New York Journal of Mathematics

New York J. Math. 6 (2000) 135–152.

Pseudocharacters on a Class of Extensions of Free Groups

Valeri–i Fa–iziev

Dedicated to Caroline and Natalie

Abstract. A pseudocharacter of a semigroup S is a real function φ on S satisfying the following conditions.

1) The set {φ(xy) − φ(x) − φ(y); x, y ∈ S} is bounded. 2) For x ∈ S and n ∈ N (and n ∈ Z if S is a group), φ(xn) = nφ(x). A description of the space of pseudocharacters on some extensions of free groups is given.

Contents

1. Introduction 135 2. Pseudocharacters on some extensions of free groups 138 References 151

1. Introduction

In 1940 S. M. Ulam posed the following problem. Given a group G_1, a metric group (G_2, d) and a positive number ε, does there exist a δ > 0 such that if f : G_1 → G_2 satisfies d(f(xy), f(x)f(y)) < δ for all x, y ∈ G_1, then a homomorphism T : G_1 → G_2 exists with d(f(x), T (x)) < ε for all x, y ∈ G_1? See S. M. Ulam (1960) or (1974) for a discussion of such problems, as well as D. H. Hyers (1941, 1983), D. H. Hyers and S. M. Ulam (1945, 1947), Th. M. Rassias (1978), J. Aczèl and J. Dhombres (1989).

In case of a positive answer to the previous problem, we say that the homomorphisms G_1 → C_2 are stable or that the Cauchy functional equation φ(xy) = φ(x)φ(y) (1) is stable.

Received September 13, 1999.

Mathematics Subject Classification. 20F99, 39B62, 39B82.

Key words and phrases. Free group, extension of free groups, quasicharacter, pseudocharacter, linear space.

ISSN 1076-9803/00 135

136 Valeriĭ Faĭziev

The first affirmative answer was given by D. H. Hyers [14] in 1941. Consider the additive Cauchy equation φ(xy) = φ(x) + φ(y). (2) Obviously this equation is exactly the same as equation (1), but with the use of the additive notation on the right-hand side we emphasize that the range of the function is in an additive group.

Theorem 1 (D. H. Hyers). Let E_1, E_2 be Banach spaces and let f : E_1 → E_2 satisfy the following condition: there is ε > 0 such that || f(x + y) − f(x) − f(y) || < ε for all x, y ∈ E_1. (3) Then there exists T : E_1 → E_2 such that

T (x + y) − T (x) − T (y) = 0 for all x, y ∈ E_1 (4) and || f(x) − T (x) || < ε for all x ∈ E_1. (5) If we carefully look at the proof of Hyers’ Theorem, the existence of the additive function T uniformly approximating f, we easily recognize that the result remains true if we replace the additive group of the Banach space E_1 by a commutative semigroup S. So we can conclude that the homomorphisms from an abelian simigroup into the additive group of a Banach space are stable.

After Hyers’ result a great number of papers on the subject have been published, generalizing Ulam’s problem and Hyers’ Theorem in various directions. See [11], [15]–[22], [26]–[28].

Definition 1. Let G be a semigroup and B a Banach space. We say that equation (2) is stable for the pair (G, B) if, for every function f : G → B such that ||f(xy) − f(x) − f(y)|| ≤ δ, x, y ∈ G for some δ ≥ 0, there exists a solution φ of (2) such that ||f(x) − φ(x)|| ≤ ε, ∀x ∈ G for some ε depending only on δ.

In [12] it has been proved that B_1, B_2 are Banach spaces, then (2) is stable for (G, B_1) if and only if it is stable for (G, B_2).

Due to this remark we simply say that (2) is stable for a group or a semigroup G. Thus Hyers’s Theorem says that (2) is stable for any commutative semigroup G. A remarkable achievement was that of L. Székelyhidi who in [28] replaced the original proof given by Hyers by a new one based on the use of invariant means.

Theorem 2 (L. Székelyhidi). Let G be a left (right) amenable semigroup, then (2) is stable for G.

Now a question naturally arises: do groups or semigroups exist for which equation (2) is not stable? In view of L. Székelyhidi’s Theorem we must look among non-amenable groups or semigroups and in fact in [4, 5, 7, 8, 10] it was proved that on a free nonabelian group (or semigroup) the additive Cauchy equation (2) is not stable. We recall the example of Forti (see [10]). Let F (α, β) be the free group generated by the two elements α, β. Let each word x ∈ F (α, β) be written in

Pseudocharacters on a Class of Extensions of Free Groups 137

reduced form, i.e., x does not contain pairs of the forms αα^{−1}, α^{−1}α, ββ^{−1}, β^{−1}β and has no exponents different from 1 and −1. Define the function f : F (α, β) → R as follows. If r(x) is the number of pairs of the form αβ in x and s(x) is the number of pairs of the form β^{−1}α^{−1} in x, put f(x) = r(x) − s(x).

It is easily seen that for all x, y ∈ F (α, β) we have f(xy) − f(x) − f(y) ∈ {−1, 0, 1}, i.e., f satisfies (3). Now, assume that there is T : F (α, β) → R such that the relations (4), and (5) hold. But T is completely determined by its values T (α) and T (β), while f is identically zero on the subgroups A and B generated by α and β, respectively. Indeed, T (α^n) = nT (α) and f(α^n) = 0 for n ∈ N. Since T (α^n) − f(α^n) = nT (α) for n ∈ N, it follows that T (α) = 0. Similarly we have T (β) = 0, so that T is identically zero on F (α, β). Hence, f − T = f on F (α, β) where f is unbounded. This contradiction proves that there is no homomorphism T : F (α, β) → R such that the relation (5) holds.

