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On approximate Connes-amenability of
enveloping dual Banach algebras

Ahmad Shirinkalam and Abdolrasoul Pourabbas

Abstract. For a Banach algebra A, we introduce various approximate
virtual diagonals such as approximate WAP-virtual diagonal and ap-
proximate virtual diagonal.

For the enveloping dual Banach algebra F (A) of A, we show that
F (A) is approximately Connes-amenable if and only if A has an ap-
proximate WAP-virtual diagonal.

Further, for a discrete group G, we show that if the group algebra
`1(G) has an approximate WAP-virtual diagonal, then it has an approx-
imate virtual diagonal.
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1. Introduction and preliminaries

The notion of approximate Connes-amenability for a dual Banach algebra
was first introduced by Esslamzadeh et al. (2012). A dual Banach algebra
A is called approximately Connes-amenable if for every normal dual A-
bimodule X, every w∗-continuous derivation D : A → X is approximately
inner, that is, there exists a net (xα) ⊆ X such that D(b) = limα b ·xα−xα ·
b (b ∈ A).

Let A be a Banach algebra and let X be a Banach A-bimodule. An
element x ∈ X is called weakly almost periodic if the module maps

A → X; a 7→ a · x and a 7→ x · a

are weakly compact. The set of all weakly almost periodic elements of X is
denoted by WAP(X), which is a norm-closed subspace of X.
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For a Banach algebra A, one of the most important subspaces of A∗ is
WAP(A∗), which is left introverted in the sense of [Ll97, §1]. Runde (2004)
observed that, the space F (A) = WAP(A∗)∗ is a dual Banach algebra with
the first Arens product inherited from A∗∗. He also showed that F (A)
is a canonical dual Banach algebra associated to A (see [Ll97] or [Run04,
Theorem 4.10] for more details).

Choi et al. (2014) called F (A) the enveloping dual Banach algebra as-
sociated to A and they studied Connes-amenability of F (A). Indeed, they
introduced the notion of WAP-virtual diagonal for a Banach algebra A and
they showed that for a given Banach algebra A, the dual Banach algebra
F (A) is Connes-amenable if and only if A admits a WAP-virtual diagonal.
They also showed that for a group algebra L1(G), the existence of a virtual
diagonal is equivalent to the existence of a WAP-virtual diagonal. As a con-
sequence L1(G) is amenable if and only if F (L1(G)) is Connes-amenable, a
fact that previously was shown by Runde (2004).

Motivated by these results, we investigate an approximate analogue of
WAP-virtual diagonal related to approximate Connes-amenability of F (A).
Indeed, we introduce a notion of an approximate WAP-virtual diagonal for
A and we show that F (A) is approximately Connes-amenable if and only
if A has an approximate WAP-virtual diagonal. We also introduce various
notions of approximate-type virtual diagonals for a Banach algebra -such as
approximate virtual diagonal- and we show that for a discrete group G, if
`1(G) has an approximate WAP-virtual diagonal, then it has an approximate
virtual diagonal.

Given a Banach algebra A, its unitization is denoted by A]. For a Banach
A-bimodule X, the topological dual space X∗ of X becomes a Banach A-
bimodule via the following actions

〈x, a · ϕ〉 = 〈x · a, ϕ〉,(1.1)

〈x, ϕ · a〉 = 〈a · x, ϕ〉 (a ∈ A, x ∈ X,ϕ ∈ X∗).

Definition 1.1. A Banach algebra A is called dual, if it is a dual Banach
space with a predual A∗ such that the multiplication in A is separately
σ(A,A∗)-continuous [Run01, Definition 1.1]. Equivalently, a Banach algebra
A is dual if it has a (not necessarily unique) predual A∗ which is a closed
submodule of A∗ [Run02, Exercise 4.4.1].

Let A be a dual Banach algebra and let a dual Banach space X be an
A-bimodule. An element x ∈ X is called normal, if the module actions
a 7→ a · x and a 7→ x · a are w∗− w∗-continuous. The set of all normal
elements in X is denoted by Xσ. We say that X is normal if X = Xσ.

