PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 29 (43), 1981, pp. 199–204

ON THE FOURIER COEFFICIENTS OF A FUNCTION OF Λ – BOUNDED VARIATION

Masaaki Shiba

1. One of generalization of a concept of bounded variation is studied by S. J. Perlman [6], R. Pleissner [5], R. Pleissner [5], S. J. Perlman and D. Waterman [7] and D. Waterman [8] [9] [10] [11] [12].

Definition. f is of Λ-bounded variation on the interval I = [a, b], (Λ−BV ), if_∞ ∑ i=1 |f(I_i)|/λ_i < ∞ for any decomposition {I_i} of I, where Λ = {λ_i} is an increasing sequence of positive numbers such that ∑ λ^{−1}_i = ∞ and

f(I_i) = f(b_i) − f(a_i) for I_i = [a, b_i].

The fundamental prorerties of function of this class are given in the following.

[I] Λ − BV ⊂ L^∞.

[II] The function of Λ − BV has only discontinuous points of the first kind, so, at most denumerable. Λ − BV ⊂ W , (c.f. B. I. Golubov [2]).

[III] The Helly’s selection theorem holds for these functions. [IV] The followings are equivalent. (i) f ∈ Λ − BV .

(ii) There exists a M > 0 such that ∑ |f(I_i)|/λ_i < M for every decomposition {I_i} of I, (iii) There exists a M > 0 such that for every finite collection {I_i} (i = 1, 2, . . . , N) ⊂ I,_N ∑ I |f(I_i)|/λ_i < M.

[V] Λ − BV is a Banach space with the norm ‖f‖_{Λ−BV} + |f(a)| ≤ V_Λ(b), where V_Λ(b) = sup{ ∑ |f(I_i)|/λ_i; {I_i} such that I = ∪I_i}.

[VI] If {λ_i} is a strctly sequence, BV ⊂_≠Λ − BV . [VII] BV = ∪{Λ − BV ; Λ}.

[VIII] Λ − BV ∩ C is a closed subspace of Λ − BV .

2. Let f be an 2π-periodic integrable function on [0, 2π) and {a_n} and {b_n} are Fourier coefficients of f. At first we show the order of the magnitude {a_n} and {b_n} of f ∈ Λ − BV . Lemma. If A ∈ Λ − BV , then (1) a_n, b_n = O(λ_n/n).

Corollary. If f ∈ {n^α} − BV , 0 ≦ α ≦ 1, then (2) a_n, b_n = O(1/n^{1−α}).

Proof of Lemma. From (iii) of [IV], we have 2N∑ 1 f(I^x_i )/λ_i < M for some M > 0, where I^x_i = x + (i − 1)π/N, x + iπ/N] (i = 1, 2, . . . 2N), that is 2N∑ 1 |f(I^x_i )| = O(λ_{2N} ).

From the properties of λ_n, we assume that λ_{2n} = O(λ_n), so, (3) 2N∑ 1 |f(I^x_i )| = O(λ_N ). It is well known (c.f. N. K. Bari [1] and M. and S. Izumi [3])

|a_N | ≤ (1/2π) 2π∫ 0 |f(x + π/N) − f(x)|dx

≤ (1/2π) 2π∫ 0 |f(I^x_i )|dx, (i = 1, 2, . . . , 2N).

Adding such inequalities for i = l, 2, . . . , 2N, we have (1) by (3). Similarly, we have b_n = O(λ_n/n). Now, we give the necessary condition for continuity of Λ − BV . I_N = (N/λ_N ) ∞∑ 1 ρ^2_n sin^2(nπ/2N) = o(1). (5)

J_N = (N/λ_N )^{−1} N∑ 1 n^2ρ^2_n = o(1). (6)

T_N = N^{−1}λ^{−1/2}_N N∑ 1 nρ_n = o(1). (7) S_N = (log N)^{−1}λ^{−1/2}_N ∑ ρ_n = o(1). (8) H_N = Nλ^{−1}_N N∑ 1 ρ^2_N = o(1). (9)

Theorem 1. If f ∈ Λ − BV , then we have f ∈ C ⇒ (5) ⇒ (6) ⇒ (7) ⇒ (8). (i) (9) ⇒ (6),

(ii) where p_n = {a^2_n + b^2_n}^{1/2}. I^{(α)}_N = N^{1−α} ∞∑ 1 ρ^2_n sin^2(nπ/2N) = o(1).

(5^′)

J^{(α)}_N = N^{−(1+α)} N∑ 1 n^2ρ^2_n = o(1).

(6^′)

T^{(α)}_N = N^{−(1+α/2)} N∑ 1 nρ_n = o(1). (7^′)

S^{(α)}_N = N^{−α/2} N∑ 1 ρ_n; 0 < α < 1

(log N)^{−1} N∑ 1 ρ_n; α = 1

= o(1)

(8^′)

H^{(α)}_N = N^{1−α} ∞∑ N ρ^2_n = o(1).

(9^′)

Corollary 2. If f ∈ {n^α} − BV (0 ≤ α ≤ 1), then we have

(i) f ∈ C ⇒ (5^′) ⇒ (6) ⇒ (7^′) ⇒ (8^′). (ii) (9^′) ⇒ (6^′).

