some j, 1 ≤ j ≤ c−1, then |G| divides |A(G)|.

Proof. By Lemma 3, L_{j+1} = [L_j , G] = [Z_{c−j} , G] = Z_{c−j−1} and so p^r = exp(Z_{c−j} /Z_{c−j−1}) = exp(L_j /L_{j+1}) ≤ exp(L_{j−1}/L_j ) ≤ |L_{j−1}/L_j | ≤ |Z_{c−j−1}/Z_{c−j} | = p^r. Hence |L_{j−1}| = |Z_{c−j+1}| and since L_{j−1} ⊆ Z_{c−j+1} we have L_{j−1} = Z_{c−j+1}. Therefore L_j = Z_{cj} for all j = 1, 2, . . . , c, and so L_j /L_{j+1} is cyclic of order p^r for all j. By [4], G/Z_{c−1} = p^{2r} and so |G/L_1| = |G/G^′| = p^{2r}. Let p^{m1} ≥ p^{m2} ≥ · · · ≥ p^{mt} by the invariants of G/G^′, if m_2 < r, then exp(L_1/L_2) ≥ p^{m2} < p^r, which is a contradiction. Hence m_2 ≥ r and so m_1 = m_2 = r and exp(G/G^′) = p^r. The result follows from Theorem 1.

REFERENCES

[1] A. D. Otto, Central automorphisms of finite p-group, Trans, Amer. Math. Soc. 125 (1966), 280–287.

[2] J. E. Adney, J. Yen, Automorphisms of a p-group, Illinois J. Math. 9 (1965), 137–143. [3] G. Baumslag, N. Blackburn, Groups with cyclic upper central factors, Proc. London Math.

Soc. 10 (1960), 531–544.

[4] J. A. Gallian, Finite p-groups with homocyclic central factors, Canad. J. Math. 26 (1974), 636–643.

[5] N. Blackburn, On special class of p-groups, Acta Math 100 (1958), 45–92.

Marasleios Academy of Athens (Received 07 04 1980) 4. Marasli Street Athens, GREECE