PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 33 (47), 1983, pp. 49–58

SOME SPECIAL SUBSPACES OF A FINSLER SPACE

Irena Čomić

Abstract. In the present paper are studied such subspaces of a Finsler space for which he absolute differential of the tangent or normal vectors have special positions.

1. Introduction. The equation of a subspace F_m of a Finsler space F_n, the definitions of the tangent vectors B^i_α, the normal vectors N_μ^i, and the induced and intrinsic connection coefficients and curvature tensors are the same as in [6], [2] and [3]; so they are omitted. The induced connection coefficients and curvature tensors shall be denoted as usual by —.

Let us denote by T_H (P ) the subspace of the tangent space of F_n at P (x, ẋ) = (X^i(u^α),^i_α u̇^α) spanned by B^i_α and by T_V (P ) the subspace spanned by N_μ^i.

The object of the present paper is to study special subspaces which satisfy some of the following conditions at a fixed P for every displacement (du^α, du̇^α) on the subspace F_m:

1) DB^i_α ∈ T_H ⇔ DN_μ^i ∈ T_V ⇔ (DB^i_α ∈ T_H ) ∧ (DN_μ^i ∈ T_V )

1a) DN_μ^i = 0 ⇒ DB^i_α ∈ T_H 1b) DB^i_α ⇒ DN_μ^i ∈ T_V 2) DB^i_α ∈ T_V 3) DN_μ^i ∈ T_H 2a) = 3a) (DB^i_α ∈ T V ) ∧ (DN_μ^i ∈ T_H )

for every α = 1, 2, . . . , m, μ = m + 1, . . . , n.

Cases 1a) and 1b) are special cases of 1); 2a) = 3a) is a special case of 2) or 3). AMS Subject Classification (1980): 53C60

For the case 1) the induced and intrinsic connection coefficients are the same and the normal curvature^νN(u, u̇) = 0 for every curve u^α = u^α(s) trough P . Theorem 1.1 gives equivalent conditions for F_m to satisfy the conditions of case 1) for a fixed u and every u̇.

For case 2) the subspace F_m is Riemannian with 0 R_α^δ_{βγ} = 0,^0P_α^δ_{βγ} = 0,^0S_α^δ_{βγ} = 0.

For case 3) we have 1 R_μ^ν_{βγ} = 0,^1P_μ^ν_{βγ} = 0,^1S_μ^ν_{βγ} = 0.

2. Case 1). DB^i_α ∈ T_H . For any subspace F_m of F_n we have DB^i_α = (Γ^{∗δ}_{α β} du^β + A^δ_{α β} Dl^β)B^i_δ + (θ^{∗μ}_{α β} du^β + A^μ_{α β} )N_μ^i, DN_μ^i = (−θ^{∗δ}_{μβ} du^β − A^δ_{μβ} Dl^β)B^i_δ + (λ^{∗ν}_{μ β}du^β + A^ν_{μ β}Dl^β)N_ν^i. In the case 1) these formulae become DB^i_α = (Γ^{∗δ}_{α β} du^β + A^δ_{α β}Dl^β )B^i_δ,

(2.1) DN_μ^i = (λ^{∗ν}_{μ β} du^β + A^ν_{μ β} Dl^β)N_ν^i.

(2.2)

In this case θ^{∗μ}_{α β} du^β + A^μ_{α β} Dl^β = 0, for every du^β and Dl^β , so (2.3) θ^{∗μ}_{α β}du^β = 0, A^μ_{α β}Dl^β = 0 for all α, β = 1, 2, . . . , m μ = m + 1, . . . , n.

From (2.1), (2.3) and θ^∗_{μαβ} = −θ^∗_{μαβ} , A_{μαβ} = −A_{μαβ} we obtain (2.4) θ^∗_{μαβ} = 0 A_{μαβ} = 0 for all α, β = 1, 2, . . . , m μ = m + 1, . . . , n.

As for any subspace F_m we have Dl^k = B^k_αDl^α + H^k_β du^β and for case 1) Dl^k = D(B^k_αl^α) = B^k_αDl^α we conclude that in this case H^k_β du^β = 0.