Recall that for a Banach algebra A and a Banach A-bimodule X, a
bounded linear map D : A → X is called a bounded derivation if

D(ab) = a ·D(b) +D(a) · b
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for every a, b ∈ A. A derivation D : A → X is called inner if there exists an
element x ∈ X such that for every a ∈ A,

D(a) = adx(a) = a · x− x · a.

A dual Banach algebra A is called Connes-amenable if for every normal
dual A-bimodule X, every w∗− w∗-continuous derivation D : A → X is
inner [Run04, Definition 1.5].

Following [CSS15], for a given Banach algebra A and a Banach A-bimod-
ule X, the A-bimodule WAP(X∗) is denoted by FA(X)∗ and its dual space
WAP(X∗)∗ is denoted by FA(X). Choi et al. [CSS15, Theorem 4.3] showed
that if X is a Banach A-bimodule, then FA(X) is a normal dual F (A)-
bimodule. Since WAP(X∗) is a closed subspace of X∗, we have a quotient
map q : X∗∗ � FA(X). Composing the canonical inclusion map X ↪→ X∗∗

with q, we obtain a continuous A-bimodule map ηX : X → FA(X) which
has a w∗-dense range. In the special case where X = A, we usually omit the
subscript and simply use the notation F (A) and the map ηA : A → F (A) is
an algebra homomorphism.

It is well-known that for a given Banach algebra A, the projective tensor
product A⊗̂A is a Banach A-bimodule through

a · (b⊗ c) := ab⊗ c, (b⊗ c) · a := b⊗ ca, (a, b, c ∈ A)

and the map ∆ : A⊗̂A → A defined on elementary tensors by ∆(a⊗ b) = ab
and extended by linearity and continuity, is an A-bimodule map with respect
to the module structure of A⊗̂A. Let ∆WAP : FA(A⊗̂A) → F (A) be the
w∗−w∗-continuous A-bimodule map induced by ∆ : A⊗̂A → A (see [CSS15,
Corollary 5.2] for more details).

Definition 1.2. [CSS15, Definition 6.4] An elementM ∈ FA(A⊗̂A) is called
a WAP-virtual diagonal for A if

a ·M = M · a and ∆WAP(M) · a = ηA(a) (a ∈ A).

Recall that an A-bimodule X is called neo-unital if every x ∈ X can be
written as a · y · b for some a, b ∈ A and y ∈ X.

Remark 1.3. Let A be a Banach algebra with a bounded approximate
identity and let X be a Banach A-bimodule. Then by [Joh72, Proposition
1.8], the subspace Xess := lin{a ·x ·b : a, b ∈ A, x ∈ X} is a neo-unital closed
sub-A-bimodule of X. Moreover, X⊥ess is complemented in X∗.

2. Approximate Connes-amenability of F (A)

In this section we find some conditions under which F (A) is approximately
Connes-amenable. For an arbitrary dual Banach algebra A, approximate
Connes-amenability of A is equivalent to approximate Connes-amenability
of A] [ESM12, Proposition 2.3], so without loss of generality throughout of
this section we may suppose that F (A) has an identity element e.
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Remark 2.1. Let A be a Banach algebra with an identity element e. Let X
be a normal dual A-bimodule and let D : A → X be a bounded derivation.
By [GL04, Lemma 2.3], there exists a bounded derivation D1 : A → e ·X · e
such that D = D1+adx for some x ∈ X. Furthermore, D is inner derivation
if and only if D1 is inner.

Lemma 2.2. Let A be a Banach algebra. Then F (A) is approximately
Connes-amenable if and only if every bounded derivation from A into a
unit-linked, normal dual F (A)-bimodule is approximately inner.

Proof. Suppose that F (A) is approximately Connes-amenable. Let N be a
unit-linked, normal dual F (A)-bimodule and let D : A → N be a bounded
derivation. We show that D is approximately inner. By [ESM12, Theorem

4.4], there is a w∗− w∗-continuous derivation D̃ : F (A)→ FA(N) such that

D̃ηA = ηND, that is, the following diagram commutes

A N

F (A) FA(N).