It turns out that the existence of mappings that are “almost homomorphisms” but are not small perturbations of homomorphisms has an algebraic nature. Definition 2. A quasicharacter of a semigroup S is a real-valued function f on S such that {f(xy) − f(x) − f(y) | x, y ∈ S} is bounded.

Definition 3. By a pseudocharacter on a semigroup S (group S) we mean a quasicharacter f such that for x ∈ S and n ∈ N (and for n ∈ Z, if S is group), f(x^n) = nf(x). The set of quasicharacters of semigroup S is a vector space (with respect to the usual operations of addition of functions and multiplication by scalars), which will be denoted by KX(S). The subspace of KX(S) consisting of pseudocharacters will be denoted by P X(S) and the subspace consisting of real additive characters of the semigroup S, will be denoted by X(S).

We say that a pseudocharacter φ of the group G is nontrivial if φ /∈ X(G). In connection with the example of Forti, note that his function is a quasicharacter of the free group F (α, β) but not a pseudocharacter of F (α, β). In [5, 7] the set of all pseudocharacters of free groups was described. In [4]–[9] a description of the spaces of pseudocharacters on free groups and semigroups, semidirect and free products of semigroups was given.

For a mapping f of the group G into the semigroup of linear transformations of a vector space, sufficient conditions for the coincidence of the solution of the functional inequality ||f(xy)−f(x)·f(y)|| < c with the solution of the corresponding functional equation f(xy) − f(x) · f(y) = 0 were studied in the papers [2, 3]. In the papers [13, 24], it was independently shown that if a continuous mapping f of a compact group G into the algebra of endomorphisms of a Banach space satisfies the relation ‖f(xy) − f(x) · f(y)‖ ≤ δ for all x, y ∈ G with a sufficiently small δ > 0, then f is ε-close to a continuous representation g of the same group in the same Banach space (i.e., we have ‖f(x) − g(x)‖ < ε for all x ∈ G).

Let H be a Hilbert space and let U(H) be the group of unitary operators of H endowed by operator-norm topology. If H is n-dimensional, n ∈ N, we denote U(H) by U(n).

Definition 4. Let 0 < ε < 2. Let T be a mapping of a group G into U(H). We say that T is an ε-representation if for any x, y ∈ G the relation ‖T (xy) − T (x)T (y)‖ < ε

138 Valeriĭ Faĭziev

holds.

V. Milman raised the following question: Let ρ : G → U(H) be an ε-represen-tation with small ε. Is it true that ρ is near to an actual representation π of the group G in H, i.e., does there exist some small δ > 0 such that ‖ρ(x) − π(x)‖ < δ for all x ∈ G ? Answering this question Kazhdan in [24] obtained the following:

Theorem 3 (D. Kazhdan). There is a group Γ with the following property. For any 0 < ε < 1 and any natural number n >^3_ε there exists an ε-representation ρ such that for any homomorphism π : G → U(n) the relation ‖ρ − π‖ = sup{‖ρ(x) − π(x)‖ ; x ∈ Γ} > 1 10 holds.

Note that the group Γ has the following presentation in terms of generators and relations: Γ = ⟨x, y, a, b ‖ x^{−1}y^{−1}xya^{−1}b^{−1}ab⟩. By using pseudocharacters a strengthening of Kazhdan’s Theorem was established in [9] as follows.

We say that a group G belongs to the class K if every nonunit quotient group of G has an element of order two.

Theorem 4 (V. Faĭziev). Let H be a Hilbert space and let U(H) be its group of unitary operators. Suppose the groups A and B belong to the class K and the order of B is more than two. Then the free product G = A ∗ B has the following property. For any ε > 0 there exists a mapping T : G → U(H) satisfying the following conditions. 1) ‖T (xy) − T (x) · T (y)‖ ≤ ε, for all x, y ∈ G. 2) For any representation π : G → U(H), we have sup{‖T (x) − π(x)‖ ; x ∈ G} = 2. There is the following connection of quasicharacters and pseudocharacters with the theory of Banach algebra cohomology: The definition of a quasicharacter coincides with that of a bounded 2-cocycle on the semigroup. Hence, if a semigroup S has a nontrivial pseudocharacter, i.e., P X(S) \ X(S) ≠ ∅, then arguing as [23], Proposition 2.8, we obtain H^2(S, C) ≠ 0.

The aim of this paper is to establish an existence of nontrivial pseudocharacters on some classes of extensions of free groups and to describe the set of pseudocharacters on some groups.

2. Pseudocharacters on some extensions of free groups

Let G be a group and let α be an automorphism of G. For any φ ∈ P X(G) we set φ^α(x) = φ(x^α) ∀x ∈ G. It is clear that φ^α is a pseudocharacter of the group G. Definition 5. We shall say that φ is invariant under α if φ^α = φ. If this relation is true for each a from H ⊆ Aut G, we shall say that φ is invariant under H.

Denote by P X(G, H) the subspace of P X(G) consisting of a pseudocharacters of the group G invariant under H.

Pseudocharacters on a Class of Extensions of Free Groups 139

In this article by F we mean a free group with a set of free generators X such that |X| ≥ 2.

Recall that a word v = x^{ε1}_{i1} x^{ε2}_{i2} · · · x^{εn}_{in} (ε_i ∈ {1, −1}) is reduced if x^{εk}_{ik} ≠ x^{−εk+1}_{ik+1} for k = 1, 2, . . . , n − 1.

By the length of v we mean the number n which we denote by |v|. If v is reduced and the relation x^{ε1}_{i1} ≠ x^{−εn}_{in} holds we say that v is cyclically reduced. Denote by σ(X) the set of reduced words. And denote by c(X) the set of cyclically reduced words. For a word v denote by σ(v) an element from σ(X) such that v = σ(v). Let σ(v) = u^{−1}zu, where z ∈ c(X). We set c(v) = z.