Theorem 2. If f ∈ {n^α} − BV (0 ≤ α < 1/2) and

(10) Ĵ^{(α)}_N = N^{−(1+α)}

[N^β ]∑

1 n^2ρ^n_2 = o(1)

for same β > (1 − α/1 − 2α), then we have (6^′).

Remark 1; For f ∈ BV , these results have been got by N. Wiener [13] and S. M. Lozinskii [4].

Remark 2; If f is of rth bounded variation, the similar results are given by B. I. Golubov [2].

Proof of theorem 1 (i) f ∈ C ⇒ (5); From (iii) of [IV], we have 2N∑ 1 |f(I^x_i )|^2 = 2N∑ 1 |f(I^x_i )|/λ_i · λ_i|f(I^x_i )| < Mλ_2Nω_f (π/N) where ω_f (.) is a modulous of continuity of f. Then, from λ_{2N} = O(λ_N ), we get 2N 2π∫ 0 |f(I^x_i )|^2dx = O(λ_N ω_j (π/N)), where I^x = [x − π/N, x + π/N]. By Parseval’s equality,

I_N = (N/λ_N ) ∞∑ 1 ρ^2_n sin^2(nπ/2N) = O(ω_f (π/N)) = o(1).

(6) ⇒ (7); From Schwartz’s inequality and (6), we get

T^2_N = (N^2λ_N )^{−1} (_N ∑ 1 nρ_n) )_2

< (Nλ_N )^{−1} N∑ 1 n^2ρ^2_n = J_N = o(1).

(7) ⇒ (8); Putting u_N = ∑_N 1 nρ_n, then u_N = o(Nλ^{1/2}_N ) and N∑ 1 ρ_n = N∑ 1 1 n (u_n − u_{n−1})

= (u_N /N) + N−1∑ 1 (n + 1)^{−1}(u_n/n)

= o(λ^{1/2}_N ) + o(λ^{1/2}_N ) N−1∑ 1 (1/n + 1)

= o(λ^{1/2}_N · log N).

(ii) (9) ⇒ (6); Putting A_N = ∑_∞ N ρ^2_n, we hawe A_N = o(λ_N /N) from (9). So,

J_N = (Nλ_N )^{−1} N∑ 1 n^2ρ^2_n

= (Nλ_N )^{−1} { N^2A_N − N−1∑ 1 (2n + 1)A_n }

= o(1) + o ( 1/Nλ_N · N−1∑ 1 (2n + 1)(λ_n/n) ) = o(1).

Proof of theorem 2.

I^{(α)}_N = N^{1−α} ∞∑ 1 n^2 sin^2(nπ/2N)

= N^{1−α} [Nx]∑

1 ρ^2_n sin(nπ/2N) + ∞∑ [Nx]+1 ρ^2_n sin^2(nπ/2N = I^{(α)}_{N,1} + I^{(α)}_{N,2} for some x > 0.

From Corollary 1, we have ρ_n = O(n^{α−1}). So, accounting of 0 ≦ α < 1/2,

I^{(α)}_{N,2} = O N^{1−α} ∞∑ [Nx]+1 n^{2α−2}

O = N^{1−α} ∞∫ Nx t^{2α−2}dt O = (N^{1−α}(Nx)^{2α−1}) = O(N^αx^{2α−1}).

Putting x = N^{β−1}, then I^{(α)}_{N,2} = O(N^{(1−α)−β(1−2α)}) = o(1).

Further, I^{(α)}_{N,1} = N^{1−α} [Nβ]∑

n=1 ρ^2_n(nπ/2n)^2

= O N^{−(1+α)} [Nβ]∑

1 ρ^2_nn^2

= O(Ĵ^{(α)}_N ) = o(1).

204 Masaaki Shiba

REFERENCES

[1] N. K. Bari, A treatise on Trigonometric series, Perman (1964).

[2] B. I. Golubov, Continuous functions of bounded p-variation, Math. Notes 1 (1967) 203–207. [3] S. and M. Izumi, Fourier series of bounded variation, Proc. Japan Acad. 44 (1968) 415–417. [4] M. Lozinskii, A theorem due to N. Wiener, Dohl. Akad. SSSR, 49 (1945) 562–565. [5] R. Pleissner, A note on Λ-bounded variation, Real Analysis exchange 4 (1978–79) 185–191. [6] S. J. Perlman, to appeare in Fundamenta Math.

[7] S. J. Perlman and D. Waterman, Some remarks on functions of Λ-bounded variation, Proc.

Amer. Math. Soc. 74 (1979) 113–118.

[8] D. Waterman, On convergence of Fourier series of functions of generalized bounded variation Studia Math. 44 (1972) 107–117.

[9] D. Waterman, On the summability of Fourier series of functions of Λ-bounded variation, ibid 55 (1976) 87–95.

[10] D. Waterman, On Λ-bounded variation, ibid 57 (1974) 33–45.

[11] D. Waterman, Bounded variation and Fourier series, Real Analysis exchange 3 (1977–78) 61–85.

[12] D. Waterman, Λ-bounded variation; Recent results and unsolved problems, ibid 4 (1978–79) 69–75.

[13] N. Wiener, The quadratic variatton of a function and its Fourier coefficents, J. Math. and Phys. 3 (1924) 72–94.

Department of Math. Faculty of Education Fukushima Univ.

Fukushima, 960 Japan.