D

ηA

D̃

ηN

Since FA(N) is a normal dual F (A)-bimodule and F (A) is approximately

Connes-amenable, the derivation D̃ is approximately inner. Since ηA is an
algebra homomorphism, the derivation D̃ηA is also approximately inner.
Hence the derivation ηND is approximately inner, that is, there is a net
(ξi) ⊆ FA(N) such that

ηND(a) = lim
i
a · ξi − ξi · a (a ∈ A).

By [ESM12, Corollary 5.3] there is a w∗− w∗-continuous A-bimodule map
εN : FA(N) → N such that εNηN = idN . Now by setting xi = εN (ξi) ∈ N
for each i we have

D(a) = εNηND(a) = εN (lim
i
a · ξi − ξi · a) = lim

i
a · xi − xi · a,

so D : A → N is approximately inner.
Conversely, suppose that every bounded derivation from A into a unit-

linked, normal dual F (A)-bimodule is approximately inner. Let N be a
normal dual F (A)-bimodule and let D : F (A)→ N be a w∗−w∗-continuous
derivation. By Remark 2.1 without loss of generality we may assume that
N is a unit-linked, normal dual F (A)-bimodule. We shall show that D
is approximately inner. Since ηA is an algebra homomorphism, the map
D′ := DηA : A → N is a bounded derivation, so by assumption D′ is
approximately inner. Since N is normal, D′ extends to a w∗−w∗-continuous
approximately inner derivation D′′ : F (A)→ N . The derivations D and D′′

are w∗−w∗-continuous and they agree on the w∗-dense subset ηA(A) ⊆ F (A),
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so they agree on F (A). Hence D is approximately inner, that is, F (A) is
approximately Connes-amenable. �

Remark 2.3. Since F (A) has an identity element e, by [CSS15, Theorem
6.8] there exists an element s ∈ FA(A⊗̂A) such that ∆WAP(s) = e. We use
this fact in the following lemma several times.

Lemma 2.4. Let A be a Banach algebra. Then the following are equivalent:

(i) F (A) is approximately Connes-amenable.
(ii) There exists a net (Mα)α ⊆ FA(A⊗̂A) such that for every a ∈ A,

a ·Mα −Mα · a→ 0 and ∆WAP(Mα) = e for all α.

Proof. (i)⇒(ii) Fix s ∈ FA(A⊗̂A) as mentioned in Remark 2.3. Note that
ker ∆WAP is a normal dual F (A)-bimodule. Define a w∗− w∗-continuous
derivation D : F (A)→ ker ∆WAP by D(a) = s ·a−a · s (a ∈ F (A)). Since
F (A) is approximately Connes-amenable, the derivation D is approximately
inner. Thus there is a net (Nα) ⊆ ker ∆WAP such that for every a ∈ A

s · a− a · s = lim
α

(a ·Nα −Nα · a).(2.1)

If we set Mα = Nα+s for every α, then we have ∆WAP(Mα) = ∆WAP(s) = e
and for every a ∈ A using (2.1) we have

a ·Mα −Mα · a→ 0,

as required.
(ii)⇒(i) The hypothesis in (ii) ensures that each Mα − s is in ker ∆WAP

and for every a ∈ A
a · (Mα − s)− (Mα − s) · a→ s · a− a · s.(2.2)

Let N be a unit-linked normal dual F (A)-bimodule and let D : A → N be
a bounded derivation. We show that D is approximately inner, so by Lem-
ma 2.2, F (A) is approximately Connes-amenable. Using the terminology
of [CSS15, Theorem 6.8], if we define d(a) = s · a − a · s for all a ∈ A,
then d : A → ker ∆WAP is weakly universal for derivation D with coefficient
in N , that is, there exists a w∗− w∗-continuous (and so norm continuous)
A-bimodule map f : ker ∆WAP → N such that fd = D. Set yα = f(Mα− s)
for every α. Using (2.2) for every a ∈ A we have

D(a) = fd(a) = f(s · a− a · s)
= f(lim

α
a · (Mα − s)− (Mα − s) · a)

= lim
α
f(a · (Mα − s)− (Mα − s) · a)

= lim
α
a · yα − yα · a.