The above equation is true for any du^β so that in case 1) (2.5) H^k_β = 0, k = 1, . . . , n β = 1, . . . , m.

From (2.5) it follows that the corresponding equations for Γ^{∗δ}_{α β} and λ^{∗ν}_{μ β} reduce to Γ^∗_{αγβ} = g_{ir}B^r_γ (B^i_{α β} + Γ^{∗i}_{j k}B^{j k}_{α β} )

(2.6) λ^{∗ν}_{μ β} = g_{ir}N_ν^r(∂_β N_ν^i − δ0t∂_δN_ν^iΓ^{∗δ}_α + Γ^{∗i}_{j k}N_ν^j B^k_β ).

(2.7)

Tensors A_{αβγ} and A_{μνγ} are determined by A_{αβγ} = A_{ijk} B^{i j k}_{α β γ} = L(u, u̇)2^{−1} ˙∂_γ g_{αβ} (u, u̇) (2.8) A_{μνγ} = g_{ij} N_ν^j L ˙∂_γ N_μ^i + A_{ijk} N_μ^iN_ν^j B^k_γ .

(2.9)

The normal curvature^νN of a curve u^α = u^α(s) of the subspace F_m in the direction of^νN_i is given by ν N(u, u̇) = L^{−2}(u, u̇)θ^{∗ν}_{α β}u̇^αu̇^β (u̇^α = du^α/du^s) From (2.3) if follows that (2.10)^νN(u, u̇) = 0 for every curve u^α = u^α(s) through the point (u).

From (2.1) and (2.2) we obtain

[ΔD]B^i_α =Ω^δ_α(d, δ)B^i_δ = {2^{−10}R^δ_{αβγ} [du^β δu^γ ]+ 0 P_α^δ_{βγ} [du^β Δl^γ ] + 2^{−10}S_α^δ_{βγ} [Dl^β Δl^γ ]}B^i_δ

(2.11)

[ΔD]N_μ^i =Ω^ν_μ(d, δ)N_ν^i = {2^{−11}R_μ^ν_{βγ} [du^βδu^γ ]+ 1 P_μ^ν_{βγ} [du^βΔl^γ ] + 2^{−11}S_μ^ν_{βγ} [Dl^βΔl^γ ]}N_ν^i

(2.12)

It may be seen that in case 1) 0 R_α^μ_{βγ} ,^0P_α^μ_{βγ} ,^0S_α^μ_{βγ} The definitions of curvature tensors given above and in the sequel are given in [6]. , Some vector field ξ^i(x(u)B_αu̇^α) defined on the subspace F_m, may be decomposed in the following way ξ^i = B^i_αξ^α + N_ν^iξ^μ

Using the known formulae

[ΔD]ξ^i = {2^{−1}R_j^i_{hk}[dx^hδx^k ] + P_j^i_{hk}[dx^hΔl^k] + 2^{−1}S_j^i_{hk}[Dl^hΔl^k]}ξ^j dx^h = B^h_αdu^α and for case 1) Dl^h = B^h_αDl^α we get (2.14) R_j^i_{hk}ξ^j B^{h k}_{β γ} =^0R_α^ε_{βγ} ξ^αB^i_ε +^1R_μ^ν_{βγ} ξ^μN_ν^i The above formula is true for tensors P and S. Comparing the coefficients of ξ^α and ξ^μ we obtain

(2.15) a) R_j^i_{hk}B^{j h k}_{α β γ} =^0R_α^ε_{βγ} B^i_ε b) R_j^i_{hk}N_μ^j B^{,h k}_{β γ} =^1R_μ^ν_{βγ} N_ν^i c) P_j^i_{hk}B^{j h k}_{α β γ} =^0P_α^ε_{βγ} B^i_ε d) P_j^i_{hk}N_μ^j B^{,h k}_{β γ} =^1P_μ^ν_{βγ} N_ν^i e) S_j^i_{hk}B^{j h k}_{α β γ} =^0S_α^ε_{βγ} B^i_ε f) S_j^i_{hk}N_μ^j B^{,h k}_{β γ} =^1S_μ^ν_{βγ} N_ν^i