Each pseudocharacter of any group is invariant under its inner automorphisms (see [7] Lemma 15 ). Therefore if A is an automorphism group of the group F , then P X(F, A) = P X(F, A · Inn F ). Hence below without loss of generality, we can assume that Inn F ⊆ A.

Denote by a the image of the element a ∈ A under the natural epimorphism A → A/Inn F and denote by A the image of the group A under the same epimorphism.

Definition 6. Two elements u, v from F are called A-conjugate if there is a ∈ A such that elements u^a and v are conjugate in F .

We denote the relation of A-conjugacy by ∼_A. It is clear that ∼_A is an equivalence relation.

Definition 7. An element u of F is called simple if for each v ∈ F and each n ≥ 2 the relation u ≠ v^n holds.

Denote by P the set of simple elements of the group F . The set P is divided into classes of A-conjugacy.

Denote by P the set of A-conjugacy classes of elements of P. Denote by P_0 subset of P consisting of classes such that in each of them there is a pair of mutually inverse elements.

Let us verify that P_0 ≠ P. Let x, y ∈ X; x ≠ y, m ≥ 1. We check that the element v = x^myxy^{−1} is not A-conjugate to v^{−1}. For this we show that for any a ∈ Aut F the element v^a is not conjugate to v^{−1} in the group F . Indeed, suppose that for some b ∈ Aut F the element v^b is conjugate to v^{−1} in F . Then there is α ∈ Aut F such that v^α = v^{−1}. By Proposition 4.1 from [25] there is an automorphism β of F which is nonidentity only on a finite subset of X, and such that v^β = v^{−1}. Let us choose a finite subset X^′_1 = {x_1, x_2, . . . , x_k} of X such that x, y ∈ X^′_1 and the relations x^β = x ∀x ∈ X \ X^′_1 hold. Let us add if necessary to X^′_1 elements x_{k+1}, . . . , x_q from X \ X^′_1 such that all the words x^β_i , i ≤ k, can be written in alphabet X_1 = {x_1, x_2, . . . , x_k, x_{k+1}, . . . , x_q }. Let X_2 = X \ X_1. And let F_i be the subgroups of F generated by X_i, i = 1, 2 respectively. It is clear that F is free product F = F_1 ∗ F_2. Since β is an automorphism of the group F and F^β_2 = F_2, F^β_1 ⊆ F_1 we obtain that β is an automorphism of F_1 too. Direct calculation shows that if τ is a Whitehead automorphism of the group F_1 (see [25]) such that |c(v^τ )| = |c(v)|, then either τ is a permutable automorphism or there is an element a ∈ X^{±1}_1 such that v^τ = a^{−ε}va^ε, ε ∈ {−1, 1}. Similarly for the word v^{−1} from the equality |c((v^{−1})^τ )| = |c(v^{−1})| it follows that either τ is a permutable automorphism or for some g ∈ X^{±1}_1 the relation (v^{−1})^τ = g^{−εi} v^{−1}g^{εi} , ε_i ∈ {−1, 1} is valid. It is clear that there is no Whitehead transformation that transforms the word v into some cyclic permutation of the word v^{−1}. Hence, by

140 Valeriĭ Faĭziev

Proposition 4.19 from [25] we find that there is no element α from Aut F_1 that transforms v into v^{−1}. Futhermore, there is no automorphism of the group F that transforms v into v^{−1}. Hence, the element v = x^myxy^{−1} is not A-conjugate to v^{−1}.

Let v = x^{εi1}_{i1} x^{εi2}_{i2} · · · x^{εin}�^1_{in}�_1 x^{εin}_{in} be a reduced word. We recall (see [7]) that the set of “beginnings ” H(v) and the set of “ends” K(v) of the word v is defined as follows: if n ≤ 1, then H(v) = K(v) = {∧}, where ∧ is empty word. If n ≥ 2, then H(v) = {∧, x^{εi1}_{i1} , x^{εi1}_{i1} x^{εi2}_{i2} , . . . , x^{εi1}_{i1} x^{εi2}_{i2} · · · x^{εin}_{in}�_1 } K(v) = {x^{εi2}_{i2} · · · x^{εin}_{in} , . . . , x^{εin}�^1_{in}�_1 x^{εin}_{in} , x^{εin}_{in} , ∧}. Let Q = P \ P_0.

Lemma 1. There is a set of representatives T of the A-conjugacy classes belonging to Q such that the following conditions hold. 1) T ⊂ c(X) 2) T^{−1} = T .

3) H(w) ∩ K(w) = {∧} for all w ∈ T .

4) There exists T^+ ⊂ T such that T^+ ∩ (T^+)^{−1} = ∅ and T = T^+ ∪ (T^+)^{−1}.

Proof. The Lemmas 3 and 4 from [7] imply that there is a system of representatives P of classes of conjugacy in F satisfying 1)–4) with P in place of T .

It is clear if q ∈ Q,then q is the union of conjugacy classes in F . Let us choose as a representative of a class q an element from the set q ∩ P . It is clear that we can choose the system of representatives such that w is a representative if and only if w^{−1} is a representative too. Hence, we can choose T^+ ⊆ T such that T^+ ⊆ P^+, T^+ ∩ (T^+)^{−1} = ∅ and T = T^+ ∪ (T^+)^{−1}. �

Lemma 2. Let φ be a pseudocharacter of F such that |φ(uv) − φ(u) − φ(v)| ≤ c for any u, v ∈ F and |φ(x)| ≤ δ for x ∈ X. Then for any v with |v| ≥ 1, we have |φ(v)| ≤ (|v| − 1)c + |v|δ. Proof. For any u, v ∈ F the inequality |φ(uv)| ≤ |φ(u)| + |φ(v)| + c holds. Hence, by induction on the length of the word v we get |φ(v)| ≤ (|v| − 1)c + |v|δ. �

Denote by BP X(F_X , A) the subspace of P X(F, A) consisting of pseudocharacters that are bounded on the set X. Let P be the set from the proof of Lemma 1. Now define a system of measures on the set P . For any pair of reduced words u and v and for any three reduced words a, b, c such that the word abc is reduced, too, we define the measures μ_{u,v} , μ_{a,b,c} λ_{u,v} and λ_{a,b,c} on the set P as follows.

