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FROM CONSTANT MEAN CURVATURE
HYPERSURFACES TO THE GRADIENT THEORY
OF PHASE TRANSITIONS

FRANK PACARD & MANUEL RITORE

Abstract

Given a nondegenerate minimal hypersurface ¥ in a Riemannian manifold,
we prove that, for all € small enough there exists ue, a critical point of
the Allen-Cahn energy E:(u) = 2 [|Vu|? + [(1 — u?)2, whose nodal set
converges to X as € tends to 0. Moreover, if ¥ is a volume nondegenerate
constant mean curvature hypersurface, then the same conclusion holds with
the function u. being a critical point of E. under some volume constraint.

1. Introduction

Let Q € R™*! n > 1, be an open bounded set with smooth boundary
Q. For any ¢ > 0 and any function u : Q@ — R such that u € H'(Q),
we consider the energy

E.(u) := &* / Vu|2dx+/(1—u2)2dm,
Q Q

being understood that E.(u) = oo if u ¢ L*(2). We also consider the
constraint

V() = /Qudac.

Given ¢y € (—1,1), we are interested in the critical points of E.
subject to the constraint V(u) = ¢ ||, where || denotes the volume
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of . Any critical point of this variational problem is a solution to
(1.1) 2 Au+2(u—u) =e, in Q
. oyu =0, on 01,

where v denotes a unit vector field normal to 92 and where e A €
R corresponds to the Lagrange multiplier associated to the constraint
V(u) = ¢o |€2]. One can also ignore the volume constraint, in which case
a critical point would satisfy Equation (1.1) with A = 0.

Since classical methods of the calculus of variation apply, there is
no difficulty in finding minimizers of E.. The real issue is the study
of the asymptotic behavior of the minimizers (or more generally of the
critical points) of E. as the parameter ¢ tends to 0. There has been a
number of important work on this question over the last two decades
and the basic result can be described as follows: Assume that (eg)k>0
tends to 0 and let (ug)x=0 be a sequence of minimizers of E, under the
constraint V(u) = co |©2|. Then, up to a subsequence, one can assume
that (|Jug|)x>0 converges a.e. to the constant function 1. In the definition
of the energy E., the role of the term

/Q(l —u?)?dz,

is precisely to force the sequence of functions (|ux|)x>0 to converge to
1 when the parameter ¢ tends to 0. Extracting subsequences if this is
necessary, we can define Q1 (resp. 27) to be the set of points where uy
converges to +1 (resp. —1). The subsets O are not arbitrary since the
constraint V' (uy) = co |Q| forces QF C Q to satisfy

Q7| = Q7] = co |-

Now, the role of the Dirichlet integral

g / |Vul|* de,
Q

in the definition of E. forces the interface between the subsets QT and
Q™ to be “as small as possible”, since this is where the gradient of the
function wug will concentrate when e tends to 0. More precisely

N:=00TNnQ=00"NQ,
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can be shown to be a minimizer of the isoperimetric problem: Mini-
mize amongst all domains D C €2 the n-dimensional Hausdorff measure
H"(OD) of the boundary 0D subject to the volume constraint

1+Co
2

|D| = 1€2].

We refer to [16], [15], [12], [3], [4], [21] for more precise statements.
From a purely analytic point of view, N can be understood as the limit
of the nodal sets of the functions u, as k tends to +oc.

2. Statement of the problem

It is interesting to generalize the above problem first by considering
instead of Q € R"*!, any compact Riemannian manifold with or without
smooth boundary and also by replacing the nonlinearity (1 —u?)? by a
more general one.

Hence, in this paper, we consider (M, g) to be a (n + 1)-dimensional
compact Riemannian manifold with or without smooth boundary. In
the case where OM, the boundary of M, is not empty, we can assume
without loss of generality that M is a subdomain of a larger Rieman-
nian manifold (M, g), with gp;y = g. In particular, 9M is a smooth

hypersurface of M.
Let W : R — R be a smooth function which is positive away from
u = 1. We assume that

(2.1) W(+£1) =0,

so that the infimum of W is achieved at the points v = +1. Further
assume that these points are nondegenerate critical points of W. In
other words

(2.2) W"(£1) > 0.

For any £ > 0 and any function u : M — R, such that u € H*(M),
we define the energy

(2.3) E.(u) :=¢&? /M |Vu\§ dvg + /M W (u) dvg,

where V denotes the gradient and dv, the volume form on M associated
to the Riemannian metric g. As usual, we agree that E.(u) = co when
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W(u) ¢ LY(M). We also define the volume constraint

(2.4) V(u) := /Mudvg.

Granted the above definitions, there are two closely related varia-
tional problems we can consider:

1. We can consider the critical points of the energy u — FE.(u),
which are solutions of

1
(2.5) —e?2 Agu + 5 W'(u) =0,

in M, where A, is the Laplace-Beltrami operator in M. Moreover,
if OM # ) then the additional condition

(2.6) Opgpy v =0,

must hold on M, where vg); denotes the unit vector field normal
to OM. This problem is related to the Allen-Cahn equation [2] and
it is well-known that, as € tends to 0, the interfaces (i.e., the nodal
sets of the solutions of (2.5)) converge to minimal hypersurfaces.
Concerning this variational problem, the question we would like

to address in this paper is the following:

Assume that N C M is a minimal hypersurface. Does
(P-1) N appear as the limit, as the parameter € tends to 0,
of the nodal sets of a sequence of critical points of E.7

2. Given ¢y € (—1,1), we can consider the critical points of the en-
ergy u — E.(u) under the constraint V(u) = ¢o |M|, where |M|
denotes the volume of M. This time, such a critical point w is
solution of

1
(2.7) —e2 Agu+ 3 W' (u) =€,

in M, where e A € R corresponds to the Lagrange multiplier as-
sociated to the constraint V(u) = co|M|. Moreover, u satisfies
(2.6) on OM if OM # (). According to [19], [8], the energy E.
corresponds to the total energy of a fluid within the Wan der
Waals-Cahn-Hilliard theory of phase transitions. The Lagrange
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multiplier € A, which appears in (2.7), is known in the physics lit-
erature as the chemical potential of the density configuration wu.
Now, the question we would like to address becomes:

Assume that N C M is a constant mean curvature
hypersurface. Does N appear as the limit, as the

(P-2) parameter € tends to 0, of the nodal sets of a se-
quence of critical points of E. subject to the constraint
V(u) =co | M|?

Before we proceed, let us observe that, in both problems, we are not
only looking for minimizers of F, but more generally for critical points.

Remark 2.1. If the infimum of the function W is achieved at
exactly two points u4, there is no loss of generality in considering
that uL = +1 since we can always reduce to this case by considering
u +— W(au + b) where a and b are chosen appropriately.

3. Definitions and Preliminaries

3.1 Admissible hypersurfaces in M

Obviously if N is the nodal set of some function v which is defined in
M and if 0 is a regular value of u then M — N is the union of

(3.1) MHT(N) :=u"1((0,+00)) and M~(N) :=u""((—00,0)).

We shall associate to N the unit normal vector field which points into
M™(N). In the case where M has a boundary, it may happen that N
also has a boundary 9N C M. In this case, if N is the nodal set of the
function v and if in addition the function v has 0 Neumann boundary
condition on M, then for all p € ON C OM, the normal vector to
N at p and the normal vector to M at p are orthogonal. This later
condition is standard in the study of minimal and constant mean curva-
ture hypersurfaces. Indeed, it is well-known that smooth hypersurfaces
N which are stationary points of the area functional (possibly with a
volume constraint) and have a boundary ON C OM, satisfy the later
orthogonality condition. This motivates the following:

Definition 3.1. A smooth embedded hypersurface N C M (not
necessarily connected) is admissible if N is the nodal set of a smooth
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function w for which 0 is a regular value of v and which, in the case
where M has a boundary, has 0 Neumann boundary condition.

A hypersurface N C M which separates M into two regions M*(N),
and which meets OM orthogonally in the case where N has a nonempty
boundary, is easily shown to be admissible by using partitions of unity.
Observe that N may have many connected components.

3.2 The Jacobi operator

Before we introduce our next definition, we recall a few basic facts about
the study of constant mean curvature hypersurfaces N in a Riemannian
manifold (M, g). To begin with, let us recall that the Jacobi operator,
that is the linearized mean curvature operator about N, is given by

(3.2) Ly = Ay + |Ax ]2 4 Ricy(vn, vn),

where Ay is the Laplace-Beltrami operator on N, |Ayn|? denotes the
norm of the second fundamental form of N, Ric, is the Ricci tensor of
M and vy is a unit normal to N.

Given any (smooth) small function w on N, we can consider the
hypersurface N(w) which is the normal graph on N of the function w
(the image of N by the map p € N — exp,(w(p)vn(p))). If H(w)
denotes the mean curvature of N(w), defined as the arithmetic mean of
the principal curvatures, then the linear operator Ly is the differential
of w— nH(w) at w = 0.

When ON is empty, solutions of the homogeneous problem

(3.3) Lyw=0,

on N are called Jacobi fields. When ON is not empty, we further assume
that N meets M orthogonally, then Jacobi fields are the solutions of
Ly w =0 in N which satisfy the boundary condition

(3.4) By w = 0y,,, w+ Aom (v, vn) w = 0,

on ON, where Ay is the second fundamental form of OM in M. Equa-
tion (3.4) has its origin in the requirement that all the hypersurfaces
we are looking at meet OM orthogonally and this should be true for
the hypersurfaces generated by the flow associated to a vector field X
satisfying X = wvy on N.

Minimal hypersurfaces are critical points of the area functional while
constant mean curvature hypersurfaces are critical points of the area
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functional with respect to deformations that keep constant the volume
enclosed by the hypersurface. Consider a deformation of the hypersur-
face N by the flow generated by a vector field X. The second variation
formula for the area functional is then given by

X—>/w£Nwdag+/ w By wdsg,
N ON

where the function w := g(vn, X). If one considers a deformation which
is volume preserving up to first order, then the function w also has to

satisfy
/ wdag = 0.
N

We refer to [5] or [18] for a derivation of the second variation of the area
functional in a Riemannian manifold. Here day and ds, are the volume
forms on N and ON which are induced by the metric g.

3.3 Nondegeneracy

The previous definitions being understood, we can now give the notions
of nondegeneracy which are associated to the two problems we are in-
terested in. To begin with let us define the notion of nondegenerate
minimal hypersurface:

Definition 3.2. An admissible minimal hypersurface N is said to
be nondegenerate if there are no nontrivial solutions w € C>*(N) of

Lyw=0,

in N, with By w =0 on N if N has a boundary.

The notion of nondegeneracy for minimal hypersurfaces is standard.
Consider the Jacobi operator

(3.5) Ly : [C**(N)], — C™(N),

0
where the subscript 0 is meant to point out that functions in [C**(N)] 0
satisfy Byw = 0 on N when this latter is not empty. Nondegeneracy
is equivalent to the fact that the operator Ly is injective. This operator
being self-adjoint and elliptic, nondegeneracy is also equivalent to the
invertibility of the operator £y defined in (3.5). On a more geometric
point of view, if V is a nondegenerate minimal hypersurface, the implicit
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function theorem ensures that it is possible to find a hypersurface N
which is close to N and whose mean curvature H is prescribed, close to
the mean curvature H of N.

We will also need the notion of volume-nondegenerate constant mean
curvature hypersurface:

Definition 3.3. An admissible constant mean curvature hypersur-
face N is said to be volume-nondegenerate if there are no nontrivial
solutions (w,c) € C*%(N) x R of

Lyw+c=0, and /wdvg—O,
N

in N, with By w =0 on N if N has a boundary.

The notion of volume-nondegeneracy is less standard and perhaps re-
quires some explanation. This time, we consider the extended-operator

Ly : [C**(N)], xR —  C%%(N)xR
(3.6)
(w,c) +— (ENw+c,/Nwdag>.

Thus, volume-nondegeneracy is equivalent to the fact that the operator
Ly is injective. Observe that Ly is self-adjoint with respect to the
scalar product

{(v,¢), (w,d)) := / vwdag + cd,
N
in L2(N) x R. The operator Ly being clearly elliptic, volume-nondege-
neracy is also equivalent to the invertibility of the operator Ly defined
in (3.6). From a geometric point of view, if N is a constant mean curva-
ture volume-nondegenerate hypersurface, the implicit function theorem
ensures that it is possible to find a hypersurface N which is close to
N, whose mean curvature H is, up to a constant function, prescribed
close to H the mean curvature of N and such that the volume enclosed
by this hypersurface M+ (N) is prescribed close to M (N), the volume
enclosed by N. Hence, it is possible to prescribe the volume enclosed

by N and, up to a constant function, the mean curvature of N.

4. Statement of the result

The previous definitions being understood, we can now state the
results we have obtained concerning both (P-1) and (P-2).
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We have the:

Theorem 4.1. Assume that N C M is an admissible nondegenerate
minimal hypersurface. Then, there exists e > 0 and for all € € (0,&p)
there exists ue, critical point of u — E.(u), such that u. converges
uniformly to 1 on compact subsets of M+ (N) (resp. to —1 on compact
subsets of M~ (N)).