If we define the induced covariant differentiations^1⊤ and^1⊤ for some mixed tensor T^{β μ}_{α ν} in the form T^{β μ}_{α ν}^1_{⊤γ} = ∂_γ T^{β μ}_{α ν} − ˙∂_κ T^{β μ}_{α ν} Γ^{∗κ}_γ − T^{β μ}_{κ ν} Γ^{∗ κ}_{α γ} + T^{β μ}_{κ ν} Γ^{∗ β}_{κ γ} − T^{β μ}_{α ζ} λ^{∗ ζ}_{ν γ} + T^{β μ}_{α ν} λ^{∗ μ}_{ξ γ} T^{β μ}_{α ν}^1⊤_γ =L ˙∂_γ T^{β μ}_{α ν} − T^{β μ}_{κ ν} A^κ_{α γ} + T^{β μ}_{κ ν} A^β_{κ γ} − T^{β μ}_{α ξ} A^ζ_{ν γ} + T^{β ζ}_{α ν} A^μ_{ζ γ} .

then the Bianchi identities ([6], (3.1)—(3.3)) for the case 1) reduce to

(2.16) a)^0R_α^ε_{βγ}^1⊤_δ +^0P_α^ε_{[γ|δ|}^1_{⊤β]} +^0R_α^ε_{κ[γ}A^κ_{β] δ}+ 0 S_α^ε_{δκ}^0K_o^κ_{βγ} −^0P_α^ε_{[γ|κ} ˙∂_δΓ_ι^{∗κ}_{|β]}u̇^ι = −l_δA^ε_{ακ}^0K_o^κ_{βγ} , b)^1R_μ^ν_{βγ}^1⊤_δ +^1P_μ^ν_{[γ|δ|}^1_{⊤β]} +^1R_μ^ν_{κ[γ} A^κ_{β] β} + 1 S_μ^ν_{δκ}^0K_o^κ_{βγ} −^1P_μ^ν_{[γ|κ} ˙∂_δΓ_ι^{∗κ}_{|β]}u̇^ι = −l_δA^ν_{μκ}^0K_o^κ_{βγ} , c) (^0R_α^ε_{βγ}^1_{⊤δ} +^0P_α^ε_{βκ}^0K_o^κ_{γδ}) + cycl(βγδ) = 0, d) (^1R_μ^ν_{βγ}^1_{⊤δ} +^1P_μ^ν_{βκ}^0K_o^κ_{γδ}) + cycl(βγδ) = 0, e)^0P_α^ε_{β[γ|δ|}^1⊤_{β]} + A^κ_{α] [δ}^0P_|α^ε_{κ|γ]} +^0S_α^ε_{γβ}^1_{⊤β} +^0S_|α^ε_{ι[γ]} ˙∂_{δ]}Γ^{∗ι}_{κβ}u̇^κ = Ll_{[δ} ˙∂_{γ]}Γ^{∗ε}_{αβ}, f)^1P_μ^ν_{β[γ|δ|}^1⊤_{β]} + A^κ_{β] [δ}^1P_|μ^ν_{κ|γ]} +^1S_μ^ν_{γβ}^1_{⊤β} +^1S_|μ^ν_{ι[γ]} ˙∂_δ Γ^{∗ι}_{κβ}u̇^κ = Ll_{[δ} ˙∂_{γ]}λ^{∗ν}_{μβ} . If we denote by D_i the absolute differential in F_n which corresponds to the displacement (d_iu^α, d_iu̇^α) (i = 1, 2) in F_m then from (2.11), (2.12), (2.15a), (2.15b) we have ([D_2D_1]R_j^i_{hk})B^{j h k}_{α β γ} =^0R_α^ε_{βγ} Ω^δ_ε(d_1, d_2)B^i_δ − 0 R_ε^δ_{βγ} Ω^ε_α(d_1, d_2)B^i_δ −^0R_α^δ_{εγ} Ω^ε_β (d_1, d_2)B^i_δ −