It is easy to see that for any u, v ∈ σ(X) there is a uniquely defined triple of words u_1, v_1, z from σ(X) such that u ≡ u_1z, v ≡ z^{−1}v_1, u_1v_1 ∈ σ(X). Now set γ_1(u, v) = u_1, γ_2(u, v) = v_1, α(u, v) = z. We set μ_{u,v} (w) = 1 if and only if there are nonempty words t and τ such that t ∈ K(γ_1(u, v)), τ ∈ H(γ_2(u, v)), w = tτ; otherwise we set μ_{u,v} (w) = 0. We set μ_{a,b,c}(w) = 1 if and only if b ≠ ∧ and there are nonempty words t and τ such that t ∈ K(a), τ ∈ H(c), w = tbτ; otherwise we set μ_{a,b,c}(w) = 0. Now we set λ_{u,v} (w) = μ_{u,v} (w) − μ_{u,v}(w^{−1}), λ_{a,b,c}(w) = μ_{a,b,c}(w) − μ_{a,b,c}(w^{−1}).

Pseudocharacters on a Class of Extensions of Free Groups 141

Let v ∈ σ(X). Then there is a uniquely defined pair of words v, z(v) from σ such that v ≡ z(v)^{−1}vz(v) and the word v is cyclically reduced. Furthermore, for each pair of reduced words u, v from the group F we define three measures Δ_{u,v}, ν_{u,v}, Θ_{u,v} on P as follows: Δ_{u,v} (w) = λ_{γ1(u,v),γ2(u,v)}(w) − λ_{γ1(u,v),α(u,v)}(w) − λ_{α(u,v)}�1_{,γ2(u,v)}(w); ν_{u,v} (w) = λ_{σ(uv),σ(uv)}(w) − λ_{z(σ(uv))}�1_{,σ(uv)}(w) − λ_{σ(uv),z(σ(uv))}(w) − λ_{z(σ(uv))}�1_{,σ(uv),z(σ(uv))}(w) − λ_{u,u}(w) − λ_{z(u)}�1_{,u}(w) − λ_{u,z(u)}(w) − λ_{z(u)}�1_{,u,z(u)}(w) − λ_{v,v}(w) − λ_{z(v)}�1_{,v}(w) − λ_{v,z(v)}(w) − λ_{z(v)}�1_{,v,z(v)}(w); Θ_{u,v}(w) = Δ_{u,v}(w) + ν_{u,v}(w). For any two words u, v we set Θ_{u,v}(w) = Θ_{σ(u),σ(v)}(w).

Let w ∈ P^+ and let v ∈ σ(X). Then either v has no subwords equal to w or w^{−1}, or v ≡ t_1w^{i1} t_2w^{i2} · · · t_kw^{ik} t_{k+1}. (6) Here ≡ denotes graphical equality of the words, i_j ∈ Z \ {0}, and the words t_j have no occurrences of subwords equal to w or w^{−1}. And in this presentation each occurrence of the words w and w^{−1} in v is fixed.

The presentation of v in the form (6) we shall call its w-decomposition. Now for each element w ∈ P define a function e_w on the set of words in the group alphabet X. First we define e_w on cyclically reduced words. Let u be a cyclically reduced word. Suppose that u has occurrences of w^ε, ε ∈ {1, −1} and u = t_1w^{i1} . . . t_kw^{ik} t_{k+1} is its w-decomposition, then we set

e_w(u) = k∑ j=1 i_j + λ_{tk+1,t1} (w). Suppose that u has no occurrences of w^ε, ε ∈ {1, −1}. Consider two cases.

1) If among the cyclic permutations of u there are no words containing occurrences of w or w^{−1}, we set e_w(u) = 0.

2) If among the cyclic permutations of u there is a word containing w^ε, ε ∈ {1, −1}, we set e_w(u) = ε.

Now let v ∈ σ(X); then v is uniquely representable in the form v ≡ z(v)^{−1}vz(v), where v ∈ c(X). In this case we set e_w(v) = e_w(v). Finally for an arbitrary word v we set e_w(v) = e_w(σ(v)).

Lemma 3. The system of pseudocharacters {e_w ; w ∈ P^+} has the following properties.

1) |e_w(uv) − e_w(u) − e_w(v)| ≤ 15 for any u, v ∈ F and w ∈ P^+. 2) If |w_1| < |w_2|, then e_{w2} (w_1) = 0.

3) If |w_1| = |w_2| and w_1 ≠ w_2, then e_{w2} (w_1) = 0. 4) e_w(w) = 1 for each w ∈ P^+.

Proof. See [7], Theorem 1. �

From these properties we obtain that if w_1, w_2 ∈ T^+, w_1 ≠ w_2 and |w_1| ≤ |w_2|, then e_{w2} (w_1) = 0.

142 Valeriĭ Faĭziev

Definition 8. Let w ∈ T^+. We shall say that w satisfies the condition of boundness (a) if for any v ∈ F there is c(w, v) > 0 such that card{α ∈ A | e_w(v^α) ≠ 0} ≤ c(w, v). (7) Let M be a subset of T^+. We shall say that M satisfies the condition of boundness (a), if for any w ∈ M and any v ∈ F there is c(w, v) > 0 such that the relation (7) holds.