Hence D is approximately inner and this completes the proof. �

Now we introduce a notion of an approximate WAP-virtual diagonal for
A.
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Definition 2.5. Let A be a Banach algebra and let F (A) has an identity
element e. An approximate WAP-virtual diagonal for A is a net (Mα)α ⊆
FA(A⊗̂A) such that

a ·Mα −Mα · a→ 0 (a ∈ A) and ∆WAP(Mα)→ e(2.3)

in the norm topology.

Theorem 2.6. Let A be a Banach algebra. Then the following are equiva-
lent:

(i) F (A) is approximately Connes-amenable;
(ii) A has an approximate WAP-virtual diagonal.

Proof. (i)⇒(ii) It is immediate by Lemma 2.4.
(ii)⇒(i) Suppose that A has an approximate WAP-virtual diagonal. Then

there exists a net (Mα)α ⊆ FA(A⊗̂A) such that for every a ∈ A,

(2.4) a ·Mα −Mα · a→ 0 and ∆WAP(Mα)→ e.

Let N be a unit-linked normal dual F (A)-bimodule and let D : A → N
be a bounded derivation. We show that D is approximately inner and then
by Lemma 2.2, F (A) is approximately Connes-amenable.

For every x ∈ N∗ consider the functional fx ∈ FA(A⊗̂A)∗ defined by
fx(a⊗b) = (a ·D(b))(x) (a, b ∈ A). Note that for every m ∈ A⊗̂A we have

fx·a−a·x(m) = (fx · a− a · fx)(m) + (∆(m) ·D(a))(x).

Consider the A-bimodule map ∆ : A⊗̂A → A. Then by [CSS15, Corollary
5.2] there exists a unique w∗− w∗-continuous linear map

∆WAP : FA(A⊗̂A)→ F (A)

making the following diagram

A⊗̂A A

FA(A⊗̂A) F (A)

∆

ηA⊗̂A

∆WAP

ηA

commute. Since ηA⊗̂A(A⊗̂A) is w∗-dense in FA(A⊗̂A), there is a net

(mα
β)β ⊆ A⊗̂A such that ηA⊗̂A(mα

β)
w∗
−−→Mα for every α.
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Set λα(x) = 〈Mα, fx〉 for each α, we have

〈a · λα − λα · a, x〉
= 〈λα, x · a− a · x〉
= 〈Mα, fx·a−a·x〉
= lim

β
〈ηA⊗̂A(mα

β), fx·a−a·x〉

= lim
β
〈fx · a− a · fx,mα

β〉+ lim
β
〈∆(mα

β) ·D(a), x〉

= lim
β
〈fx · a− a · fx,mα

β〉+ lim
β
〈x, ηA∆(mα

β) ·D(a)〉

= lim
β
〈ηA⊗̂A(mα

β), fx · a− a · fx〉+ lim
β
〈x,∆WAPηA⊗̂A(mα

β) ·D(a)〉

= 〈a ·Mα −Mα · a, fx〉+ 〈x,∆WAP(Mα) ·D(a)〉.

Because ‖fx‖ ≤ ‖D‖‖x‖,
‖(a · λα − λα · a)(x)−D(a)(x)‖ ≤ ‖a ·Mα −Mα · a‖‖D‖‖x‖

+ ‖x‖‖∆WAP(Mα)− e‖‖D(a)‖.

This together with equation (2.4) imply that D(a) = limα adλα(a) for every
a ∈ A, so D is approximately inner. �

3. Approximate-type virtual diagonals

Suppose that A is a Banach algebra. Consider the A-bimodule map
∆∗ : A∗ → (A⊗̂A)∗. Let V ⊆ (A⊗̂A)∗ be a closed subspace and let

E ⊆ (∆∗)−1(V ) ⊆ A∗.
Then we obtain a map ∆∗|E : E → V . We denote the adjoint of ∆∗|E by
∆E : V ∗ → E∗.

Definition 3.1. Let V ⊆ (A⊗̂A)∗ be a nonzero closed subspace and let
E ⊆ (∆∗)−1(V ) ⊆ A∗. An approximate V -virtual diagonal for A is a net
(Mα) ⊆ V ∗ that satisfies

a ·Mα −Mα · a→ 0,

〈∆E(Mα) · a, ϕ〉 → 〈ϕ, a〉,

for (a ∈ A, ϕ ∈ E).