(2.17) 0 R_α^δ_{βε}Ω^ε_γ (d_1, d_2)B^i_δ , ([D_2D_1]R_j^i_{hk})N_μ^j B^{h k}_{β γ} =^1R_μ^ν_{βγ} Ω^ψ_ν (d_1, d_2)N_ψ^i− 1 R_ψ^ν_{βγ} Ω^ψ_μ (d_1, d_2)N_ν^j −^1R_μ^ν_{εγ} Ω^ε_β (d_1, d_2)N_ν^j −

(2.18) 1 R_μ^ν_{βε}Ω^ε_γ (d_1, d_2)N_ε^j .

Formulae of type (2.17), (2.18) are satisfied for tensors P and S and we may get them substituting the letter R with P and S.

If the space F_n satisfies the relation (2.19) [D_2D_1]R_j^i_{hk} = 0 then from (2.17) and (2.18) we have 0 R_α^ε_{βγ} Ω^δ_ε(d_1, d_2) −^0R_ε^δ_{βγ} Ω^ε_α(d_1, d_2)− 0 R_α^δ_{εγ} Ω^ε_β(d_1, d_2) −^0R_α^δ_{βε}Ω^ε_γ (d_1, d_2) = 0,

(2.20) 1 R_μ^ψ_{βγ} Ω^ν_ψ(d_1, d_2) −^1R_ψ^ν_{βγ} Ω^ψ_μ (d_1, d_2)− 1 R_μ^ν_{εγ} Ω^ε_β (d_1, d_2) −^1R_μ^ν_{βε}Ω^ε_γ (d_1, d_2) = 0.

(2.21)

If the space F_n satisfies (2.19) a) [D_2D_1]P_j^i_{hk} = 0 or b) [D_2D_1]S_j^i_{hk} = 0 then the induced curvature tensors of the subspace^0P_α^δ_{βγ} ,^1P_μ^ν_{βγ} ,^0S_α^δ_{βγ} ,^1S_μ^ν_{βγ} satisfy the equations of type (2.20) and (2.21) and we get these equations when the letter R is substituted by P or S.

If (2.19) is true for every D_1, D_2, i.e., the tensor R is parallel on the subspace F_m, then from (2.20) and (2.21) we obtain

(2.23) a)^0R_α^ε_{βγ}^0R_ε^δ_{ικ} −^0R_ε^δ_{βγ}^0R_α^ε_{ικ} −^0R_α^δ_{εγ}^0R_β^ε_{ικ} −^0R_α^δ_{βε}^0R_γ^ε_{ικ} = 0 b)^0R_α^ε_{βγ}^0P_ε^δ_{ικ} −^0R_ε^δ_{βγ}^0P_α^ε_{ικ} −^0R_α^δ_{εγ}^0P_β^ε_{ικ} −^0R_α^δ_{βε}^0P_γ^ε_{ικ} = 0 c)^0R_α^ε_{βγ}^0 S_ε^δ_{ικ} −^0R_ε^δ_{βγ}^0 S_α^ε_{ικ} −^0R_α^δ_{εγ}^0S_β^ε_{ικ} −^0R_α^δ_{βε}^0 S_γ^ε_{ικ} = 0 d)^1R_μ^ψ_{βγ}^1R_ψ^ν_{ικ} −^1R_ψ^ν_{βγ}^1R_μ^ψ_{ικ} −^1R_μ^ν_{εγ}^1R_β^ε_{ικ} −^1R_μ^ν_{βε}^0R_γ^ε_{ικ} = 0 e)^1R_μ^ψ_{βγ}^1P_ψ^ν_{ικ} −^1R_ψ^ν_{βγ}^1P_μ^ψ_{ικ} −^1R_μ^ν_{εγ}^1P_β^ε_{ικ} −^1R_μ^ν_{βε}^0P_γ^ε_{ικ} = 0 f)^1R_μ^ψ_{βγ}^1 S_ψ^ν_{ικ} −^1R_ψ^ν_{βγ}^1 S_μ^ψ_{ικ} −^1R_μ^ν_{εγ}^1S_β^ε_{ικ} −^1R_μ^ν_{βε}^0S_γ^ε_{ικ} = 0 If (2.23) is true for every D_1, D_2, then we easily obtain equations similar to (2.22) for the tensors P and S.