Let us mention the work of M. Kowalczyk [11] where a similar result
is obtained when M is a two dimensional domain of R? and N is a line
segment.

We will also prove the:

Theorem 4.2. Assume that N C M is an admissible volume-
nondegenerate constant mean curvature hypersurface. Then, there exists
g0 > 0 and for all e € (0,e9) there exists u., critical point of u — E(u)
under the constraint V(u) = |[MT(N)| — |M~(N)|, such that u. con-
verges uniformly to 1 on compact subsets of M+ (N) (resp. to —1 on
compact subsets of M~ (N)).

It is in general extremely hard to check whether a given minimal
hypersurface (resp. constant mean curvature hypersurface) is nonde-
generate (resp. volume-nondegenerate). Hopefully, first observe that
both nondegeneracy and volume-nondegeneracy are “open conditions”,
namely are stable under small perturbation of the metric. Moreover, in
[23], B. White has proved that minimal hypersurfaces are nondegener-
ate for a generic choice of the metric. It follows from similar arguments
that volume-nondegeneracy also holds for a generic choice of the metric.

The solutions constructed in Theorem 4.2 are solutions of

1
—£2Au, + 3 W' (ue) = € Ae.

As a byproduct of our construction, we obtain a precise expansion of u.
in terms of . We also get the expansion of the Lagrange multiplier \.

1
Ae = §c*nHN—|—(’)(€),

where Hpy is the mean curvature of the limit interface N and where the
constant c, is given by

+1
Cy 1= VW (s)ds.
1
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Finally, in both problems, the expansion of the energy FE.(uc) of the
solutions we construct, is given by

E-(uc) = 2ec, [N| + O(e%).

where |N| is the volume of the interface N. These expansions agree
with the expansions which have already been obtained in [13] in the case
where u. are minimizers of E. subject to the constraint V = |[M*(N)|—
M=(NV).

Unfortunately, in many interesting cases and despite the genericity of
these notions, minimal hypersurfaces are degenerate and constant mean
curvature hypersurfaces are volume-degenerate. This is for example
the case when there is a nontrivial group of isometries acting on M.
It is well-known that any (¢t)te(71,1) smooth one-parameter group of
isometries of M (¢s0¢y = ¢s1¢) gives rise to a Jacobi field on N (when M
has a nonempty boundary, we ask that these isometries preserve globally
OM). Actually, the Jacobi field w is explicitly given by w := g(vn, X),
where vy is the normal vector field to N and where X := O0ipy—¢ is
the Killing field corresponding to the one-parameter group of isometries
{¢t}te(—1,1)- Observe that the isometries ¢; preserve the volume of the
regions M*(N). Therefore, it follows from the first variation of volume
that the Jacobi field w has mean zero on N. In particular, w is a
nontrivial solution of Lyw = 0 (resp. (w,0) is a nontrivial solution
of Ly(w,0) = 0) and the hypersurface N is degenerate (resp. volume-
degenerate).

In some cases, it is possible to reduce to a nondegenerate (or volume-
nondegenerate) problem by working in the space of functions and hyper-
surfaces which are equivariant with respect to the action of some finite
group of symmetries. If this can be done, then the above theorems apply
mutatis mutandis. We give here a short list of examples.

1. Consider M = S™"! the unit (n + 1)-dimensional sphere with the
standard metric and N = S™(r) the meridian at height v1 — r2.
The hypersurface N has constant mean curvature and is volume-
degenerate since there are nontrivial Jacobi fields w;(x) = x - €;,
for ¢ = 1,...,n coming from the action of the orthogonal group.
Here eq,...,e,41 is an orthonormal basis of R"*!. However, one
may work with hypersurfaces and functions which are invariant
under the action of the n hyperplanar symmetries

Ii:(mlv---axia---vanrl) —)($1a"-7_$ia"'axn+1)
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for i = 1,...,n. Namely, hypersurfaces N C S"1 such that
I;(N) = N and functions u : S"' — R such that wo I; = u.
Since none of the Jacobi fields is invariant under all the symmetries
I;, our construction applies and the conclusion of Theorem 4.2
is still valid. Moreover, when r = 1, the equator is a minimal
hypersurface and Theorem 4.1 is also valid.

2. Consider M = B™*! the unit ball of R"*! endowed with the in-
duced metric and N is a spherical cap. This example can be
dealt like the previous one and the result of Theorem 4.2 holds.

Moreover, when NV is the horizontal hyperplane, Theorem 4.1 also
holds.

3. Consider a flat torus 77! and let N C T"*! be a pair of paral-
lel hyperplanes. For the sake of simplicity, assume that 77! =
R /Z" 1 and is identified with [—3, $]"*!. Finally, assume that
N is given by 2,11 = -« for some fixed @ € (0,1/2). The action of
vertical translations induce a nontrivial Jacobi field. Again, one
may work with hypersurfaces and functions which are invariant

under the action of the n + 1 hyperplanar symmetry

Inyi: (w1, 00,2400 Tngr) — (T1, -0+, Ty —Tny1),

and reduce to a volume-nondegenerate problem to show that the
conclusion of Theorem 4.1 and Theorem 4.2 are valid.

5. Comments

We state here a number of comments, open problems and directions
for further investigations:

1. In [14], A. Malchiodi and M. Montenegro have constructed solu-
tions of

(5.1) e Au—u+uf =0,

which are defined on a 2 dimensional domain and which have 0
Neumann boundary condition. These solutions have the property
that they concentrate along the boundary of the domain and they
can be obtained for € belonging to some sequence of intervals which
converge to 0. Behind this result, lies a very interesting bifurcation
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phenomena which somehow prevents the construction to work for
all € close enough to 0. The analysis of A. Malchiodi and M.
Montenegro relies on the precise estimate of the least eigenvalue
of the linearized operator about an approximate solution, and this
forces them to work in 2 dimensional domains. It would be very
interesting to construct solutions of (5.1) which concentrate along
a geodesic of a two dimensional manifold and also to extend their
result to higher dimensional domains.

. As already mentionned, M. Kowalczyk [11] has obtained a similar

result when M is a two dimensional domain of R? and N is a line
segment. Our result can be also be compared to the result of C.H.
Taubes [22] where solutions of the Seiberg-Witten equation con-
centrating along holomorphic curves are constructed, though our
analysis is completely different. Very closely related to our result,
is the one of S. Brendle [7] on the construction of solutions of the
Ginzburg-Landau equation which concentrate along codimension
2 minimal submanifolds. In all these results, solutions to nonlin-
ear partial differential equation which concentrate along smooth
submanifolds are constructed. The concentration set is always a
minimal submanifold, which has to be assumed to be nondegen-
erate. Hence the construction holds for a generic choice of the
background metric.

. Let us also mention the work of S. Brendle concerning Yang-Mills

connections in higher dimensions [6]. However, in this result, the
construction does not hold for a generic choice of the metric but
rather for a fairly restricted set of metrics.

. We have not studied the case where the hypersurfaces are singular.

For example, it is known that stable minimal cones do exist in
dimension n + 1 > 8 and it would be very interesting to develop
the corresponding analysis in this case.

. We have not studied the case where there is a nontrivial group of

isometries acting on M and where the problem cannot be reduced
to a nondegenerate problem by working in the space of functions
and hypersurfaces which are equivariant with respect to some fi-
nite group of symmetries. For example, one may consider the case
where M is the (n + 1)-sphere with the standard metric and N is
the equator. Now, let us perturb slightly the metric on S™*! in
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some neighborhood of the north pole. Unless the perturbed met-
ric is invariant under the action of I;, for ¢ = 1,...,n which are
defined in Example (1), our method does not apply in this setting.

6. The canonical profile

In this section, we consider the case where M = R and A = 0. In
this case, Equation (2.7) reduces to the following second order ordinary
differential equation

1
(6.1) O — 3 W' (u) = 0.
Observe that
H (u, Ou) = (9u)? — W (u),

is constant along solutions of (6.1). Using this property it is easy to
check that there exists a solution of (6.1), which will be denoted by .
in the remaining of the paper, and which satisfies

lm  uy(t) = £1, and u.(0) = 0.
t—4o0

This solution corresponds to H (u,dyu) = 0 and is implicitly defined by

. wy (t) dx
B /0 VW)

We define the indicial roots v+ > 0 by
1
(6.2) = WD),

(observe that +1 are minimizers of W and are assumed to be nonde-
generate, hence W”(+1) > 0 and this implies that 4 are well-defined).
The asymptotics of the function u, as t tends to +o00 are easy to derive
by linearizing (6.1) about u = +1. We find that, for all £ € N, there
exists ¢, > 0 such that

(6.3) |OF (us(t) + 1) < et forall  ¢<0,
and

(6.4) OF (uy (t) — 1)] < e+ forall  t>0.
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7. Injectivity results

We prove some injectivity results for ordinary differential operators
and partial differential operators whose potential is defined using the
function u,.

7.1 Preliminary results

For all ( € R, we set
Lei=—02+C+ %W”(u*).
All the injectivity results rely on the fact that, when ¢ = 0, the function
Wy 1= Oy,
is a bounded positive solution of the homogeneous problem
Low, = 0.

Furthermore w, decays exponentially at both +0co and —oco. We intro-
duce, for ¢ > 0, the indicial roots of the operator L¢ at oo by

(7.1) 7£(¢) = /¢ + A4,

where v4 have been defined in (6.2). These indicial roots are related to
the asymptotic expansion near +oo of the solutions of the homogeneous
problem L;w = 0. For example, it follows from Cauchy’s existence
result for solutions of ordinary differential equations that there exist w
and w solutions of L¢w = 0, which satisfy

lim e+t g(t) =1, and lim e+ (t) = 1.
t—+o00 t—+o0

Our first injectivity result reads:

Lemma 7.1. Assume that ¢ > 0 and let w be a solution of L w = 0
which is defined on (t1,t2). Further assume that w(t;) =0, fori=1,2.
Then w = 0.

Proof. We argue by contradiction. Given 1 € R, observe that

(7.2) Le(wy +nw) = Cw,.
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Now, since we have assumed that w is not identically equal to 0, one
can choose 1 € R such that the infimum of the function W := w, +nw,
over [t1,t2] is equal to 0. Observe that, since w(t;) = w(tz) = 0, the
infimum of W is achieved at some point ¢ty € (t1,t2) and LW < 0 at
this point. When ¢ > 0, this last inequality clearly contradicts (7.2).
When ¢ = 0, observe that W is a solution of some second order linear
ordinary differential equation and that W (ty) = 9,W(t9) = 0, hence
W = 0. This contradicts the fact that W (t;) # 0 for i = 1, 2. q.e.d.

Our second injectivity result classifies the set of ¢ for which there
exists a bounded solution of L;w = 0, which is defined on R or on a
half line. Given 0+ € R, we define § := (0_, ;) and the function

(7.3) ps(t) = (L+e) (L+e")’.

In particular, ps(t) ~ e’+! at +oo and @s(t) ~ e -t at —oo. This
definition being understood, we now prove the:

Lemma 7.2. Assume that ( > 0. Let w be a solution of Lcw =0
which is defined on R (or on (—oo,ty) or (ty,+00), in which case we
ask that w(to) = 0). Further assume that |w| is bounded by a constant
times the function s for 6+ < vy+(¢). Then w = 0.

Proof. The proof of this result is almost identical to the proof of the
previous one. The key observation is that, under the above assumptions,
any solution of L¢w = 0 defined on a half line decays faster than w, at
infinity. This follows at once from the fact that the indicial roots v+ (¢)
of L¢ are larger than the indicial roots v+ of Lg.

For example, assume that w is defined on (tp,4+00). Any solution
of the homogeneous problem L;w = 0 is a linear combination of w, a
solution which blows up exponentially at +oo like €7+t and w, the
solution which decays exponentially at +oo like e+t Since |w] is
bounded by e+ for some §; < v, (¢), we conclude that w is collinear
to w. Now, v4+({) > v+ hence w decays faster than w, at +0o. Once
this is known, the proof of the result reduces to the proof of Lemma 7.1.

q.e.d.

The set of solutions of Lsw = 0 is two dimensional and there exists
a unique we solution of ngc_ = 0 which is defined on all R and which
satisfies

lim e -t we (1) =1.

t——o0
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As already mentioned, this essentially follows from Cauchy’s existence
result for solutions of ordinary differential equations. When { > 0,
the previous Lemma implies that the function we does not vanish and

furthermore blows up exponentially at +oco like ¢ — e¥+(©*. Similarly,
there exists a unique wzr solution of Lcwzr = 0 on R which satisfies

li Y+ T () = 1.
t—}-lr{looe ’U}C (t)

Again, when ¢ > 0, this function does not vanish and blows up expo-
nentially at —oo like t — e~ 7= (O,

7.2 Injectivity results

Assume that (N, h) is a compact n-dimensional Riemannian manifold
with or without boundary. Further assume that (N, h) is at least C1e.
This means that one can choose local coordinate charts on N in which
the coefficients of the metric h are C® functions. We define on the
product space R x N the partial differential operator

1
(7.4) L= —0f — A+ 3 W (w),
where Ay, is the Laplace-Beltrami operator on (N, k). Using the result

of Lemma 7.1, we get the:

Corollary 7.3. Assume that w is a solution of £ w = 0 which is
defined on (ti,t2) x N. Further assume that w = 0 on {t;} x N, for
i = 1,2 and that w has 0 Neumann boundary data on (t1,t2) X ON if
ON s not empty. Then w = 0.