We consider the following cases

(1) Let V = (A⊗̂A)∗. Then we obtain a new concept of a diagonal for
A, called an approximate virtual diagonal, that is, a—not necessarily
bounded—net (Mα) ⊆ (A⊗̂A)∗∗ such that

a ·Mα −Mα · a→ 0,

〈∆∗∗(Mα) · a, ϕ〉 → 〈ϕ, a〉,

for (a ∈ A, ϕ ∈ A∗).
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(2) Let V = (A⊗̂A)∗ess ⊆ (A⊗̂A)∗. Then we obtain an approximate
(A⊗̂A)∗ess-virtual diagonal for A.

In the following proposition we show that how these two diagonals are
related.

Proposition 3.2. Let A be a Banach algebra with a bounded approximate
identity. If A has an approximate (A⊗̂A)∗ess-virtual diagonal, then it has an
approximate virtual diagonal.

Proof. Let V = (A⊗̂A)∗ess. By Remark 1.3, V is a closed subspace of
(A⊗̂A)∗ and we have an isomorphism τ : V ∗ → (A⊗̂A)∗∗/V ⊥ defined by
τ(T ) = x + V ⊥ for some x ∈ (A⊗̂A)∗∗. Since V ⊥ is complemented in
(A⊗̂A)∗∗, there exists an A-bimodule projection P : (A⊗̂A)∗∗ → V ⊥ and so
there is an A-bimodule isomorphism ι : (I − P )(A⊗̂A)∗∗ → V ∗. For every
v ∈ V and T ∈ V ∗ by definition of τ we have τ(T ) = x + V ⊥ for some
x ∈ (A⊗̂A)∗∗, thus

〈ι−1(T ), v〉 = 〈(I − P )x, v〉 = 〈x, v〉 − 〈Px, v〉 = 〈x, v〉 = 〈x+ V ⊥, v〉
= 〈τ(T ), v〉.

That is, ι−1(T )|V = T for every T ∈ V ∗. Now suppose that (Fα) ⊆ V ∗ is
an approximate (A⊗̂A)∗ess-virtual diagonal for A and set

Mα = ι−1(Fα) ∈ (A⊗̂A)∗∗

for every α. Then

a ·Mα −Mα · a = ι−1(a · Fα − Fα · a)→ 0.(3.1)

Moreover, for a ∈ A by Cohen’s factorization theorem, there exist x, b, y ∈ A
such that a = ybx. Since for every ψ ∈ A∗ we have bx · ψ · y ∈ A∗ess and
since A∗ess = (∆∗)−1(V ) [CSS15, Lemma 7.7], ∆∗(bx · ψ · y) ∈ V . But
Mα|V = ι−1(Fα)|V = Fα for each α . Using (3.1)

〈∆∗∗(Mα) · a, ψ〉 − 〈∆∗∗(Fα) · b, x · ψ · y〉(3.2)

= 〈∆∗∗(Mα) · a, ψ〉 − 〈Fα,∆∗(bx · ψ · y)〉
= 〈∆∗∗(Mα) · a, ψ〉 − 〈Mα,∆

∗(bx · ψ · y)〉
= 〈∆∗∗(Mα) · a, ψ〉 − 〈∆∗∗(Mα), bx · ψ · y〉
= 〈∆∗∗(Mα) · a, ψ〉 − 〈y ·∆∗∗(Mα) · bx, ψ〉 → 0.

Also since (Fα) is an approximate (A⊗̂A)∗ess-virtual diagonal and since

∆∗(x · ψ · y) ∈ V,

we have

(3.3) 〈∆∗∗(Fα) · b, x · ψ · y〉 → 〈x · ψ · y, b〉.
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Hence (3.2) and (3.3) imply that

|〈∆∗∗(Mα) · a, ψ〉 − 〈ψ, a〉|(3.4)

≤ |〈∆∗∗(Mα) · a, ψ〉 − 〈∆∗∗(Fα) · b, x · ψ · y〉|
+ |〈∆∗∗(Fα) · b, x · ψ · y〉 − 〈x · ψ · y, b〉| → 0.