We shall examine what form the intrinsic connection coefficients take for case 1. In the subspace F_m with respect to the intrinsic connection coefficients DB^i_α and DN^i_μ take the form

DB^i_α = [(Γ^{∗ δ}_{α β} + Λ^δ_{α β} )du^β + A^δ_{α β})du^β Dl^β]B^i_δ + (θ^{∗ μ}_{α β} du^β + A^μ_{α β} Dl^β)N_μ^i DN^i_μ = −(θ^{∗δ}_{μβ} du^β + A^δ_{αβ} Dl^β )D^i_δ + (λ^{∗ ν}_{μ β} du^β + A^ν_{μ β} Dl^β)N_ν^i. As θ^μ_{α β} = θ^{∗ μ}_{α β} − A^μ_{α κ} A^κ_{νβ}^νN, A_{αβγ} = A_{αβγ} , A_{αμβ} = A_{αμβ} , Dl^β = Dl^β = −A^β_{νγ}^νNdu^γ we have in case 1) θ^{∗ μ}_{α β} = θ^{∗ μ}_{α β} = 0

(2.24) A_{αμβ} = A_{αμβ} = 0 (2.25) Dl^β = Dl^β From the last equation and Dl^k = B^k_αDl^α = H^k_β du^β it follows that H^k_β = 0 From Λ^δ_{α β} = −A_{hkj} B^j_β g^{ρδ}(H^h_α B^k_ρ − B^h_αH^k_ρ ) and H^k_β = 0 we get immediately (2.26) Λ^δ_{α β} = 0 As Γ^∗_{αρβ} and Γ^∗_{αρβ} are connected by Γ^∗_{αρβ} = Γ^∗_{αρβ} + A_{ikj} B^j_β(H^i_αB^k_ρ − B^i_αH^k_ρ ) − A_{αρδ} A^δ_{νβ}^νN using H^k_β = 0,^νN = 0 we have (2.27) Γ_{αρβ} = Γ^∗_{αρβ} . As (2.28) A^ν_{μ β} = A^ν_{μ β} for any subspace from (2.24) — (2.28) we have:

Theorem 2.1. If the subspace F_m of the Finsler space F_n has the property DB^i_α ∈ T_H for the mixed lineelement P (u, u̇) and every (du^α, ḋu^α), then the induced and intrinsic conneetion coefficients are the same, from which it follows that the induced and intrinsic curvature tensors are the same, and satisfy the same equations at P.

In all previous equations every quantity and tensor was considered at the fixed lineelement P (u, u̇). Let us denote by HF_m the subspace of case 1) for all lineelements (u, u̇) where u is a fixed point and u̇ is any direction in the subspace. Then we have the following:

Theorem 2.2. The subspace F_m of the Finsler space F_n is HF_m iff one of the following equivalent equations (2.1) (2.5) or (2.10) is satisfied for all directions u̇ at fixed point u̇.

Proof. From the definition it is obvious that the subspace F_m is HF_m iff (2.1) for fixed u and u̇. Furthermore (2.1) ⇒ (2.4) ⇒ (2.5) To prove (2.5) ⇒ (2.1) from l^k = B^k_αl^α, g_{ij} (x, ẋ)N_μ^il^j = 0 we have

g_{ij} DN_μ^il^j + g_{ij} N_μ^iDl^j = 0

From (2.5) and the equation above we obtain g_{ij} DN^iB^j_αl^α = 0 for all l^α; so DN_μ^iDl^j = (λ^{∗ ν}_{μ β} du^β + A^ν_{μ β} Dl^β)N_ν^i from which (2.1) follows.

To prove (2.5) ⇔ (2.10) i. e., H^k_α = 0 ⇔^μN = 0 for all u̇ and μ = m + 1, . . . , n we have the relation H^i_βl^β = θ^{∗ μ}_{α β} l^αl^β N_μ =^μN(u, u̇)N_μ^i.