Proof. We denote by (¢, A\;);j>0 the eigendata of A, (with Neumann
boundary conditions when the boundary of N is not empty). Namely
Appj = —A;j ¢j,

with A; < Aj41. We also assume that the eigenfunctions are normalized
so that their L? norm on N is 1. We decompose the function w defined
on (t1,t2) x N as

w(t,y) =Y wi(t) 6;(y).
JEN
Then wj is a solution of Ly, w; = 0 and the result of Lemma 7.1 implies
that w; = 0. This completes the proof. q.e.d.

Using similar arguments together with Lemma 7.2, we also get the:
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Corollary 7.4. Assume that w is a solution of £,w = 0 which
is defined on R x N. Further assume that w is bounded by a constant
times s for some 6+ < vi. Then w only depends on t and there exists
a constant ¢ € R such that w = cw,.

Before we proceed, let us observe that the above result holds under
a slightly more general assumption, namely that 0+ < v+ (A1), where
A1 is the first nonzero eigenvalue of the Laplace-Beltrami operator Ay,.
Also the function s is the natural extension to R x N of the function
defined in (7.3).

Proof. Again, we decompose the function w defined on R x N as

w(t,y) =Y w;(t) d;(y)

jeN

Then wj is a solution of Ly, w; = 0 and the result of Lemma 7.2 implies
that w; = 0, for all j # 0. When j = 0, all bounded solutions of
Low = 0 have to be collinear to w,. This completes the proof. q.e.d.

Let A denote the Laplacian in R™ endowed with the Euclidean met-
ric. We define the elliptic operator

1
Li=-02- A+ 3 W (uy).

The result of Lemma 7.2 also implies the:

Corollary 7.5. Assume that w € L*(R x R") is a solution of
Lw = 0. Then w only depends on t and there exists a constant ¢ € R
such that w = cwy.

This result seems to be standard and for example appeared (without
a proof) in [17]. We have not been able to find a precise reference for
it and since this is a key result for the forthcoming argument, we give
here a detailed proof.

Proof. We denote by S(RF), the space of smooth rapidly decaying
functions which are defined on RF. This space is endowed with the
family of semi-norms

[¢1kg = |1+ 2]") V'l Loe,

for all k,1 € N, where z denotes the variable in R¥. The dual space
S'(R*) is the space of tempered distributions [20].
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Let F denote the Fourier transform in R™ and F the inverse Fourier
transform. We define, for all ¢ € S(R x R"),

70— [ it ) Pt ))s.s

This clearly defines a tempered distribution 7" € S'(R x R™). Let us
denote by ¢ € R" the dual variable of z € R™. Using the fact that w is
a solution of Lw = 0, we get

(75) <L|€‘2 Yj7 \I’>S’,S = <T, L|§\2\IJ>S’,S = 07

for any smooth function ¥ € S(R x R").

We claim that the support of 7" is included in R x {0}. Indeed,
choose any smooth function ¥ : R x R® — R with compact support in
R x (R™ —{0}). We define

+oo
¥(t.6) = i (e [ wpalorts.0as

L
o

o) [ ujgalouis ds)
where

O‘(g) = w‘az(t) 8tw|-g|2 (t> - atwgp(t) w‘—az (t)a

+
l§]?
geneous problem Ljgc2w = 0 which have been defined at the end of

§7.1 (hence o does not vanish and does not depend on ¢ !). We claim
that L2V = ¢ and also that ¥ € S(R x R"). The first claim fol-

lows at once from the fact that w@z are solutions of Lgzw = 0. For

is the Wronskian of the two independent solutions w:;, of the homo-

the second claim, observe that the function ¢ has compact support in
Rx (R™—{0}), hence ¥(¢t, &) = 0 for all |¢| large enough (say |£| > ¢) and
|€| small enough (say |£| < 1/¢). To show that ¥ is rapidly decaying in
t when 1/c < |€] < ¢, we use the fact that, for £ # 0, the function legP
is exponentially decaying at 400 and the function wEP is exponentially

decaying at —oo. This implies at once that ¥ € S(R x R™). Therefore,
we conclude that

<Ta ¢>S’,S = 07

for all ¢ : R x R™ — R with compact support in R x (R™ — {0}). This
proves the claim.
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By a classical result in the theory of distributions [20], we know
that T is the linear combination of derivatives (of bounded order), with
respect to t and &, j = 1,...,n, of measures with support on R x {0}.
Performing the Fourier transform backward in the & variable, we see
that the function w(t,-) depends polynomially on the coordinates z; of
z € R™. This, together with the fact that w is bounded in the z variable,
implies that the function w only depends on ¢ and hence w = cw,. This
completes the proof of the result. q.e.d.

Given v € R, we define the elliptic operator
L, i=—0f —A+7.
Following the proof of Lemma 7.5, we have:

Lemma 7.6. Assume that v > 0 and that w € L*°(R x R") is a
solution of £yw = 0. Then w = 0.

8. Mapping properties of a model operator

In this section we study the mapping properties of the operator £y,
given in (7.4), when this operator is defined between weighted Hélder
spaces.

8.1 Function spaces

Assume that (N, h) is a compact n-dimensional compact Riemannian
manifold with or without boundary. To begin with, let us define the
weighted spaces we will work with:

Definition 8.1. Given / € N, a € (0,1) and § := (6,64 ) € R?, we
define the weighted space Cg’o‘(R x N) to be the space of functions which
are £ times differentiable, whose ¢-th partial derivatives are Holder of
exponent « and for which the weighted norm

HuHcg’a(RxN) = |lo-s uHCfva(RxN)a

is finite. Here by definition

4
, \Viu(p) — Viu(q)|
U a = Vju oo "'I_ Sup )
|| ch (RXN) ]ZO || ||L (RxN) i€ RXN d(p, C])o‘

is the standard (unweighted) Holder norm and d is the geodesic distance
in R x N, for the product metric.
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Roughly speaking, this is the space of functions which, together with
their partial derivatives, are bounded by e+ on (0,400) x N and are
bounded by e~%-* on (—00,0) x N.

We finally define a 1-codimensional subspace of Cg’a(R x N).

Definition 8.2. Given £ € N, a € (0,1) and § := (§_,d;) € R?
such that 1+ < v4. The space Dg’a(R x N) is defined to be the closed

subspace of functions u € Cf’a (R x N) which are L? orthogonal to ws,
ie.,

(8.1) /RXNu(t,y) wy(t) dt dap, = 0.

Naturally, this space is endowed with the induced norm.

The restriction d+ < v+ is needed to ensure the convergence of the
integral in (8.1), i.e., that uw, € L'(R x N).
In the case where NV has a boundary, we define

RGO

to be the subspace of functions of Dg’a (R x N) which have 0 Neumann
boundary condition on R x ON. In the subsequent sections, it will be

convenient to adopt the notation [Dg’a(R x N )} . for Dﬁ’o‘ (R x N) even

when N has no boundary, being understood that the condition on the
boundary data is void in this latter case.

8.2 Mapping properties

Recall that we have defined on the product space R x N the partial
differential operator

1
(8.2) L= =02 — Ay + 3 W (uy),

where Ay, is the Laplace-Beltrami operator on (N, h). We now assume
that (N, h) is at least C1*(N). This means that, for all y € N, there
exists local coordinate (z1,...,2,) € R™ (or in R := {(z1,...,2,) €
R™ : z, > 0} in the case where y € 9N) in some neighborhood of y for
which the coefficients h;; of the metric

h:= Z hij dzi ® de,
1]
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are C® functions. Clearly, the operator
(8.3) e [D?a(R X N)] — DUY(R x N),
0

is well-defined and bounded, for any 6§ € R?. It is well known that the
mapping properties of the above defined operator depends crucially on
the choice of the weight parameter §. Indeed, the set of indicial roots
of £, at +00 (resp. —o0) is defined by Z (resp. Z_) where

Ty = {y+(Nj) : j = 0},

and A; are the eigenvalues of Ay on N. Now, if §1 ¢ T, the operator
(8.3) can be shown to have closed range and to be Fredholm. While, if
d_ or d4 is an indicial root, then the operator (8.3) does not have close
range, and hence is not Fredholm.

The result of Corollary 7.4 yields the injectivity of the operator
Ln when §1+ < ~y. This, together with a ”duality argument” implies
that the operator (8.3) is surjective provided 6+ > —v4 and 04 ¢ T4
(the duality argument does hold stricto sensu when the operator is de-
fined between weighted Lebesgue spaces and the corresponding result in
weighted Holder spaces is then obtained through elliptic regularity the-
ory). In particular, the operator (8.3) is an isomorphism if the weight
0+ € (—y+,7v+). Most of these mapping properties of £ will not be
needed. Indeed, we will only need the latter claim on the range of
weights for which the operator is an isomorphism. Therefore, in the
next Proposition, we concentrate on the proof of this fact.

In addition, we will also show that the inverse of £} is bounded
independently of the choice of the metric A on N, provided an uniform
ellipticity condition is fulfilled. Hence, we now assume that there exists
A > 0 such that:

(i) For all y € N, there exists a local chart
(8.4) Y,:B"(A) — N

where B™(A) denotes the ball or radius A centered at the origin in

R™ (resp. Yy is defined on B’ (A) the half ball of radius A centered
at the origin in R, if y € ON).

(ii) For all z € B"(A) (or all z € B (A)), the metric h at the point of
coordinates z is given by

(8.5) hi= " hij(z) dz @ dz;,
ij
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where the coefficients h;; are of class C1'® and satisfy h;;(0) = (53 .

(ili) For all z € B"(A) (or all z € B (A)), the metric h satisfies

(8.6) S hi(2)gE = Mg,
,J

for all £ € R™.

(iv) We have

1
(5.7) hlleto) <

where the C1'® norm is the usual one, once a section of the sym-
metric 2 tensors, is fixed as in (8.5).

The second condition will ensure that the Laplace-Beltrami operator
on N is uniformly elliptic while the third condition will ensure uniform
Holder estimates, independent of the choice of the metric.

We prove the following:

Proposition 8.3. Assume that h satisfies (8.6) and (8.7). Further
assume that 0+ € (—v+,v+). Then, the operator £, defined in (8.3) is

an isomorphism and there exists a constant ¢ > 0, only depending on
A, such that, for all w € [Dg’o‘(R x N)|p we have

”w”cg"‘(RxN) <c|€n w”cg’“(RxN)'

Proof. As already mentioned, the injectivity of the operator £
follows at once from Corollary 7.4. Indeed, given the range in which we
have chosen d1, any solution of £,w = 0 which is bounded by ¢;s has
to be collinear to w,. Since functions in [Dg’a(R x N)]o are orthogonal
to wy in L2(R x N), we conclude that w = 0.

We now prove that the operator £ defined in (8.3) is surjective. To
this aim, we decompose any function f € Dg’a(R x N) as

f(ta y) = fO(t) + f(tv y)7

where, for each ¢, the function f(¢,-) is orthogonal to the constant func-
tion 1 in L2(N). The proof is now decomposed into 5 steps.

Step 1. We define

an(®) =) (a0 [ ) [ ) yaras).

—00
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where the constant ag € R is chosen so that

/wow*dtzo.
R

Using the fact that w, ~ €7-! at —oo, together with —y_ < §_ < 7_,
we conclude that

sup e~ wo| < co sup e’ | fol-
(—O0,0] R

Sincef € Dﬁfla(R x N), we have

/fow*dt:().
R

Therefore, we have the alternative definition of wq as

an(®) = () (a0~ | ) [ ) e is).

and, using this time the fact that w, ~ e 7+ at 400 together with
—74+ < 04 < v4, we conclude that

sup e+ Jwo| < co sup e %+ | fol,
R R

for some constant ¢y > 0 which does not depend on fj.
Step 2. Making use of the result of Corollary 7.3, we can solve, for
each T'> 0
gyor=f, in (=T, T)xN,

with wr = 0 on {£7'} x N and 0 Neumann boundary data on (—=7,7") x
ON if N has a boundary. The superscript ~ is meant to recall that we
are working with functions (t,y) — g(t,y) for which the function g(¢,-)
is for each ¢ orthogonal to the constant function 1 in L?(N).