For w ∈ T^+ satisfying the condition of boundness (a) we define a function δ_w by setting: δ_w(v) = ∑ α∈C e_w(v^α) v ∈ F, where C denotes a system of representatives of cosets of the quotient group A by Inn F . Since any pseudocharacter is invariant under inner automorphisms we obtain that the definition of the function δ_w does not depend on the system of representatives of the cosets of the quotient group A by Inn F . Hence, we can write δ_w(v) = ∑ α∈A e_w(v^α). By formula 43 from [7] we have

Θ_{u,v}(w) = e_w(uv) − e_w(u) − e_w(v) for all w ∈ P^+ and u, v ∈ F . (8) Starting from the measures Θ_{u,v} we define measures Θ^A_{u,v} and Θ^A_{u,v} on the set T^+ as follows: Θ^A_{u,v}(w) = ∑ α∈A Θ_uα_{,v}α (w), Θ^A_{u,v} = 1 δ_w(w) Θ^A_{u,v}. Definition 9. Let w ∈ T^+. We shall say that w satisfies the condition of boundness (b) if there is d_w > 0 such that card{α ∈ A | w ∈ supp Θ_uα_{,v}α } ≤ d_w for all u, v ∈ F . (9) We shall say that M ⊆ T^+ satisfies the condition of boundness (b) if for each w ∈ M there is d_w > 0 such that the relation (9) holds.

Lemma 4. Let w ∈ T^+ satisfy the conditions of boundness (a) and (b). Then the function δ_w is an element of P X(F, A).

Proof. The condition of boundness (a) is used in the definition of the function δ_w. From the conditions of boundness (b) we have |δ_w(uv) − δ_w(u) − δ_w(v)| = | ∑ a∈A e_w((uv)^α) − ∑ a∈A e_w(u^α) − ∑ a∈A e_w(v^α)| = | ∑ a∈A [e_w(u^αv^α) − e_w(u^α) − e_w(v^α)]| = ∑ a∈A |Θ_uα_{,v}α (w)| ≤ 15 · d_w for any u, v ∈ F . �

Pseudocharacters on a Class of Extensions of Free Groups 143

Definition 10. Let T^+_n = {w ; w ∈ T^+, |w| = n}.

1) We shall say that the set T^+_n satisfies the condition of boundness (b^′) if there is d(n) > 0 such that for each w ∈ T^+_n , card{α ∈ A | w ∈ supp Θ_uα_{,v}α } ≤ d(n) for all u, v ∈ F . 2) We shall say that the set T^+_n satisfies the condition of boundness (c) if there is c(n) > 0 such that |T^+_n ∩ supp Θ^A_{u,v}| ≤ c(n) for all u, v ∈ F . 3) We shall say that the set T^+ satisfies the condition of boundness (d) if for any w ∈ T^+ and any v ∈ F such that v ∼_A w, |c(v)| ≤ |w|. Lemma 5. Let w_1, w_2 be distinct elements from the set T^+ satisfying the conditions of boundness (a), (c) and (d). Then δ_{w2} (w_1) = 0, δ_{w2} (w_2) ≥ 1.

Proof. Let |w_1| < |w_2|. Then the conditions of the Lemma imply that |c(w^α_1 )| < |w_2| for all α ∈ A. Hence, from Lemma 3, assertion 2), and from the fact that any pseudocharacter is invariant under inner automorphisms it follows that δ_{w2} (w_1) = 0. Now suppose that |w_1| = |w_2| and w_1 ≠ w_2. Then for each α from A the element w^α_1 is conjugate in F neither to w_2, nor to w^{−1}_2 . Moreover, the relation |c(w^α_1 )| ≤ |c(w_2)| holds. Hence, from Lemma 3, assertions 2) and 3), we get e_{w2} (w^α_1 ) = 0 for all α ∈ A. The definition of the set T^+ implies that elements w^α_2 , w^{−1}_1 are not conjugate in F and the estimation |c(w^α_2 )| ≤ |c(w_2)| holds. Hence, from Lemma 3, assertions 2) and 3), we get that if for some α_0 from A the inequality e_{w2} (w^{α0}_2 ) ≠ 0 holds, then e_{w2} (w^{α0}_2 ) = 1. Now from relation e_{w2} (w_2) = 1 we have δ_{w2} (w_2) ≥ 1. �

Note that the set {δ_w ; w ∈ T^+} is linearly independent. Indeed, let w_1, . . . , w_n be pairwise distinct elements from T^+ and let λ_1, . . . , λ_n be nonzero numbers such that ∑_n i=1 λ_iδ_{wi} ≡ 0. We may assume that |w_1| ≤ · · · ≤ |w_n|. Then Lemma 5 implies ψ(w_n) = λ_nδ_{wn} (w_n) and we obtain a contradiction to the relation λ_n ≠ 0. Now set

δ_w(v) = 1 δ_w(w) · δ_w(v). It is clear that δ_w(w) = 1. In general the function δ_w is not an integer-valued pseudocharacter.

Lemma 6. Let w ∈ T^+ and u, v ∈ F . Then δ_w(uv) − δ_w(u) − δ_w(v) = Θ^A_{u,v}(w), (10) δ_w(uv) − δ_w(u) − δ_w(v) = Θ^A_{u,v}(w). (11)

Proof. The equality (11) follows from (10). Let us verify (10). From

e_w(u^αv^α) − e_w(u^α) − e_w(v^α) = Θ_uα_{,v}α (w),

144 Valeriĭ Faĭziev

(see [7] formula 43) we get δ_w(uv) − δ_w(u) − δ_w(v) = ∑ α∈A [e^α_w(uv) − e^α_w(u) − e^α_w(v)] = ∑ α∈A [e_w(u^αv^α) − e_w(u^α) − e_w(v^α)] = ∑ α∈A Θ_uα_{,v}α (w) = Θ_{u,v}(w). � Theorem 5. Let n be a positive integer. Let the set T^+_n satisfy the conditions of boundness (a), (b^′) and (c) and let t be a bounded function on the set T^+_n . Then:

1) The functions φ_t = ∑ w∈T +_n t(w)δ_w ψ_t = ∑ w∈T +_n t(w)δ_w (12)

belong to the space P X(F, A). 2) ψ_t(w) = t(w), for all w ∈ T^+_n .