3. Case 2). DB^i_α ∈ T_V .

In this case the absolute differentials of tangent and normal vectorc take the form:

DB^i_α = (θ^{∗ μ}_{α β} du^β + A^μ_{α β} Dl^β)N_μ^i

(3.1)

DN_μ^i = (θ^{∗ δ}_{μ β} du^β + A^μ_{α β} Dl^β)B^i_δ + (λ^{∗ ν}_{μ β} du^β + A^ν_{μ β} Dl^β)N_ν^i.

(3.2)

As in this case A^μ_{α β} = 0, we have:

(3.3) A_{αβγ} = 2^{−1}L(u, u̇) ˙∂_γ g_{αβ} (u, u̇) = 0, from which we conclude that the metric tensor of the subspace is not a function of the direction u̇, i. e., g_{αβ} = g_{αβ}(u) and the subspace F_m of the Finsler space F_n is Riemannian. From the equations

(3.4) Γ_{αβγ} + Λ_{αβγ} = Γ^∗_{αβγ} − A_{αβδ}A^δ_{νγ}^νN A_{αβγ} = 0, Γ^∗_{αβγ} = 0, we obtain that in case 2) the intrinsic connection coefficient is the tensor −Λ_{αβγ} , i.e. Γ_{αβγ} = −Λ_{αβγ}.

The other connection coefficients are obtained from the same formulae as in any other subspace.

Using the equations A^δ_{α β} = 0, Γ^{∗ δ}_{α β} = 0 for case 2) we get

(3.5)

[ΔD]B^i_α = { 2^{−1}θ^{∗ δ}_{α [β} θ^{∗ δ}_{|μ| γ]}[du^β δu^γ ] + (θ^{∗ μ}_{α β}A^δ_{μ γ} − θ^{∗ δ}_{μ β}A^μ_{α γ} )[du^β Δl^γ ]+ 2^{−1}A^μ_{α [β}A^δ_{|μ| γ]}[Dl^βΔl^γ ] } B^i_δ + { 2^{−1}(∂_{[γ} θ^{∗ μ}_{|α| β]} + θ^{∗ ν}_{α [β}λ^{∗ μ}_{|ν| γ]})[du^β δu^γ ]+ (L ˙∂_γ θ^{∗ μ}_{α β} − ∂_β A^μ_{α γ} − A^ν_{α β}λ^{∗ μ}_{ν γ} + θ^{∗ μ}_{α β} A^ν_{μ γ} )[du^β Δl^γ ]+ 2^{−1}(L ˙∂_{[γ} A^μ_{|α| β]} + A^ν_{α [β}A^μ_{|ν| γ]})[Dl^βΔl^γ ] } N_μ^i. [ΔD]N_μ^i = { 2^{−1}(∂_{[γ} θ^{∗ δ}_{|μ| β]} + θ^{∗ δ}_{|ν| [γ]}λ^{∗ ν}_{|μ| β]})[du^β δu^γ ]+ 2^{−1}(L ˙∂_γ θ^{∗ δ}_{μ β} − ∂_β A^δ_{μ γ} + A^δ_{ν γ} λ^{∗ ν}_{μ β} − A^ν_{μ γ} θ^{∗ δ}_{ν β} )[du^βΔl^γ ]+ 2^{−1}(L ˙∂_{[γ} A^δ_{|μ| β]} + A^ν_{μ [β} A^δ_{|ν| γ]})[Dl^βΔl^γ ] } B^i_β { 2^{−1}(∂_{[γ} λ^{∗ ν}_{|μ| β]} + θ^{∗ δ}_{μ [β}θ^{∗ ν}_{|δ| γ]} + λ^{∗ ψ}_{μ [β}λ^{∗ ν}_{|ψ| γ]})[du^β δu^γ ]+ (L ˙∂_γ λ^{∗ ν}_{μ β} − ∂_β A^ν_{μ γ} + λ^{∗ ψ}_{μ β} A^ν_{ψ γ} − A^ψ_{μ γ} λ^{∗ ν}_{ψ β} − A^δ_{μ γ} θ^{∗ ν}_{δ β} + θ^{∗ δ}_{μ β} A^ν_{δ γ} )[du^β Δl^γ ]+ 2^{−1}(L ˙∂_{[γ} A^{∗ ν}_{|μ| β]} − A^ψ_{μ [β} A^ν_{|ψ| γ]} + A^δ_{μ [β}A^ν_{|δ| γ} )[du^β Δl^γ ].