Step 3. Choose tg > 0 large enough so that
. . 1 2 . 1 2
p := min ((Olor’lfto) (2 W (uy) — 6_) ’(tol,r}rfoo) <2 W”(m)) — 6+> > 0,

then, the potential in the operator £; is bounded from below by p in
(R—[—to,t0]) x N and hence £}, satisfies the maximum principle in this
set. Moreover, we have

Lpe 0t = (; W (uy) — 52> e -t >pe -t
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in (—oo, —tp) x N and

gt = (W) 6 ) s e,
in (tg, +00) x N. Hence, the function ¢ — ¢+ (resp. t — e~%-t) can be

used as barrier in (g, +00) X N (resp. in (—o0,tg) X N) to prove, for all
T > tg, the inequality

(8-8) H‘PftS@HL‘X’((fT,T)xN)
<c (HsD—ﬁHLoo([_to,to]xN) + llo—s ﬂ|L°°((—T,T)><N)) :

for some constant ¢ > 0 which only depends on § and on p.

Step 4. We claim that

lp—5 Wl Loo (—T,7)xN) < € llo—s5 fllLoo®mxNYs

for some constant ¢ > 0 which depends on A but neither depends on
T > 1 nor on f. We argue by contradiction and assume that there exists
a sequence of metrics hy_satisfying (8.6) and (8.7), a sequence T} > 1,
a sequence of functions fi, and a sequence of solutions of £,wy = fi in
(=Tx, T) x N, with wy = 0 on {£T}} x N and 0 Neumann boundary
data on (=7, T)) x ON if N has a boundary, such that

lo—s Wkll oo ((-mi i)y =1, and - Hm flo—s fil oo ) = 0.
Furthermore, f(t,-) and @(t,-) are, for all ¢, orthogonal to 1 in L2(N).

Observe that the claim is certainly true when T} remains bounded,
hence we may well assume that the sequence T, > to tends to +oo. Since
both wy and f; are uniformly bounded on compact subsets, we deduce
from elliptic estimates that the sequence of functions wy is uniformly
bounded in C1® topology on any compact of R x N. Now, Ascoli’s
Theorem together with a standard diagonal argument implies that, up
to a subsequence and for some o/ < «, the sequence of metrics hy
converges (in C® (N) topology) to h, the sequence of functions wy,
converges (in C»® (N) topology) to @We. Passing to the limit in the
equation satisfied by wy, we conclude that ws, is a weak solution of
Lho Woo = 0 in R x N, which is bounded by ¢s. But Corollary 7.4
and the choice of the parameter d1 in (—y4,v+) imply that wWe, = cwy,
for some constant ¢ € R. Since the function we (%, -) is by construction
orthogonal to 1 in L2(N), we conclude that ¢ = 0, hence Wy, = 0.
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Finally, (8.8) implies that, for each k£ € N sufficiently large (so that
Ty > to) we have
lp—sWk|| Loo (=73, 0] x V)

=1<c (||<P—515k||Loo([—to,t0]xN) + ||<P—5kaLo<>(RxN)) :
Passing to the limit as k tends to co, we conclude that

1 < ¢llo—s Wooll Loo ([—to,t0] x V) »
which implies that W, is not identically equal to 0. A contradiction.
This ends the proof of the claim.

Step 5. Using the results of Steps 2 and 4, standard elliptic estimates
and Ascoli’s Theorem, we can pass to the limit as T" tends to +o0 in the
sequence wp and obtain a function w solution of £, w = f in R x N.
Furthermore, the result of Step 4 implies that

|0—6W|| oo (mx ) < €ll0—5.f | Loo®xNY»

for some constant ¢ > 0 which only depends on A. Collecting this result
and the result of Step 1, we conclude that w = wy + w is a solution of
Ly w = f which satisfies (8.1). Furthermore, using Schauder’s estimates,
we also conclude that

Hw”cg’a(RX]\/) Sc Hf”c?ﬂ([ngy

for some constant ¢ > 0 which only depends on A. In particular w €
[Dg’a(R X N)]o. This completes the proof of the result. q.e.d.

Once Proposition 8.3 is proven, it is easy to see that:

Proposition 8.4. Assume that 6+ < vy. If w € [D?’Q(R x N)lo
and f € Dg’o‘(]R x N) satisfy £nw = f and if in addition

/ ft,y) we(t)dt =0,
R

forally € N, then

for ally € N.
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Proof. Recall that (¢;,\;j);>0 are the eigendata of Aj, (with 0 Neu-
mann boundary condition if ON is not empty). For all 7 > 1, we
multiply the equation £, w = f by w, ¢; and integrate by parts over
R x N. We obtain

/ w Sh((z)j ’LU*) dt dah = 0.
RxN

Since £4(wx ¢j) = Aj wy ¢, we conclude that

Aj /Nd)j </waw*dt> dap, = 0.

When j # 0, Aj # 0, hence this implies that the function

B(y) = /R wit, ) wa (1) dt,

is orthogonal to ¢; in L?(N). By construction this function is also
orthogonal to ¢, which is the constant function, in L?(N). Since the
(¢;);>0 form a Hilbert basis of L?(N), we conclude that ® = 0. q.e.d.

Before we proceed further, let us comment on our choice of func-
tion spaces. Observe that, in (8.3), we could have replaced the spaces
Df;’a(R x N') by the spaces Cg’a(]R x N) and we could have defined

S [C?a(R x N)}0 — C%%(R x N).

Then all the above results about the set of weights for which the operator
is Fredholm remain true. However, this time, the injectivity of £; only
holds provided 4+ < —v4 and, using a “duality argument”, this implies
that the operator £ is now surjective when d1+ > ~4 are not indicial
roots. Hence, this choice of function spaces would force us to work in a
space of functions which blow up exponentially at 400 and this would
not be suitable for the forthcoming nonlinear analysis.
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9. Mapping properties of a singularly perturbed linear
operator

9.1 Function spaces

Assume that (N, h) is a n-dimensional compact Riemannian manifold,
with or without boundary and further assume that the metric A on N
satisfies (8.6) and (8.7), for some fixed constant A > 0. We now turn to
the study of the operator

(9.1) o= —e? (02 4+ A) + % W (s (-/2)),

where € € (0,1) is a fixed parameter. This operator still depends on h
but, since we now focus our attention on its dependence with respect to
the parameter €, we omit the subscript h. Taking the parameter ¢ into
account, we now define:

Definition 9.1. Given £ € N, a € (0,1), 6 := (6_,64) € R? and
e € (0,1), we define the weighted space Cﬁ’?(R x N) to be the space of

functions which are ¢ times differentiable, whose /-th partial derivaties
are Holder of exponent o and for which the weighted norm

HuHCﬁ:?(RxN) = ”90—5('/5) u”gﬁva(RxN)y

is finite. Here, by definition

14

- o
gty = & [IV9ull g gy + € [V ulcon @)
=0

When d+ < 7+, we also define the spaces D??(R x N) as the 1-

codimensional subspace of functions u € Cﬁ’?(R x N) which are L?
orthogonal to the function wy(-/¢). For fixed € the results of §8 hold
and this shows that

e, [Dg’g(R X N)| — DR (R X N),

is an isomorphism, provided 61+ € (—7v4,y+). Our aim is now to under-
stand the mapping properties of £. as the scaling parameter ¢ tends to
0. Unfortunately, if we work with the function spaces Dgf (R x N), the
norm of the inverse of the above defined operator blows up as € tends
to 0.
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To get a better understanding of the underlying phenomena, we
digress slightly and study the spectrum of the self-adjoint operator £.
acting on functions which are defined on [—1,1] x N, have 0 Dirichlet
boundary conditions on {+1} x N and 0 Neumann boundary conditions
on [—1,1] x ON if ON is not empty. Recall that there is an eigenfunction
decomposition of the functions w defined on [—1,1] x N as

w(t,y) =Y wi(t) 6;(y),
=0

where (¢;, A;) are the eigendata of Aj,. This splitting induces a splitting
of the operator £. into a sequence of second order ordinary differential
operators

1
Leji=—e>0} +e2 )\ + 3 W (us(-/¢)),

acting on functions defined on [—1,1]. The spectrum of £. is then the
union of the spectra of the operators L. ;. Namely

Spec (£¢) = U Spec (Le ;).
JEN

Furthermore, the spectrum of L. ; is equal to the spectrum of L.
shifted by €2 \;. Now, the spectrum of L. is given by

Spec Ls,O = {MO,E < ple < H2e--- }

All the eigenvalues are simple since the operator is a second order
ordinary differential operator. Moreover, arguing as in the proof of
Lemma 7.1, one can show that ;0. > 0. The existence of the func-
tion w, also implies easily that . decays exponentially fast to 0 as €
tends to 0. Furthermore, if wo . denote the eigenfunctions associated to
o, which are normalized so that wg(0) = 1, the sequence of rescaled
functions (wo.(€-))e>0 converges on compacts to wy, as € tends to 0.
Concerning the second eigenvalue ji1 ., one can show that

lim g1 . > 0.
e—0

To prove this fact, one can argue by contradiction as in the proof of
Proposition 8.3. Since these results are not needed in our analysis, we
leave the proofs to the reader.
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On a heuristic level, the above study shows that, as € tends to 0,
the number of small eigenvalues of £. which are close to 0 tends to
+00. Moreover the corresponding eigenfunctions are of the form wo ¢ ¢,
where wg(e-) tends to w, as € tends to 0. Since we want to work
with an operator whose inverse is uniformly bounded as ¢ tends to 0,
we need to replace the spaces we work with by much smaller function
spaces. It is standard to work orthogonally to all the eigenfunctions
which correspond to small eigenvalues to recover an operator whose
inverse is uniformly bounded. Since the eigenfunctions corresponding
to small eigenvalues tend to w,(-/€) ¢;, as € tends to 0, it should be
enough to work orthogonally to all the functions of the form w,(-/¢) ¢;,
in order to recover an operator whose inverse is uniformly bounded.

The above should be enough to justify why we replace the spaces
Dg:? (Rx N) by the much smaller function spaces which we now describe.

Definition 9.2. Given, £ € N, a € (0,1), 6 := (6_,0,) € R? and
e € (0,1) such that 1+ < 74, we define the weighted space Sff(]R x N)
to be the space of functions u € C??(R x N), which satisfy

(9.2) Vye N, /Ru(t,y) wy(t/e) dt = 0.

This space is endowed with the induced norm.

Observe that we now impose infinitely many constraints on the func-
tions u, so Sf’:(R x N) has infinite codimension in C?:(R x N). The
restriction d1 < ~y4 is needed to ensure the convergence of the integrals
in (9.2).

In the case where IV has a boundary, we define [55’? (Rx N )} o to

be the subspace of functions of Ef’aa(R x N) which have 0 Neumann
boundary condition on R x dN. Again, we keep the same notation for
this space whether N has a boundary or not.

9.2 Mapping properties

It will be interesting to take into account the parameter ¢ in order to
relax slightly the assumptions on the metric h. Indeed, we will still
consider that h satisfies (8.6) but instead of (8.7) we now assume that
¢ > 2 is fixed and that h satisfies the weaker condition

1
(9.3) llge-s0 ) < 5

387
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where by definition

l
(9.4) 1Pll gty 7= [1Pijll oo (ovy + > eV hijll ey
j=1

+ €f71+a Hvéhz‘j HCO*O‘(N)-

To define these, we use the local charts defined in (8.4) and the sections
of the symmetric two tensors defined in (8.5).

Remark 9.3. At first glance, this condition does not seem very
natural since, paralleling the definition of the spaces Cf’a(R x N), it
would have been more natural to require that

1
(9-5) ‘h‘cf»a(]\/) < X:

where
e . .
|hleteny = > NV higll vy + €IV higlleo.s vy -
=0

However, as we will see in the proof of the next Proposition, we will
need a control on the C' norm of h which is slightly better then the one
which is provided by (9.5).

Indeed, if A is assumed to be fixed, € Vh;; converges uniformly to
0 as € tends to 0 when h is assumed to satisfy (9.3), while this fact is
not guaranteed by (9.5). Now the fact that € Vh;; converges uniformly
to 0 as ¢ tends to 0 will be used in the proof of the next Proposition
and this will allow us to use the result of Corollary 7.5. It is possible
to use (9.5) instead of (9.3) and this simplifies some of the forthcoming
statements. However, we would have to pay a price, namely we would
have to prove a result similar to Corollary 7.5 when A is replaced by a
more general elliptic operator on R".

Observe that, granted the above definitions, the operator

(9.6) L1 [EFFR % N)Jo — EJ5(R x N),
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is well-defined. Indeed, given w € 8(?7’80‘(]1% x N) we have

(9.7) /Sww* -Je)d
= [ (=22 + a4 o /e) ) wo /o) d
= [ (-0t + 3w twn /o ) wunlo

_e2p, (/wa*(-/g) dt)

-/ (—520,52+;W"(w*('/5))> w,(-fe) wt
=0.

Hence, £ w € E2*(Rx N). Recall that we have assumed that the metric
h satisfies (8.6) and (8.7). This implies that £, is uniformly bounded as
e varies in (0,1). Applying the results of §8, we see that £., defined in
(9.6) is an isomorphism, provided 6+ € (—7y4,7v+). In the next result,
we show that the inverse of £, is also uniformly bounded as € varies in
(0,1).