Proof. It is obvious that for each α from A, each integer n and each v from F , the equalities

φ^α_t = φ_t , ψ^α_t = ψ_t , φ^α_t (v^n) = nφ_t(v) , ψ^α_t (v^n) = nψ_t(v) hold. We verify that the set {φ_t(uv) − φ_t(u) − φ_t(v) ; u, v ∈ F } is bounded. Let c > 0 be such that sup{|t(w)| ; w ∈ T^+_n } ≤ c. Then for any elements u, v from F we have φ_t(uv) − φ_t(u) − φ_t(v) = ∑ w∈T +_n t(w)Θ^A_{u,v} (13) ψ_t(uv) − ψ_t(u) − ψ_t(v) = ∑ w∈T +_n t(w)Θ^A_{u,v}. (14)

Indeed, φ_t(uv) − φ_t(u) − φ_t(v) = ∑ w∈T +_n t(w)δ_w (uv) − ∑ w∈T +_n t(w)δ_w(u) − ∑ w∈T +_n t(w)δ_w (v) = ∑ w∈T +_n t(w)[δ_w (uv) − δ_w(u) − δ_w(v)] = ∑ w∈T +_n t(w)Θ^A_{u,v} . Similarly (14) is established. Further, from the conditions of boundness (b^′),(c) and (13) we have |φ_t(uv) − φ_t(u) − φ_t(v)| ≤ | ∑ w∈T +_n t(w)Θ^A_{u,v} | ≤ c · d(n)c(n).

Pseudocharacters on a Class of Extensions of Free Groups 145

Similarly |ψ_t(uv) − ψ_t(u) − ψ_t(v)| ≤ c · d(n)c(n). Thus, φ_t, ψ_t ∈ P X(F, A). Let w_0 ∈ T^+_n , then Lemma 5 and the definition of δ_w imply

ψ_t(w_0) = ∑ w∈T +_n t(w)δ_w(w_0) = ∑ w∈T +_n t(w) δ_w(w_0) δ_w(w) = δ_{w0} (w_0) δ_{w0} (w_0)

= t(w_0). � Definition 11. We shall say that the set T^+ satisfies the condition of boundness (c^′) if for any n ≥ 1 the set T^+_n satisfies the condition of boundness (c).

Definition 12. We shall say that the set T^+ satisfies the condition of boundness if it satisfies the conditions of boundness (a), (c^′), (d) and for any n ∈ N the set T^+_n satisfies the condition of boundness (b^′).

Let the set T^+ satisfy the condition of boundness. Denote by E the set of functions φ on the group F that satisfy the following conditions.

1) φ(x^n) = nφ(x) for each x ∈ F and each n ∈ Z. 2) φ(x^α) = φ(x) for any x ∈ F and each α ∈ A. 3) φ(xy) = φ(yx) for all x, y ∈ F . 4) φ is bounded on T^+_i for each i ∈ N.

Obviously, E is a linear space under the usual operations. Let L(T ) be a linear space of a real functions t on T^+, satisfying the following condition: t is bounded on T^+_i for each i ∈ N.

Let us construct an isomorphism π between the linear spaces E and L(T ). Let φ ∈ E. For any i ∈ N let us define a function t_i : T^+_i → R as follows. We set t_1 = φ | |_{T +1} . The function t_1 is bounded. By Theorem 5 the function

ψ_{t1} = ∑ w∈T +1 t_1(w)δ_w

belongs to the space BP X(F_X , A). Now define t_2 as follows: for any w from T^+_2 we set t_2(w) = (φ − ψ_{t1} )(w).

It is clear that the function t_2 is bounded. Further, the functions t_i are defined by induction: if t_1, . . . , t_n have been already defined and are bounded, then for each w ∈ T^+_{n+1} we set

t_{n+1}(w) = φ(w) − n∑ i=1 ψ_{ti} (w) (15)

where the functions ψ_{ti} are pseudocharacters, which are constructed in Theorem 5 by the formula (12). It is obvious that the function t_{n+1} is bounded. Now define a function π(φ), which we denote by t, as follows: if w ∈ T^+_i , then we set t(w) = t_i(w). It is clear that t ∈ L(T^+) and that the mapping π is linear. Let us show that the following equality holds:

146 Valeriĭ Faĭziev

φ = ∞∑ i=1 ψ_{ti} . (16)

If w ∈ T^+_1 , then (12) and Lemma 5 imply that for each i ≥ 2 the equality ψ_{ti} (w) = 0 holds. Hence, φ(w) = ψ_{t1} (w) = t_1(w) and the equality (16) is valid. Suppose the equality (16) has been already established for all w from ∪^n_{i=1}T^+_i . Let us prove it for w from T^+_{n+1}. Suppose that w ∈ T^+_{n+1}. Then from (15) and the definition of the functions t_{n+1} and ψ_{tn+1} we obtain