Comparing the above formulae with those in [6] we obtain that in case 2) the curvature tensors_0 R_α^δ_{βγ} ,^0P_α^δ_{βγ} ,^0S_α^δ_{βγ} .

and some others are reduced, because of Γ^{∗ δ}_{α β} = 0, A^δ_{α β} = 0.

4. Case 3). DN_μ^i ∈ T_H .

In this case the absolute differentials of tangent and normal vectors take the form:

DB^i_α = (Γ^{∗ δ}_{α β} du^β + A^δ_{α β}Dl^β )B^i_δ + (θ^{∗ μ}_{α β} du^β + A^μ_{α β} Dl^β)N_μ^i,

(4.1)

DN^i = (θ^{∗ δ}_{μ β} du^β + A^δ_{μ β} Dl^β)B^i_δ

(4.2) Also λ^{∗ ν}_{μ γ} = 0, A^ν_{μ γ} = 0, hence λ^{∗ ν}_{μ γ} =^νN_i(∂_γ N_μ^i − ∂_δ N_μ^iΓ^{∗δ}_γ + Γ^{∗i}_{jk}N_μ^j B^k_γ + A^i_{jk} N_μ^j H^k_γ ) = 0,

A^ν_{μ γ} =^νN_i(L ˙∂_γ N_μ^i + A^i_{jk} N_μ^j B^k_γ ) = 0.

The other connection coefficients we get from the same formulae as in any other subspace.

We also have that the absolute differentials of tangent and normal vectors take the form: [ΔD]B^i_α = { 2^{−1}(^0R_α^ε_{βγ} + θ^{∗ μ}_{α [β} θ^{∗ ε}_{|μ| γ]})[du^β δu^γ ]+ (^0P_α^ε_{βγ} θ^{∗ μ}_{α β}A^ε_{μ γ} − A^μ_{α γ} θ^{∗ ε}_{μ β} )[du^β Δl^γ ] + 2^{−10}S_α^ε_{βγ} A^ν_{α [β}A^ε_{|ν| γ]})[Dl^β Δl^γ ] } B^i_ε+ 2^{−10}R_α^μ_{βγ} [du^β δu^γ ] +^0P_α^μ_{βγ} [du^βΔu^γ ] + 2^{−10}S_α^μ_{βγ} [Dl^βΔl^γ ]N_μ^i,

[ΔD]N_μ^i = { 2^{−1}(^0R_μ^ε_{βγ} [du^βδu^γ ] +^0P_μ^ε_{βγ} [du^βΔu^γ ] +^0S_μ^ε_{βγ} [du^β Δu^γ ] } B^i_ε+ 2^{−1}(θ^{∗ κ}_{μ [β} (θ^{∗ ν}_{|κ| γ]}[du^βΔu^γ ] + (A^ν_{κ γ} θ^{∗ κ}_{μ β} − A^κ_{μ γ} θ^{∗ ν}_{κ β} )[du^β Δl^γ ]+ 2^{−1}A^κ_{μ [β} A^ν_{|κ| γ]} + [Dl^βΔl^γ ] } N_ν^i. Finally we have_1 R_μ^ν_{βγ} = 0,^1P_μ^ν_{βγ} = 0,^1S_μ^ν_{βγ} = 0.