Proposition 9.4. Assume that h satisfies (8.6), (9.3) and further
assume that 01 € (—v+,0]. There exists a constant ¢ > 0 (only depend-
ing on A), such that, for all e € (0,1) and for all w € [520“(1[{ x N)Jo,
we have

||ch2ﬂ (RxN) S <c ”SEU’HCOQ (RxN)*

The restriction §+ < 0 will be needed to apply the result of Corol-
lary 7.5.

Proof. We claim that, there exists a constant ¢ > 0, such that if
w and £, w are functions bounded by ¢s(-/¢) (and w has 0 Neumann
boundary condition on R x N if N has a boundary) and if w satisfies
(9.2), then

lo—5(-/€) wll oo @xny < cllo—s(-/€) Le wl[ Lo mx )

As in the proof of Proposition 8.3, the proof of the claim relies on
the observation that there exists tg > 0 and ¢ > 0 such that, if w and

389
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£ w are functions bounded by ¢5(-/¢) (and w has 0 Neumann boundary
condition on R x 9N if N has a boundary), then
(9-8) lo—5(-/€) Wl oo @)

< ¢ (lwll oo (toe toe)x Ny + [l0=5(-/€) L wl| oo ) -

see (8.8). In order to prove the claim, we argue by contradiction. If
the claim were not true, there would exist a sequence ¢, tending to 0, a
sequence of metrics hy, satisfying (8.6) and (9.3), a sequence of functions
wy, satisfying (9.2) such that

lp—s(-/er)wrllpomxny =1,  and

lim {lo_5(-/ex) Le, w || Loomx vy = 0-

k—o0

Moreover, the functions w; have 0 Neumann boundary condition on

R x ON if N has a boundary.
Observe that (9.8) implies that, for each k € N

I<ec (HSO—(S(/F:I‘?) wkHLo"([*toEk,toEk]XN) + ||80—5(/€k) ’gak wkHLOO(]RXN)) .

Furthermore, since the functions y — sup_y ., 1, -5 (t/€x)|wi(t, y)|
are continuous, for each k > 0, one can choose a point y; € N such that

(9.9) 1< C(ll@—&('/%) Wk (s Yk) | oo (= toen toer])
+ lp-5(-/ek) Loy will ey )

The hypersurface N being compact, we can assume without loss of
generality that the sequence y;, converges in N.

We define, for all s € R and for all z € R" (or R"}) close enough to
the origin

Wi (s, 2) 1= wi(e 8, Yy, (e 2)).
In the case where NV has a boundary, we define
Pk = d(yk, ON) /e,

where d denotes the geodesic distance on N for the metric hy. We now
distinguish a few cases according to the behavior of the sequence (pg )k,
which can be assumed to converge to po € [0, 0].



CMC AND GRADIENT THEORY 391

Case 1. Assume that either N has no boundary or NV has a boundary
and ps = 400. Since both wy and £., wy are uniformly bounded on
compact sets, we deduce from elliptic estimates that the sequence of
functions @y, is bounded in C1* topology on any compact of R x R".
Now, Ascoli’s Theorem together with a standard diagonal argument
implies that, up to a subsequence and for some o/ < o the sequence of
functions wy, converge (in Lo topology) to Weo. Furthermore, wy is
bounded by ¢s. Passing to the limit in the equation satisfied by wy, we
claim that the function w., is a weak solution of

1 ~
<8§ +A-— B W”(u*)> Weo = 0,

in R x R™. This is precisely at this point that we use the full strength of
(9.3) which guarantees that the C! norm of the coefficients of the met-
rics hj are uniformly bounded, hence the sequence of dilated metrics
converges to the flat metric. While the weaker more natural condition
given in Remark 9.3 would only have ensured that the sequence of di-
lated metrics converges to some metric on R™. Indeed, observe that,
in order to define the functions wy, we have chosen normal coordinates
€k # to parameterize N in some neighborhood of the point y. In these
coordinates the metric hy = 5% hi where

hy, = Zﬁk,zj(z’) dz; ® dz;,
tj
satisfies Eklj(()) = 55 and
IV ™ hpeijll < cen,

form =1,...,2, thanks to (9.3). Here all norms are evaluated on a fixed
compact, ¢ > 0 only depends on A and the partial derivatives are taken
with respect to the z;. This in turn implies that the Laplace-Beltrami
operator Ez Ay, can be expanded as

Ez Ap, = A+ O(er|7] 0 8gj) + O(ex 03,).

This explains why the equation satisfied by ws, involves the operator

A.

Case 2. Assume that N has a boundary and that p,, < 4oc.
Applying the above argument, we can assume that, up to a subsequence,
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the sequence of functions wy converges to We,. Furthermore, Wy is a
weak solution of

1
<atz + A — 5 W//(U*)> {DOO = 0,

in R x R’ which is bounded by ¢s. In addition, w has 0 Neumann
boundary data and we can then extend ws, to R x R™ by reflection
across the hyperplane z,, = 0 to reduce to Case 1.

In either case, Lebesgue’s convergence Theorem implies that wese
satisfies

(9.10) / Woo Wy dt dz = 0.
RxR™

We give the proof of this fact when po, = +00, obvious modifications
are needed to handle the case where p,, < +00. Given a function
n : R — R, with compact support we use the fact that, for all z in
R"™ and all k£ large enough

/ Wk (s, 2) wi(s) ds = 0.
R
Provided k is chosen large enough so that the domain of definition of

z — wWg(s, z) includes the support of 1, we multiply this identity by 7,
and integrate over z to get

/ n(2) Wi (s, 2) wi(s) ds day, = 0.
RxR™

Passing to the limit as k£ tends to co, we conclude that

/ N(2) Woo (8, 2) wi(s) ds dz = 0.
RxR™

This identity being valid for all n, we finally obtain, for all z € R"

/R Woo(s, 2) w,(s) ds = 0.

By construction, the function ws, is bounded by s and since we have
assumed that §+ < 0, this implies that W, is bounded. We now apply
the result of Corollary 7.5 which shows that ws, only depends on t.
Since all bounded solutions of Low = 0 are collinear to wy, we can
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write Woo (S, 2) = cwy(s) for some constant ¢ € R, and (9.10) implies
that ¢ = 0. Therefore, we have shown that W, = 0.

Finally, (9.9) implies that, for each k € N

1< ¢ (llo—s Wi, 0) oo ((—to,to]x N) + lo—5(-/€k) Loy Wil Loo @) »

passing to the limit as k tends to co in this inequality, we conclude that

1 < cflp—5 Woo(+ 0) | oo ([—to,t0] x ) s

which implies that ws is not identically equal to 0. Since we have
reached a contradiction, the proof of the claim is complete.

The claim being proved the result of the Proposition follows imme-
diately from Schauder’s estimates which are applied in geodesic balls of
radius € in R x N. q.e.d.

Obviously, this result could have been obtained directly without
any reference to the result of Proposition 8.3. However, we feel that
the decomposition of the proof into two different steps sheds light on
the choice of the function spaces and in particular explains where the
conditions (8.1) and (9.2) enter into play.

10. Fermi coordinates

Assume that N C M is an admissible hypersurface. To begin with,
let us assume that N has no boundary. We will explain in the last
paragraph of this section the modifications which are needed to handle
the case where the boundary of N is not empty.

For any p € M we define dy(p) to be the signed geodesic distance
from p to N. This means that dy(p) is the geodesic distance from p to
N if p e M (N) and that dy(p) is equal to minus the geodesic distance
from p to N if p € M~ (N). We define

(10.1) VA(N):={peM : dy(p) € (—7,7)}.

It is well-known that for all 7 small enough, the set V;(N) is a tubular
neighborhood of N in M, provided N is at least C2. In order to measure
the regularity of a function w which is defined in V;(IN), we define for
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£>0,a€(0,1)and e € (0,1)

4

HUHCf’a(VT(N)) = 25‘7 ||Vju||L°°(VT(N))
=0

¢ ot
Lot gup [Vou(p) Va U(Q)|7
p#q € V- (N) d(p, q)

where d is the geodesic distance in M.

In the previous sections, we have asked that the metrics h we con-
sider on the manifold N satisfy (8.6) and (8.7) or (9.3). This was needed
to guarantee that the results we have obtained are independent of the
choice of h, but might depend on A. We now restrict our attention to
admissible hypersurfaces N which are embedded in M and which are
close to some reference smooth admissible hypersurface Ny. To make
things precise, we consider a smooth admissible hypersurfaces Ny and
assume that any admissible hypersurface N we consider can be written
as a geodesic normal graph over Ny for some function 1n € C4*(Np).

Definition 10.1. The CY® norm of the hypersurface N, with re-
spect to the hypersurface Ny, is defined to be

HN”cfﬁva(NO) = HwNHC?a(NO)v
where
(10.2)
Wollgtorny = Nolloqan) + 194 o)

¢
+ Z T2V || oo (vg) + €IVl cova (v
=2

and where ¥ is the function whose normal geodesic graph over Nj is
N.

Since the hypersurface N is assumed to be embedded in M, the
metric A we consider on N is just the metric induced by the metric g of
M. Now, given A > 0 and £ > 2, one can find A’ > 0 such that : If the
C5%(Ny) norm of ¢ is bounded by A, then conditions (8.6) and (9.3)
are fulfilled and N is embedded.

Remark 10.2. Asin (9.4) the definition of the weighted norm of a
hypersurface is not the natural one, namely

|N‘C£’Q(N0) = |1/}N’C£,Q(NO),
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where

L

(103)  [Bletang = D& IV 8l oo (vg) + € [V Bllcow o)
7=0

In order to justify this choice, observe that, as already mentioned, Def-
inition 10.1 is consistent with the definition of the norm of the induced
metric which is used in §9.2, while the above definition is consistent
with the definition used in Remark 9.3.

In order to define Fermi coordinates in some neighborhood of N we
set for all t € [-7,7] and all y € N

ZN(ta y) = eXpy(t Vy)7

where v, is the normal to IV at the point y, which is assumed to point
towards M (N). The parameter 7 is chosen small enough so that Zy
is a diffeomorphism onto its image.

Definition 10.3. The coordinates (t,y), defined in V,(N), are
called Fermi coordinates relative to the hypersurface N.

We will need the following classical result which states that the dis-
tance function to N is well-defined and as smooth as N in some tubular
neighborhood of N whose width is bounded from below. The proof of
this result can be found in [10] or in [9)].

Lemma 10.4. Assume that ¢ > 2 and that A’ > 0 is fized small
enough. Then, there exists 79 > 0 only depending on A’ such that if N
s a hypersurface whose Cf’a(No) norm 1s bounded by A, then Zy is a
Ct=1 diffeomorphism from (—19,70) X N onto its image. Moreover the
norm of Vdy in Cf_l’a(VTo (N)) is bounded by a constant which only
depends on A’.

Proof. The existence of the constant 7y follows from the fact that
the hypersurfaces we consider are uniformly bounded in C? topology.
This implies that the principal curvatures of N are bounded from above
by some constant only depending on A’ and, in turn, this shows that
the size of the tubular neighborhood over which Zy is a diffeomorphism
is bounded from below.

The fact that dy is as regular as N follows from standard arguments.
Indeed, the gradient of dy at the point of coordinates (¢,y) is given by
the tangent vector to the geodesic starting from y with vector speed v.
Hence the gradient of dy is as regular as the Gauss map of IV, which in



396 F. PACARD & M. RITORE

turn is as regular as V. Hence Vdy is bounded in Cf_l’a(Vm) by A’
(we even know that V2dy is bounded in C:~2%(V;,) by some constant
only depending on A’, which is a slightly stronger statement).  q.e.d.

Let us recall that
(10.4) Vdnlg =1,

a.e.in M.

From now on, we assume that 7y is chosen as in Lemma 10.4. For all
t € [—70, 7o), we define the hypersurface IV; to be the hypersurface which
is parallel to N, at distance . This means that V; is the normal geodesic
graph over N for the constant function v (y) = t. This definition being
understood, we recall the expression of the Laplace-Beltrami operator
in Fermi coordinates.

Lemma 10.5. Denote by (t,y) the Fermi coordinates relative to N,
which are defined in V,(N). Then, at any point of Zn(t,y) € Ny we
have

Ay =02 + Ay, —nHy, 0.

where hy is the metric induced by g on Ny and where Hy,(t,y) denotes
the mean curvature of the hypersurface Ny at the point Zn(t,y).

Proof. We provide the proof of the formula when ¢ = 0. The general
case can be treated similarly, up to notation changes. Let eq,...,e, be
an orthonormal frame field on N and v be the normal vector field.

The Laplace-Beltrami operator on M is defined by

n

Ay = Z (e;e; — De,e;) +vv — Dy,

i=1

where D is the Levi-Civita connection on M. Let DYV denote the Levi-
Civita connection on N, by construction, we have

D..e; = Dgei + g(De, €, V) V.