We conclude from (3.1) and (3.4) that

a ·Mα −Mα · a→ 0, 〈∆∗∗(Mα) · a, ψ〉 → 〈ψ, a〉,

which means that (Mα) is an approximate virtual diagonal for A. �

As a corollary of Lemma 2.2, if a Banach algebra A is approximately
amenable, then F (A) is approximately Connes-amenable. For the rest of the
paper we consider the converse of this result in the special case, whenever
A = `1(G). Indeed, we show that for a discrete group G, if `1(G) has
an approximate WAP-virtual diagonal, then it has an approximate virtual
diagonal, although the existence of an approximate virtual diagonal is weaker
than approximate amenability of `1(G).

We identify L1(G)⊗̂L1(G) with L1(G×G) as L1(G)-bimodules (see [BD73,
Example VI. 14] for instance).

Let I be the closed ideal in L∞(G×G)ess generated by ∆∗(C0(G)) as in
[CSS15, Definition 8.1], that is,

I = lin{∆∗(f)g : f ∈ C0(G), g ∈ L∞(G×G)ess}.

Remark 3.3. The space of uniformly continuous bounded functions on G is
denoted by UCB(G). Since ∆∗(UCB(G)) = ∆∗(L∞(G)ess) ↪→ L∞(G×G)ess,
we obtain a map ∆UCB : L∞(G × G)∗ess → UCB(G)∗ as the adjoint of the
inclusion map. By [CSS15, Lemma 8.2],

∆∗(C0(G)) ⊆ I ⊆WAP(L∞(G×G)),

so we obtain a map ∆C0 = (∆∗|C0(G))
∗ : I∗ → C0(G)∗ = M(G). By [CSS15,

Proposition 8.5] there is a Gd-bimodule map S : I∗ → L∞(G × G)∗ess such
that for every h ∈ UCB(G) and ψ ∈ I∗

〈∆UCB(S(ψ)), h〉 = 〈ι(∆C0(ψ)), h〉,

where ι : M(G) → UCB(G)∗ is the natural inclusion map defined by
〈ι(µ), h〉 =

∫
G h dµ for every µ ∈M(G) and h ∈ UCB(G).

Theorem 3.4. Let G be a discrete group. Consider the following state-
ments:

(i) `1(G) has an approximate WAP-virtual diagonal.
(ii) `1(G) has an approximate `∞(G×G)ess-virtual diagonal.
(iii) `1(G) has an approximate virtual diagonal.

Then the implications (i)⇒(ii)⇒(iii) hold.
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Proof. (i)⇒(ii) Let (Mα) ⊆ F (`1(G×G)) be an approximate WAP-virtual
diagonal for `1(G). Then for every a ∈ `1(G)

a ·Mα −Mα · a→ 0 (a ∈ `1(G)) and ∆WAP(Mα)→ e,

where e denotes the identity element of F (`1(G)). Since

∆∗(c0(G)) ⊆ I ⊆WAP(`∞(G×G)),

each Mα can be restricted to a functional on I. Let S : I∗ → `∞(G×G)∗ess
be as mentioned in Remark 3.3. Set Nα = S(Mα|I). We show that (Nα)α
is an approximate `∞(G×G)ess-virtual diagonal. Since G is discrete and S
is a continuous G-bimodule map, it is a continuous `1(G)-bimodule map, so

a ·Nα −Nα · a = S(a ·Mα −Mα · a)→ 0 (a ∈ `1(G)).

Since (Mα) is an approximate WAP-virtual diagonal ∆c0(Mα|I) · a → a in
`1(G) and since the map ι : `1(G) → UCB(G)∗ is w∗− w∗-continuous, for
every h ∈ UCB(G) we have

〈h, a〉 = lim
α
〈ι∆c0(Mα|I · a), h〉

= lim
α
〈∆UCBS(Mα|I · a), h〉

= lim
α
〈∆UCB(Nα · a), h〉.

Hence (Nα)α is an approximate `∞(G×G)ess-virtual diagonal for `1(G).
(ii)⇒(iii) holds by Proposition 3.2. �

Note that, it is not clear for us that the map S in Remark 3.3 is always
an L1(G)-bimodule map. If S is an L1(G)-bimodule map, then the previous
theorem holds not only for discrete groups but also for each locally compact
group G.
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