5. Case 2a) or 3a) (DB^i_α ∈ T_V ) ∧ (DN^i ∈ T_H ). In this case we have (5.1) Γ^{∗ β}_{α γ} = 0, A^β_{α γ} = 0, A^ν_{μ β} = 0, λ^{∗ ν}_{μ β} = 0 and DB^i_α = (θ^{∗ μ}_{α β} du^β + A^μ_{α β} Dl^β)N_μ^i

(5.2) DN_{μ i} = (θ^{∗ α}_{μ β} du^β + A^μ_{α β}Dl^β )B^i_α (5.2)

For the absolute differential of tangent and normal vectors we obtain:

(5.4)

[ΔD]B^i_α = { 2^{−1}θ^{∗ δ}_{α [β} θ^{∗ δ}_{|μ| γ]}[du^β δu^γ ] + (θ^{∗ μ}_{α β}A^δ_{μ γ} − θ^{∗ δ}_{μ β}A^μ_{α γ} )[du^β Δl^γ ]+

2^{−1}A^μ_{α [β}A^δ_{|μ| γ]}[Dl^βΔl^γ ] } B^i_δ+ { 2^{−1}(∂_{[γ} θ^{∗ μ}_{|α| β]}[du^β Δl^γ ] + (L ˙∂_γ θ^{∗ μ}_{α β} − ∂_β A^μ_{α β} )[du^βΔl^γ ]+

2^{−1}(L ˙∂_{[γ} A^μ_{|α| β]})[Dl^β Δl^γ ] } N_μ^i,

(5.5)

[ΔD]N_μ^i = { 2^{−1}(∂_{[γ} θ^{∗ α}_{|μ| β]}[du^β δu^γ ] + (L ˙∂_γ θ^{∗ α}_{μ β} − ∂_β A^α_{μ δ})[du^β Δl^γ ]+

2^{−1}L ˙∂_{[γ} A^α_{|μ| β]}[Dl^βΔl^γ ] } B^i_α+ { 2^{−1}θ^{∗ δ}_{μ [β}θ^{∗ ν}_{|δ| γ]}[du^β δu^γ ] + (θ^{∗ δ}_{μ β}A^ν_{δ γ} − θ^{∗ ν}_{δ β} A^δ_{μ γ} )[du^β Δl^γ ]+

2^{−1}A^δ_{μ [β} A^ν_{|δ| γ]}[Dl^β Δl^γ ] } N_ν^i. We also have: 0 R_μ^δ_{βγ} = 0,^0P_μ^δ_{βγ} = 0,^0S_μ^δ_{βγ} = 0 1 R_μ^ν_{βγ} = 0,^1P_μ^ν_{βγ} = 0,^1S_μ^ν_{βγ} = 0.

The intrinsic connection coefficients are: Γ^∗_{αβγ} = −Λ_{αβγ} , λ_{μνβ} = 0, A_{μνβ} = 0, A_{αβγ} = 0 and the corresponding equations for the intrinsic curvature tensors are the same as (4.6), (4.7) except for 0 R_μ^δ_{βγ} = −∂_{[γ} Λ^δ_{|α| β]} + Λ^κ_{α [β} + Λ^δ_{|κ| γ]}.

REFERENCES

[1] H. Rund, The Differential Geometry of a Finsler Spaces, Springer—Verlag, Berlin, 1959.

[2] I. Čomić, The induced curvature tensors of a subspace in a Finsler space, Tensor N. S. 23 (1972), 21–34.

[3] I. Čomić, The intrinsic curvature tensors of a subspace in a Finsler space, Tensor N. S.

24 (1972), 19–28.

[4] I. Čomić, Induced and intrinsic curvature tensors of a subspace in the Finsler space, Publ Inst. Math. (Beograd) N. S. 23 (37) (1978), 67–74.

[5] I. Čomić, Relations between induced and intrinsic curvature tensors of a subspace in the Finsler space, Math. Vesnik Beograd, 1 (14) (29) (1977), 65–72.

[6] I. Čomić, The Bianchi identities for the induced and intrinsic curvature tensors of the subspace in the Finsler space, Differential Geometry, Colloq. Math. Soc. J. Bolyai 31 (1981), 141–157.

Fakultet tehničkih nauka 21000 Novi Sad Yugoslavija