Therefore

n n

Ay = Z (ei € — Dé\i]ei) + Zg(ei,DeiV) v+vv — Dy
i=1 i=1
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By definition v v = 97 and v = 9;. Furthermore D,v = 0 and

n
Zg(ei')Deiy) - —TLHN,
i=1

where Hp is the mean curvature of N. Hence we conclude that
Ag = 63 + Ay —nHy 0.

Which is the desired expression. q.e.d.

Applying the expansion given in the previous Lemma to the function
dn(t,y) = t, we obtain the important formula

(10.5) Ag dn(t,y) = —n Hy, (L, y).

When t = 0 we recover the well-known fact that the Laplacian of the
distance function to the hypersurface N, computed at a point of IV, is
equal to (minus) the sum of the principal curvatures of the hypersurface
at this point [9].

We will also need the expansion of the Laplace-Beltrami operator
Ay in Fermi coordinates. To do so, we need slightly better control on
the regularity of the hypersurfaces N which should be at least bounded
in C2*(Ny).

Proposition 10.6. Assume that A’ > 0 is fized small enough. If
N is a hypersurface whose Cg”a(No) norm is bounded by A, then there
exists a second order operator in O,

Ly :=t0p1a(N) V2,

without any first or zero-th order term, and a first order operator in O
and 0y,

Ll = O 0, (A/> V + tgil chva (A/> v?

Ce
without zero-th order term, such that
Ag:8t2+Ah+L1+L27

where h is the metric on N, induced by the metric g on M. The notation
O ko (A) refers to the fact that the coefficients of the operators are

bounded in Cf’a(VTO (N)) by a constant which only depends on A'.
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Proof. This result follows from the expansion of the metric in Fermi
coordinates (t,y) relative to N. Indeed, if we write the metric g as

n n
g = it dt@dt—}—zgt]‘ dt®dzj + Z gjj' dz; ®de/,
J=1 J'=1

the coefficients of the metric can be expanded as
git = 1, gt] =0 and 92] = hzj + tocgfl,a (A/),

where h;; are the coefficients of the induced metric on N. This is pre-
cisely at this point that we use the definition (10.2). Indeed, the regu-
larity of the coefficients of the metric g in Fermi coordinates is the same
as the regularity of the gradient of the Gauss map of N, which in turn
can be estimated by the second derivatives of the function whose graph
is N. Hence, the C2**(V;,(N)) norm of the coefficients of the metric is
bounded by the €571 (Np) norm of N.

Similar expansions hold for ¢®3, the coefficients of g~!. This implies
that

Vdet g = Vdet h+tOpta(d).

With these expansions, we get

1 tt _ 92 / —1 /
T o (Vaet gg"0,) = 0 + (Ogre (M) +te™ Ogoa()) O,
and
1 1

- 0 ( det g g% 8Zj> =

Vs Vs O (Vo)

+tet Opoa(A) Dy +tOp1a(A) D, 0.,

The result now follows at once. q.e.d.

As promised, we now explain the modifications needed when N #
(). Observe that, when ON = (), the geodesics starting from a point
y € N with initial velocity vy (y) induce a fibration of a tubular neigh-
borhood of N. In the case where N has a boundary this property is
not true anymore. To overcome this problem, we define what we call
"twisted” Fermi coordinates. Recall that we have assumed in the intro-
duction that M is a smooth domain of a Riemannian manifold M. An
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admissible hypersurface N in M can be extended to a hypersurface N
whose Cf’a norm is bounded by a constant (independent of €) times the
C%“ norm of N.

Observe that, provided 7y is chosen small enough, we can define
Fermi coordinates in

Vi (N) :={Z5(t,y) €M : ye N, te (—m,m)}

Let X be the vector field 8, which is defined in V;,(N). Reducing 7o
if this is necessary, we can assume that vy, the inner normal to OM,
does not coincide with X in Vi, (V) (recall that N is assumed to meet
OM in an orthogonal way).

We set X5 to be the extension of vgy; which is given by the unit
normal vector fields to the family of parallel hypersurfaces to M. This
vector field is well-defined in a fixed tubular neighborhood of radius
go > 0 of OM. Finally, we consider a smooth cut-off function n which is
identically equal to 1 in (—o00,e0/2) and equal to 0 in (g9, 00), and let

X == n(dom),
where dg)ps is the distance function to dM. We define the vector field

X = (X, X X2)g XX
. 1 —(X1,xX2) .

2
g
It is straightforward to check the following properties of X:
(i) X is tangent to OM.
(ii) X = X; at a point p whenever dyps(p) > ep.
(iti) (X, X1), =1.

We now define {F};}: to be the flow associated to X. It follows from
(i) that Fy(NV) is contained in M. Also, (i) and (iii) imply that (¢,y) —
Fy(y) is in fact a diffeomorphism from (—7p,79) X N onto VTO(N )N M.
The “twisted” Fermi coordinates (t,y) relative to N are defined by:

Yn(t,y) == Fi(y).

Observe that (ii) implies that Yn(t,y) = Zn(t,y) away from a tubular
neighborhood of radius g9 around M. Moreover, (iii) together with the
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fact that, N being an admissible hypersurface, N meets 0 M orthogo-
nally, imply that in a neighborhood of radius ey of M, if (¢,y) are the
“twisted” Fermi coordinates of a point p (relative to N) and if (£, 7) are
the Fermi coordinates of the same point p (relative to N ), we have

t=f and  dFy) = O(F).
Using these properties, one checks that all the results we have obtained
in this section do hold when Fermi coordinates are replaced by “twisted”
Fermi coordinates.

One last comment about the modifications which are needed when
ON is not empty. In the case where N is empty, one can parameterize
any hypersurface N close enough to N as a normal geodesic graph, that
is, using the flow Zy. In turn, when 0N is not empty, we agree that we
will parameterize any hypersurface N close enough to N using the flow
Y. With slight abuse of terminology we will say that N is a “normal
graph” over N.

11. The linear problem

Assume that (M, g) is a smooth (n + 1)-dimensional Riemannian
manifold, with or without boundary and that Ny C M is a fixed admis-
sible, nondegenerate minimal hypersurface or a volume-nondegenerate
constant mean curvature hypersurface.

11.1 Preliminary assumptions and definitions

From now on, we assume that £ > 2 and that A’ > 0 is fixed small
enough. We also agree that any admissible hypersurface N we consider
satisfies:

(H(¢,\)) The Co° (Np) norm of the function 1y, whose normal
’ graph is the hypersurface IV, is bounded by A’.

We assume that A’ is chosen so that whenever N satisfies the above
conditions, then N is embedded and (8.6) and (9.3) are fulfilled. Fur-
thermore, reducing A’ if this is necessary, we can assume that N C
Vo/4(No) where 79 is chosen as in Lemma 10.4.

We choose a cutoff function x which is identically equal to 1 in
(—70/2,70/2) and identically equal to 0 outside [—7p, 79]. We define

(1) e = () 175+ (1= ) (v o)
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11.2 Function spaces

Paralleling what we have done in §9, we define weighted Holder spaces
adapted to our problem. We first give the definition of the Holder spaces
which take into account the scaling parameter €.

Definition 11.1. Given £ € N, o € (0,1) and € € (0,1), we define
the space Cf’a(M ) to be the space of functions which are ¢ times dif-
ferentiable and whose /-th partial derivatives are Holder of exponent «.
This space is endowed with the norm

E/
o [Viu(p) — Viu(q)|
lullgtoary = D& IVl poo(ary + € sup :

where d is the geodesic distance in M.
This definition being understood, we define a projection operator:

Definition 11.2. Denote by (t,y) the (twisted) Fermi coordinates
relative to N. For all u € C%*(M), we define the function Il y(u) by

(11.2)
/ X(5) u(s, ) wa(s/€) ds
R

/ x2(s) w3 (s/2) ds
R

I v (u)(t, y) :=ult,y) — X (1) wi(t/e),

in Vo, (N) and II; y(u) = v in M — V; (N).

Observe that II. x is an involution since, by construction Il x o
II. v = Il n. It is straightforward to check the:

Lemma 11.3. Assume that (H(3,A’)) holds. Then, for all { =
0,...,2

I v : Co%(M) — C2%(M),

is well-defined and uniformly bounded for e € (0,1).

Proof. The fact that this operator is well-defined follows from the
fact that Fermi coordinates induce a local C?>® diffeomorphism D when
N is a C3“ hypersurface.

The fact that II. 5 is bounded uniformly between the weighted
spaces follows at once from the definition of the C?’a(No) norm of N
which ensures that the diffeomorphism D is uniformly bounded
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in L*°(V,,(N)) and has a differential which is uniformly bounded in
C;(VTo(N))- q.e.d.

We now define weighted function spaces on M which parallel the
spaces 55’?(]1% x N), when the weights 0+ are chosen to be equal to 0.

Definition 11.4. Assume that (H(¢+1,A’)) holds for some ¢ > 2.
Given 0 < ¢ </, a € (0,1) and € € (0,1), we define the space Ef]\?‘(M)
to be the space of functions u € Cfl’a(M) which satisfy

I, n(u) = u.

This space is endowed with the induced norm.

As usual, we also define [CE®(M)]o (resp. [Sfl]\c;(M)]o) to be the sub-
space of functions of CX (M) (resp. Sf/]\cf(M )) which have 0 Neumann

boundary condition on M, if this boundary is not empty.
11.3 The linear problem

Assume that N is an admissible hypersurface which satisfies (H (2, A")).
Let u. v be defined as in (11.1), the linearized operator we are interested
in reads

1
Len i= —€2 Ay + 3 W (ue n).

In this section, we would like to construct a right inverse for this oper-
ator. To do so, we first define and study the auxiliary operator

1
Lo := —e? Ay + 30

where the potential I is chosen to interpolate smoothly between 22 =
W”(-1) in M~(N) and 242 = W”(1) in MT(N). More precisely, let
¢ denote a smooth cutoff function equal to 1 on (1,+00) and equal to
0 on (—oo,—1), with £ > 0. If (¢,y) are (twisted) Fermi coordinates
relative to NV, we define

D(ty) =2 ((1 - £&(t/e) 72 +E(t/e) 7))
in V;,(N) and
I':= 273!:7

in M*(N) — V;,(N). We have:
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Lemma 11.5. There exists eg > 0 only depending on A’ such that,
for all € € (0,¢), the operator

Lo : [CO%(M)]y — C2*(M),

s an isomorphism the norm of whose inverse is bounded by some con-

stant which depends on A’ but does not depend on € nor on N satisfying
(H(2,A)).

Proof. The fact that Ly is an isomorphism, clearly follows from the
fact that the potential I' is bounded from below by a positive constant
independent of €. In particular, the constant function 1 can be used as
a barrier to show that

1wl Los (ary < € [[Lo w|| Loo (ar)

for some constant ¢ > 0 which does not depend on €. Then, the esti-
mates for the derivatives of w are consequences of Schauder’s estimates
on geodesic balls of radius ¢. q.e.d.

Collecting the results of the previous sections we construct for the
operator L. n a right inverse whose norm is uniformly bounded as ¢
tends to 0. The construction of the right inverse relies on all our former
analysis. To be more precise, we glue together local parametrizes given
by Proposition 9.4 and Lemma 11.5 and obtain the right inverse for L. x
by applying a perturbation argument together with Proposition 10.6. As
will become clear in the proof and in the statement of the next result,
we need to assume that the submanifold N has one degree of regularity
higher than would be expected. Indeed, a natural guess would be that,
in order to solve the equation L. yw = f € CF=22 in some Holder space
Ck2 one would need to assume that the hypersurface N is itself <.
However, our construction relies on the use of Proposition 10.6 together
with the use of the projection operator Il y which both require N to
be a C*+t1:@ hypersurface. We now state the main technical result of our

paper:
Proposition 11.6. Assume N satisfies (H(3,A")). Then, there

exists g > 0 only depending on A’ such that, for all € € (0,eq), there
exists an operator

e EXN (M) — [E25(M)]o,
satisfying
MeyolenoGey =1.
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Furthermore the norm of G. n is bounded by some constant which de-
pends on N, but does not depend on € € (0,eq) nor on N.

Proof. The construction of G,y is decomposed in 4 steps. As al-
ready mentioned we “glue” together different parametrizes which have
been defined in the previous sections. In the first step, we use the result
of Lemma 11.5 to reduce the solvability of Il y oL, yw = f to the case
where f is supported in V(). This allows us to use, in Step 2 the re-
sult of Proposition 9.4 where a right inverse for the operator £. has been
constructed. In Step 3, we use the expansion of the Laplace-Beltrami
operator in Fermi coordinates which is provided by Proposition 10.6 to
estimate the difference between the operators L. y and the operator £..
At this point we have produced a bounded operator G which is almost
a right inverse. In Step 4, we apply a standard perturbation argument
to find a right inverse for II; ;o L. .