ψ_{tn+1} (w) = φ(w) − n∑ i=1 ψ_{ti} (w), i.e., φ(w) = n+1∑ i=1 ψ_{ti} (w). Now from the relation ψ_{tn+1} (w) = 0 for i > n + 1 we get φ(w) = ∞∑ i=1 ψ_{ti} (w). Thus the formula (16) is true for all w from T . The functions from the left and right sides of the equality (16) satisfy conditions 1) and 2) from the definition of the space E. Hence this equality will be true for all elements of F . Note that if the τ_i are bounded functions on T^+_i , i ∈ N and ψ_{τi} are pseudocharacters of F , that are defined by formula (12), then the function φ = ∑_∞ i=1 ψ_{τi} belongs to E and the following equation π(φ) | |_{T +i} = τ_i, for each i ∈ N (17)

holds. Indeed, suppose that β_i are functions defined on the set T^+_i , i ∈ N such that β_1 = φ | |_{T +1} and that for n ≥ 1 the function β_{n+1} is defined by the formula

β_{n+1} = (φ − n∑ i=1 ψ_{τi} ) | |_{T +n+1} .

Then β_1 = φ | |_{T +1} = τ_1, β_2(w) = φ(w) = ψ_{τ2} (w) = τ_2(w) for each w ∈ T^+_2 .

Suppose that β_i ≡ τ_i for i ≤ n. Then using the relation τ_i(w) = 0 for i > n + 1, for w ∈ T^+_{n+1} we obtain

β_{n+1}(w) = φ(w) − n∑ i=1 ψ_{τi} (w)

= ∞∑ i=1 ψ_{τi} (w) − n∑ i=1 ψ_{τi} (w)

= ∞∑ i=n+1 ψ_{τi} (w) = ψ_{τn+1} (w) = τ_{n+1}(w).

Pseudocharacters on a Class of Extensions of Free Groups 147

Thus the equality (17) is established. In particular the equality (17) implies that the mapping π is an epimorphism. Let us show that ker π = 0. Indeed, suppose that φ ∈ ker π; then from (16) and (17) we obtain π(φ) | |_{T +k} =^∞ ∑ i=1 ψ_{ti} | |_{T +k} = t_k = 0 for all k ∈ N.

Hence, for any k ∈ N we have φ | |_{T +k} ≡ 0 and φ ≡ 0. Thus, ker π = 0 and π is an

isomorphism.

Denote by K(T^+) the space of real function β on the set T^+ satisfying the following conditions.

1) β | T +_I is a bounded function for all i ∈ N.

2) There is an ε = ε(β) > 0 such that for each pair of reduced words u, v from F the following inequality holds: | | ∫ T + β d Θ^A_{u,v} | | ≤ ε. It is clear that K(T^+) is a subspace of L(T^+). Let us verify that BP X(F_X , A) is subspace of E. It is clear from the conditions defining the space E that we must verify only 3). Let us show that this follows from Lemma 2. Indeed, if φ ∈ BP X(F_X , A), then the function φ | T +1 is bounded. From the fact that φ is a

pseudocharacter it follows that there is c > 0 such that for any u, v from F the inequality |φ(uv) − φ(u) − φ(v)| ≤ c holds. Let |φ(x)| ≤ δ for all x ∈ X. Then Lemma 2 implies that |φ(v)| ≤ |v|·δ +(|v|−1)·c for all v ∈ F . Hence, BP X(F_X , A) is a subspace of E.

Theorem 6. Let the set T^+ satisfy the condition of boundness. Then:

1) The mapping π is an isomorphism between the spaces BP X(F_X , A) and K(T^+).

2) Each element φ from BP X(F_X , A) is uniquely representable in the form φ = ∑ w∈T + β(w)δ_w, where β ∈ K(T^+).

Proof. 1) Suppose that φ ∈ BP X(F_X , A) and that |φ(uv) − φ(u) − φ(v)| ≤ ε for some ε > 0 and any u, v ∈ F . Let π(φ) = β and β_i = β | |_{T +i} for i ∈ N. Using (11)

we obtain the following equation that is valid for any u, v ∈ F .

148 Valeriĭ Faĭziev ∫ T + β d Θ^A_{u,v} = ∞∑ i=1 ∫ T +_i β d Θ^A_{u,v} (18)

= ∞∑ i=1 ∑ w∈T +_i β(w)Θ^A_{u,v}(w)

= ∞∑ i=1 ∑ w∈T +_i β(w)[δ_w(uv) − δ_w(u) − δ_w(v)]

= ∞∑ i=1 ∑ w∈T +_i β(w)δ_w(uv) − ∞∑ i=1 ∑ w∈T +_i β(w)δ_w(u)

− ∞∑ i=1 ∑ w∈T +_i β(w)δ_w(v). Now using formula (16), the definition of pseudocharacters ψ_{βi} and formula (18)

we get | | ∫ T + β d Θ^A_{u,v} | | = | |^∞ ∑ i=1 ∫ T +_i β d Θ^A_{u,v} | |

= | |^∞ ∑ i=1 ψ_{βi} (uv) − ∞∑ i=1 ψ_{βi} (u) − ∞∑ i=1 ψ_{βi} (v) | | = |φ(uv) − φ(u) − φ(v)| ≤ ε. Thus, π(φ) ∈ K(T^+). Now let β ∈ K(T^+) and β_i = β | |_{T +i} . Then as was shown

above, if ψ_{βi} are the pseudocharacters defined by the formula (12) and if φ = ∞∑ i=1 ψ_{βi} , then π(φ) = β, i.e., φ = π^{−1}(β). Let us show that φ belongs to BP X(F_X , A). Let

ε > 0 such that | ∫ T + β d Θ^A_{u,v} | ≤ ε for any u, v ∈ F . Then |φ(uv) − φ(u) − φ(v)| = | |^∞ ∑ i=1 ψ_{βi} (uv) − ∞∑ i=1 ψ_{βi} (u) − ∞∑ i=1 ψ_{βi} (v) | |

= |^∞∑ i=1 [ψ_{βi} (uv) − ψ_{βi} (u) − ψ_{βi} (v)] |

= | |^∞ ∑ i=1 ∑ w∈T +_i β_i(w)[δ_w(uv) − δ_w(u) − δ_w(v)] | |

= | |^∞ ∑ i=1 ∑ w∈T +_i β_i(w)Θ^A_{u,v} (w) | |

= | | ∫ T + β d Θ^A_{u,v} | | ≤ ε.