In the proof, the constant ¢ > 0, which may vary from line to line,
may depend on A’, but does not depend on ¢ (provided this parameter
is chosen small enough), does not depend on f, nor on N chosen to
satisfy (H(3,A)).

Step 1. Thanks to the result of Lemma 11.5, we find wy € [CZ*(M)]o
solution of Low; = f. Furthermore, we know that

leucfva(]\/[) <c Hf”cg*a(M)'

Now, the result of Lemma 11.3 implies that we also have

(11.3) [ITe, v U)l”cgaa(M) <c ”f”(jgv&(M)-

Observe that, as mentioned, we already need to assume that the hyper-
surface N has bounded norm in C2**(Np).

We define the function

g:=f- LE,N © HE,N wi.

Since, away from V; (N), we have II, yu = v and Lo = L. x, we con-
clude that, the function g is supported in V; (N). If we identify V;, ()
with (—79,70) X N wvia (twisted) Fermi coordinates, we can extend the
function g by 0 to all R x N. We claim that

11.4 o < s
( ) HgHC(i%E(RxN) C||f||cg (M)
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where v := (y_,74+) are the indicial roots defined in (6.2). Indeed, using
(6.3) and (6.4), we see that u, converges exponentially to £1 at a rate
which is dictated by the indicial roots 4. This in turn shows that the
difference between the potential of the operators L. x and Ly converges
exponentially to 0 at a rate which is dictated by the indicial roots 2 vy4.
Namely

HF - ‘/I///(u*(-/g))Hc(iéaiY S(RXN) g C.
This inequality already implies that
HLE,N w1 — f”c%;{ (RXN) <c ”f”cgva(M)-

yE€

Furthermore, using the definition of I, x together with the fact that
(11.5) HXW*(’/E)HC%%(RXJV) <6
we get

|Le n (w1 — Hs,Nwl)‘|cg7$£(RxN) < cllfllgoear-

This completes the proof of the claim.

Step 2. We define the projection operator
/ u(s,y) wi(s/e) ds
R
/wf(s/e) ds
R

HS,N(U) (t7 y) = u(tv y) - w*(t/g).

Clearly,
Iy : 20 (R x N) — 29 (R x N),
is bounded uniformly in e. Hence, using (11.4), we conclude that

(11.6) I x glleos oy < elFllgoary:

We use the result of Proposition 9.4, with some fixed weights § :=
(0—,04) satisfying —yy < 0+ < 0, to define wy € [Sgga(Rx N)]o solution
of

Lewg = HS,N 9,

405
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where we recall that
1
L= %07 + An) + 5 W (uy(-/€)).

Since the inverse of £. has been shown to be uniformly bounded, we get
the estimate

0 0
2l sy < M Slen sy < €I et ey
which, together with (11.6) implies that

(11.7) Hw2Hc§:€°‘(R><N) Sc ”f”C?’a(M)'

Step 3. We claim that
(118) M (Lew o Mo () = 9) leoegany < ¢ I v apy

Since wq and g are exponentially decaying in terms of |t|/e, we read-
ily have

10 = ) Moy (Lo 0 ey (xwz) = 9) loqay < €7 [ Fllgoary

for some fixed k1 > 0 only depending on 7, 6 and 79. Hence, identifying
Vi (N) with [—70,70] X N as above, we only need to show that

(11.9) HXHE,N (L&N oll v (xw2) — g) ||CS’O‘(R><N) < ce HfHCg,a(M)-

The proof of this inequality essentially follows from the result of Propo-
sition 10.6 which gives the expansion of A, in Fermi coordinates relative
to N. Observe that, again, we need to assume that the hypersurface N
has bounded norm in Cg’ "*(Np) in order to apply the result of Proposi-
tion 10.6 with the correct regularity.

To begin with we replace 1. x by Hg  in the left-hand side of (11.9).
This introduce a discrepancy which we now estimate. We set

Dy = HE,N o ]1“57N o H&N (Xwg) — HS,N o Le,N © HgN (Xw2)7
and

Dy = HgﬁNg Il ng.
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Using the fact that w.(-/¢) is exponentially decaying in terms of |¢|/e,
we see that the same is true for Dy and Do, so

Ix (D1 + D2) llgo ey < €€ I fll oy

for some fixed positive ko which only depends on ~y, § and 79.

Having replaced Il y by Hg’ N> We now replace x wp by ws in (11.9).
This introduces yet another discrepancy which we now estimate. We
set

D3 =112y o Le,y o TIZ n (1 = x)wn).
Since wsq is exponentially decaying in terms of |t|/e, we also have
”XD3”cgva(R><N) < ce /e Hf”cgﬂ@(M),

for some fixed positive k3 which only depends on ~, § and 7.

Having done the above modifications, we are left with the estimate
of

— 0 0 0
D4 = HE,NOLﬁaNOHE,NwQ_Hs,Ng

— 0

= H&N o Lg’N wo — £5w2

— 0

= He,N (LE,N w9 — £5w2) .

We have used the fact that Hg N W2 = wy since wy € ng(]R x N) and

£.wy = I1? g to obtain the first identity. In order to obtain the second
identity, we have used the fact that L.we = Hg N Lews, by construction
of the inverse of £.. At this point, we refer to the result of Proposi-
tion 10.6 which gives the expansion of A, in Fermi coordinates about
N to get

LE,N - Es = Ll + L2,

where the properties of the operators L1 and Lo are stated in Proposi-
tion 10.6. These properties, together with (11.7), imply that

HXD4Hc£va(R><N) < ce ”f”cQ’D‘(M)-
This completes the proof of the claim.

Step 4. Collecting (11.8) together with the definition of g, we con-
clude that

e, v 0 Le v o Ile, v (w1 + xw2) — chg«a(M) < ce Hf”cg«a(M)‘
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Now, collecting (11.3) and (11.7) together with Lemma 11.3), we obtain

”HE,N(wl + Xw2)Hc§’a(M) Sc Hchg»a(M)-

At this point, the existence of G, y easily follows from a classical per-
turbation argument. q.e.d.

Our next proposition gives an estimate of the norm of the operator
(I = n) o Le v o Gen,

which, in some sense, measures the distance between the operator L. yo
Ge,n and the identity in EL72Y(M). We define the operator Se,N by

(11.10) 8o (u)(y) = /R x(8) ult, y) w,(t/2) dt,

where (t,y) are (twisted) Fermi coordinates relative to N and u is a
function defined in M. Since N is assumed to be a normal graph over
Ny, any function on N can be identified with a function on Ny and its
norm can be evaluated using the norms defined in (10.2) or in (10.3),
provided N is regular enough. This being understood, we have:

Proposition 11.7. Assume N satisfies (H(3,A")). Then, there
exists ¢ > 0 only depending on A’ such that, for all w € [Sfﬁ(M)]o

(11.11) |Se,v 0 Lo v W0 ) < ce? lwll ez ppys

where the norm | - |C2,a( is the one defined in (10.3).

No)
Proof. We have to estimate

v— [ Ot/ Ly wltn) .
We set
Bi= [ (O wn(t/e) Loy = £2) ult.y) dr
where £, is defined as in Step 2 of the previous proof. Using once more
the result of Proposition 10.6, we obtain as in Step 3 of the previous

proof

[Etloge gy < €& wllgzeary:
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We set
By = /R wa(t/2) [x, £] wit, y) dt.

where [A, B] is the commutator of the operators A and B. Using the fact
that w, decays exponentially fast at oo, we conclude that Fo decays
exponentially fast in terms of |t|/e. In particular

|E2|CS’°‘(NO) < cerile ||w”c§v‘1(M)a

for some fixed k4 > 0 which only depends on v and 7.
Having estimated F; and FEs, it remains to estimate

y— [t/ lu) e )t
We set
By = /R w,(t/2) £ o (e — T2 ) () () d,
and
B, = /R wa(t/2) £2 o (I T ) (xw) (1, y) dt.

Using the fact that w.(-/¢) is exponentially decaying in terms of |t|/e,
we get

Bslepe gy < e ulzeary,

and, using in addition the fact that (I —II. y)w = 0, we also have

’E4’CS’°‘(N0) < Ce_HS/E ||U||C§,a(M),

for some fixed k5 > 0 which only depends on v and 7.
Having estimated E; through Fy, it finally remains to estimate

y— / wi(t/2) £ 0TIy (xu)(t, ) dt.
R

But, as we have already done in (9.7), one checks that this quantity is
identically equal to 0. This completes the proof of (11.11). q.e.d.

We would like to obtain similar results when N is less regular than
what is required in the last two results. To do so we introduce smoothing
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operators which will alow us to find Ny, smooth enough so that we can
apply the previous results, and close enough to IV so that a perturbation
argument can be applied.

We recall from [1], page 97, that there exists a one parameter family
of smoothing operators (Rg)p>1 and C' > 0 such that

(11.12)
|Roullcra < Cllullpr o for k+a<k +d
|Roullcka < COFFEF ="yl o for k+a>k+d
|u— Ryullora < COFFOF ="yl s o for k+a<k +d.

These operators act on functions defined in R™ but they can be localized
and extended to functions defined on smooth manifolds using a partition
of unity. We use Ry to improve the regularity of a given hypersurface
N which is assumed to be a normal graph over Nyg. We further assume
that (H(¢,A")) is satisfied with A” smaller than the usual constant A’.
Hence, N is the normal graph over Ny for some function v which satisfies

”w”cga(]vo) <A

for some ¢ > 2. We define the function v, := R; /. ¥, and we define the
hypersurface N, to be the graph of the function ¥, over Ny. We will
write

Ny =Ry N.

We claim that,

(11.13) (s = Vet ngy < €7 [ llcta gy
and, for all ¢/ > ¢

(11.14) 1ellera gy < €l llcte )

where the constant ¢ depends on ¢ and ¢ but does not depend on A’
Indeed, using the first property of Ry in (11.12), we get ||t |c2(n) <
cll¥llcz(wy)y and, for all 2 < k < ¢, we have

IV 0l oo () < €llebllerong) < ce** [Pl eee (v
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Now, for all £ < k < £+ «, we use the second property of Ry in (11.12)
to get

k tra—k k
IV sl oo (o) < €T 1Y lgta(ng) < €2 [KC RTINS

which implies the second estimate (11.13). Finally, for all ¢/ < ¢, we use
the third property of Ry in (11.12) to show that

IVE (= )l oo (i) < €T [llcea g < e F W]l gt .

which proves (11.14). The proof of the claim is therefore complete.

In the case where N has a nonempty boundary, this construction
can be modified so that we can assume that N, is an admissible hy-
persurface. Thanks to (11.13) and (11.14), we can apply all the above
results to N, provided A” is chosen small enough. This yields the:

Proposition 11.8. Assume that N satisfies (H(2,A"”)) and let
Ny = Ry). N. Then, there exists g > 0 such that, for all ¢ € (0,e0),
there exists an operator

Ge 1 X5 (M) — [E25% (M)]o,

)

satisfying
. N, oLe yoGe v = 1.
Furthermore,
|Ge, v chf'a(M) Sc Hw”cg’o‘(M)’
and
(11.15) |Se. N, © Lie, v 0 Ge N wlpo.a ) < ce’ lwllgo.e (ar,

for some constant ¢ > 0 which depends on A" but does not depend on &
nor on N.

Proof. We claim that
(11.16) |(Le N, — Le n) w||cg,a(M) <ce Hw||cg,a(M).

This follows from the fact that the difference of these two operators is
equal to the difference of their potentials which involve functions de-
pending on the distance to NV and N,. The result is then a consequence
of the fact that difference 1, — 1) satisfies the estimate (11.13).
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Now, we apply the results of Proposition 11.6 to get for all f €
53’]6\“,*(M) a solution w € [552,’1?7* (M)]p of

H27N* © ]La,N* w = f7

with
Hchgva(M) Sc ”f”cS’O‘(M)'

The existence of G, n then follows from (11.16) together with a simple
perturbation argument. It remains to check (11.15). But this follows at
once from (11.16) together with the result of Proposition 11.7. q.e.d.

Observe that the mapping G, y depends continuously on N. This
essentially follows from the fact that, each step of the construction of
this operator depends continuously on N.

12. Moving the nodal set

Assume that we are given an admissible hypersurface Ny. We define
for convenience

1
(12.1) Qe(N) := —* Au. v + 3 W (ue n),

where N is an admissible hypersurface which can be written as a normal
graph over Ny. If Ny is the regularized hypersurface defined at the end
of the previous section, we define, as in (11.10), the operator S. n, by

(12.2) e, (W) = [ x(t)ult.y) wnle/2) .

where (t,y) are (twisted) Fermi coordinates relative to N, and u is a
function defined in V;,(N). Since N, is assumed to be a normal graph
over Ny, any function on Ny can be identified with a function on Ny and
its norm can be evaluated using the norms defined in (10.2) or (10.3).

In this section we exploit the notion of nondegeneracy which have
been defined in Definition 3.2 and Definition 3.3. There are two results
which correspond to the two different notions of nondegeneracy. To start
with let us assume that we are dealing with an admissible nondegenerate
minimal hypersurface Ny. We have:
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Lemma 12.1. Assume that Ny is an admissible nondegenerate min-
imal hypersurface and that ¢ > 0 is fized. Then, there exists g9 € (0,1)
such that, for all f € C%%(Ny) satisfying

Flegeqvg < €€

one can find an admissible hypersurface N satisfying
SE,N* @E(N) = 52 f

where Ny, = Ry ;. N. Moreover, if YN is the function whose graph is N,
we have

||¢N||c§va(]v0) <ce (52 + |f|cg»a(]v0))a

for some constant ¢ > 0 which does not depend on f nor on .

Proof. The proof of this result follows from the implicit function
theorem. Granted the definition of S n,, we have to find and admissible
hypersurface N such that

/R ) <—52 Auey + éw'(ug,N)> wy(t)e) dt = £ f,

where (t,y) are Fermi coordinates relative to N,. Using (10.5) we com-
pute

1
—? Aug v + 3 W (ue n) = enHn,,  wi(t/e)

where s(t,y) denotes the distance to of the point (t,y) to N and Ny
is the hypersurface parallel to N at distance s. We now write IV as a

graph over Ny for some function 4 and hence Ny is the normal graph
over Ny for the function ¢, = R/, 1. We define

A() :=n / x(et) Hy, ., ,, wi(t) dt.
R
so that the equation we have to solve reads

We claim that

A5(¢) = Cx [‘NO Qr[) + Q(57 1/))’
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where Ly, is the Jacobi operator about Ny, where

Cy = / wz dt,
R

(12.3) |Q(&,0)| g0y < €7

and where Q satisfies

and
(124) Qe ') = Qe ¥)l o )
<c(e?+ 11l ez gy + 19" lle2io (i) 19 = Pl g2 vy

for some constant ¢ > 0 which depends on ¢ but does not depend on &
nor on v, 1) satisfying

1l 2 gy + 19l g2 () < 1

To obtain this expansion, we first use the second estimate in (11.13)
to reduce to the case where N, is replaced by N, i.e., A.(v)) is replaced
by

A:(Y) :=n /Rx(s s) Hy., w?(s)ds.

If D.(¢) := A.(1) — A-(¥), we have D.(0) = 0 and it follows from
(11.13) that

|D(¢") = Da(w)‘cgva(]\fo) <cé? " = wHCE’Q(No)’

We now use the expansion

Hy, = Hy +tQ1(¢;y) + 2 Qa(vs t, y),

where Q1(1;y) does not depend on t. In particular

n /R x(e8) 5 Qutbsy) wi(s) ds = 0,

and, if we define

B.() = ne? /R X(e 8) 8 Qa(ts 5, y) w(s) ds,
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we obtain |E,(0) ) < ¢ and the estimate

’CS’Q(NO
|E-(¢') — Eé(w)’cgva(]vo) <ce? ll9" — ¢Hc§’°‘(]vo)7

Finally, we use the fact that

nHy =nHn, + Ln,¢ + Q(¢),

and we check that

satisfies Q(0) = 0 and

[Fe(¥) = Fe()l o0 (v
< e(I9llgzeqng) + 18 ez o)) 19 = Pllgzeny):

We have assumed that the operator
Ly : [€%(No)lo — C**(No),

is an isomorphism. Here the subscript 0 means that we are considering
functions which satisfy By, (¢¥)) = 0 on dNp, if this boundary is not
empty. This also implies that

L, : [C2*(No)]o — CI*(No),

is an isomorphism, the norm of whose inverse is bounded by a constant
times e~ when the space C2*(Np) is endowed with the norm ||- ch,a(No)

defined in (10.2) and the space CO*(Np) is endowed with the norm
| - |CS’“(NO) defined in (10.3). Indeed, if Ln, v = ¢ and if |9’cg’a(zv0) <1,
then [|g||co.a(ny) < €7 and hence ||v]|¢2.a(n,) is bounded by a constant
times e~“. In particular, ||v|| 2 () 18 also bounded by a constant times
e~ 6

The proof of the result is now a corollary of the fixed point theorem
for contraction mappings, provided ¢ is chosen small enough. q.e.d.

We now state the corresponding result for volume-nondegenerate
constant mean curvature hypersurfaces.



416 F. PACARD & M. RITORE

Lemma 12.2. Assume that Ny is an admissible constant mean cur-
vature hypersurface which is volume-nondegenerate. We define

1
Ay 1= 50*”HN0

where

Cy 1= /_11 Mds.

Then, there exists g € (0,1) and & > 0 such that for all f € C%%(Ny)
and all i € R, satisfying

|f|cg’a(]vo) + |ul < ee,
one can find an admissible hypersurface N and a constant A such that
SE,N* (QE(N) - 5)\) = 52 fa

and
/ ue, N dvg = co |[M| + p.
M
Moreover, if ¥y is the function whose graph is N, we have

‘WNHCE’“(NO) < C(|f|cg’“(]v0) + ),

for some constant ¢ > 0 which does not depend on the data f, p nor on
€.

Proof. We now define

)= [ Xy, w0 i =2 [ e

which can be expanded as

A.(¢) =n Hpy, /sz(t)dt—e)\/w*(t)dt—l—c*ENOdJ—l-Q(s,i/}),

R

where Q(e, ) satisfies (12.3) and (12.4). Now, observe that

/w*dt:2,
R
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and also that

1
/ w? dt = / VW (uy) Oruy dt = / VW!(s)ds = c,.
R R -1
Granted the definition of A,, we can write

A (V) = e Lng ¥ — 2 (A= Ay) + Qle, ¢).

We now expand
/ ue, N dvg = co |M| — 2/ Ydag + O(e, 1),
M No
where the operator O satisfies

00 < ety and [0(e,d!) — O )] < &[4 = Ul 2oy

for some constant ¢ > 0 which depends on ¢ but does not depend on ¢
nor on 1,1 satisfying

19 ll2em gy + 19 2 (o) < 1

The proof now follows exactly the proof of the previous Lemma when
volume-nondegeneracy replaces nondegeneracy. We omit the details.
q.e.d.

13. The nonlinear problem

13.1 The proof of Theorem 4.1

Assume that we are given a volume-nondegenerate admissible minimal
hypersurface Ny in M. We would like to solve the nonlinear problem

1
(13.1) —e2 Ay(ue N +v) + §W/(u€7N—|—v) =0,

in M. In addition, we want u. n + v to have 0 Neumann boundary
data on M if this later is not empty. This means that, for all £ small
enough, we would like to find an admissible hypersurface N close to Ny
and a function v close to 0 satisfying (13.1).
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Recall that we have defined the nonlinear operator
1
(13.2) Qo(N) := —e* Ague n + 5 W' (ue ),

which corresponds to the error we produce when we consider u. n as a
solution of (13.1). We define

(183)  @e(V,0) = o (W (e + ) = Wte ) = W e )v)

which is nothing but the Taylor expansion of the nonlinearity W’ at
Ue,N-

These definitions being understood, the equation we have to solve
reads

Q:(N)+Leyv+ @E(N, v) = 0.

Using the projection Il n, defined in (11.2) and the operator S: v,
defined in (12.2), we conclude that (13.1) is equivalent to the system

Moy, oLeyv = T, (Q(N)+Q.(N.v))

(13.4) _
S, Q(N) = =Se, (Lewv+Qe(N,0)),

where N, = Ry, N is the hypersurface obtained at the end of §11 from
N.

This system will be solved using a fixed point argument. The key
result which allows one to apply a fixed point theorem is the following
estimate:

Lemma 13.1. There exists a constant cg > 0 such that, for all
e€(0,1)

&
(13.5) 1Qe(No) oo ary < 5 €

and, given co > 0, there exists eg > 0 such that, for all € € (0,&0) and
all admissible hypersurface N satisfying

||N||C§’Q(NO) <epe®?,
we have

(13.6) 1Qe(N)ll g0 (ap) < o>
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Proof. 1t follows from (10.5) that
1
Q:(N) := —e? Ague n + B W (ue,n) = ne Hy, wi(t/e),

in V; 2(N), where Ny is the hypersurface parallel to N at distance
t. Moreover Q-(N) = 0 in M — V,,(N). Since Ny is minimal and
HNch,a(NO) < 2827, we estimate

[Hyv| < e (|t +e2e*79),

VTO(N) - VT

0

/2(IV) and this already implies that
1N, wi (/€)oo (ary < € (e + 28272).

(The estimate in Vi, (N) — V; »(N) is easy to get since Qc(N) is ex-
ponentially small in this set). The estimates for the Hélder derivative
follows similarly.

It now suffices to apply this estimate to Ny itself to obtain (13.5),

while (13.6) follows at once by taking € to be small enough. q.e.d.

Assume that we are given v € C2 *(M) and N an admissible hyper-
surface close to Ny. To make things quantitatively precise, we assume
that

(0%

(13.7) Hv||cg,a(M) < e é?, and HNHC?,Q(M) <epe?™@,

For some constant ¢; and ¢ which will be fixed shortly. We apply the
result of Proposition 11.8 and Lemma 12.1 to find v and N solutions of

ey, ocLeyv = —Ilon, (QE(N)+@E(N7U)>

(13.8) N N
SE,JV* QE(N) =  TgNyi (]LE,N v+ Q&‘(N7 7))) .

Using the fact that @6 is quadratic in v together with Lemma 13.1, we
easily get the estimates

[0l g2 apy < € (co 2+ 0. eh), and
HNHcg»a(M) <ece ®(e1e? + O, %).

provided ¢ is chosen small enough. Here the constant ¢ > 0 neither
depends on ¢; nor on ¢z and the constant C,, depends on c;.
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It follows at once that, if
c1=2cc and co =2ccy,

and if € is chosen small enough, this produces a continuous mapping
from the set of (v, N) € C2*(M) x C2*(Ny) satisfying (13.7) into itself.
If this mapping were compact, we would obtain a fixed point through
Schauder’s fixed point theorem. However, in our case the mapping just
fails to be compact since no regularity is gained through the iteration
process. To overcome this problem, we use once more the smoothing op-
erators Ry which have been introduced in the proof of Proposition 11.8.
We define instead v and N to be the solutions of

Mo, oLen® = Ty, o Ry (Qe(N) +Qu(N,0))
(13.9) - _
S 5. Q:(N) = —RgoS., (LE,NU—H@E(N, u)).

We fix o/ > a and choose 6 so that C#¥~® = 2. where C is the
constant which appears in the estimate of the smoothing operator Ry.
If c1 = 4ccyp and co = 4ccq, this produces, for all € small enough,
a continuous mapping from the set of (v, N) € CZ*(M) x CZ*(Ny)
satisfying (13.7) into itself, but this time the mapping is compact. We
conclude that there exists a fixed point (vg, Ng). Finally, we pass to the
limit as 6 tends to +o00 (i.e., as o’ tends to «). The solutions (vg, Ny) of
(13.9) being uniformly bounded in CZ**(M) x C2**(Ny), we can extract a
subsequence which converges to (v, V) in C?’ﬁ(M) x C2P (Np), for some
fixed f < . The limit (v, N) is then a solution of our problem.

13.2 The proof of Theorem 4.2

Assume that we are given a volume-nondegenerate admissible constant
mean curvature hypersurface Ny in M. We would like to solve the
nonlinear problem

1
(13.10) —e2 A(uen +v) + 3 W (uey +v) = e\,

in M, with u. x5 + v having 0 Neumann boundary data if M is not
empty. This equation has to be complimented with the constraint

(13.11) / (ue,N +v) dvg = co | M]|,
M



CMC AND GRADIENT THEORY 421

where the constant ¢y € (—1,1) is fixed so that
co |M] = [MT(No)| — [M™(No)|-

Again, in order to solve (13.10), we write the equation as a fixed
point problem

(13.12)
HE,N* o LE,N v = _HE,N* (QS(N) —eA+ QE(Nv v))

Sa,N* (QE(N) — £ )\) =  —O¢,N4 (LE,N v+ @6<N7 U))

/usyNdvg = co|M|—/ v duy.
M M

The proof of the existence of a fixed point is identical to the proof of
the previous result, with Lemma 12.1 replaced by Lemma 12.2. The
only difference being that the hypersurface Ny does not have 0 mean
curvature anymore and this implies that Lemma 13.1 has to be replaced
by

Lemma 13.2. There exists a constant cg > 0 such that, for all
e€(0,1)
o

787

||@5(N0)Hcg,a(M) < 9

and, given co > 0, there exists eg > 0 such that, for all € € (0,20) and
all admissible hypersurface N satisfying

-«

||NHC§vD‘(NO) Sce T,
we have
[Qe(N) g < coe.

The fact that we do not get an estimate as good as the one obtained
in Lemma 13.1 is a consequence of the fact that the mean curvature of
Ny is not necessarily equal to 0.

This implies that the condition (13.7) has to be replaced by

H'U”Cg,a(M) <ce, and [Nl 2. ppy < €2 gl-e,

(M)

Details are left to the reader.
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