Pseudocharacters on a Class of Extensions of Free Groups 149

Hence, φ ∈ BP X(F_X , A) and π is an isomorphism between BP X(F_X , A) and K(T^+)

The assertion 2) follows from assertion 1). �

The following result was obtained in [6].

Theorem 7. Suppose that f is a quasicharacter of a semigroup S and that c > 0 is such that |f(xy) − f(x) − f(y)| < c for all x, y ∈ S. Then the function

^f(x) = lim_{n→∞} 1 2^n f(x^{2n} )

(19)

is well-defined and is a pseudocharacter of S such that | ^f(xy) − ^f(x) − ^f(y)| < 4c for all x, y ∈ S. Corollary 1. Suppose that f is a quasicharacter of a group G and that c > 0 is such that |f(xy) − f(x) − f(y)| < c for all x, y ∈ G. Then the function

^f(x) = lim_{n→∞} 1 2^n f(x^{2n} )

is well-defined and is a pseudocharacter of G such that | ^f(xy) − ^f(x) − ^f(y)| < 4c for all x, y ∈ G. Proof. Theorem 7 implies that in order to prove that ^f is a pseudocharacter of group G it remains to verify that for each x ∈ G the equality ^f(x^{−1}) = − ^f(x) holds. From the relation ^f(x^n) = n ^f(x) for all x ∈ G and n ∈ N, we obtain n ^f(1) = ^f(1^n) = ^f(1). The latter is possible only if ^f(1) = 0. Hence, | ^f(1) − ^f(x) − ^f(x−1)| < 4c for all x ∈ G and | ^f(x) + ^f(x−1)| < 4c for all x ∈ G. Whence follows the inequality n| ^f(x)+ ^f(x^{−1})| = | ^f(x^n)+ ^f((x^{−1})^n)| < 4c for all x ∈ G and n ∈ N. This is possible only if ^f(x^{−1}) = − ^f(x). Now let k > 0. Then we have ^f(x−k ) = ^f((xk )−1) = − ^f(xk) = −k ^f(x). � Proposition 1. Let A be a finite group. Then there exists T^+ satisfying the condition of boundness.

Proof. Let k be the order of the group A. It is clear that each class of A-conjugacy is the union of at most k classes of conjugacy in F . From this fact we find that the set q ∩ P contains at most k elements. Hence, one can choose an element of maximal length in the set q ∩ P . Hence, there is a set of representatives T of classes of A-conjugacy belonging to q such that the following relations hold.

1) w ∈ T if and only if w^{−1} ∈ T .

2) Every element w ∈ T has maximal length among the elements belonging to the set c(X) and A-conjugated to w.

Hence, in the set T we can choose subset T^+ such that T^+ ⊆ P^+, T^+ ∩ (T^+)^{−1} = ∅ and T = T^+ ∪ (T^+)^{−1}. Now it easy to verify that the set T^+ satisfies the condition of boundness. �

150 Valeriĭ Faĭziev

Proposition 2. Let H be an invariant subgroup of finite index k in a group G. Then P X(G) = P X(H, G). Proof. Let us show that each element from P X(H, G) may be uniquely extended to a pseudocharacter of the group G. Let φ be an element from P X(H, G) and c > 0 be such that |φ(xy) − φ(x) − φ(y)| ≤ c for all x, y ∈ H. Suppose that A is a system of representatives of cosets of G by H, then each element g ∈ G is uniquely representable in the form g = α(g)h(g) where α(g) ∈ A, h(g) ∈ H. By hypothesis the set {α(α_1α_2) ; α_1, α_2 ∈ A} is finite. Hence, there is δ > 0 such that |φ(α(α_1α_2))| ≤ δ for all α_1, α_2 ∈ A.

(20) Now let φ_1 the function on G defined by formula φ_1(αh) = φ(h), h ∈ H, α ∈ A. Let us verify that φ_1 belongs to KX(G). We have

|φ_1(α_1h_1α_2h_2) − φ_1(α_1h_1) − φ_1(α_2h_2)| = |φ_1(α_1α_2h^{α2}_1 h_2 − φ_1(α_1h_1) − φ_1(α_2h_2)| = φ_1(α(α_1α_2)h(α_1α_2)h^{α2}_1 h_2) − φ_1(α_1h_1) − φ_1(α_2h_2)| = φ_1(h(α_1α_2)h^{α2}_1 h_2) − φ_1(h_1) − φ_1(h_2)| = φ(h(α_1α_2)h^{α2}_1 h_2) − φ(h_1) − φ(h_2)| = φ(h(α_1α_2)h^{α2}_1 h_2) − φ(h^{α2}_1 ) − φ(h_2) − φ(h(α_1α_2)) + φ(h(α_1α_2)) − φ(h^{α2}_1 h_2) + φ(h^{α2}_1 h_2)| ≤ |φ(h(α_1α_2)h^{α2}_1 h_2) − φ(h(α_1α_2)) − φ(h^{α2}_1 h_2)| + |φ(h^{α2}_1 h_2) − φ(h^{α2}_1 ) − φ(h_2)| + |φ(h(α_1α_2))| Now from (20) we get |φ_1(α_1h_1α_2h_2) − φ_1(α_1h_1) − φ_1(α_2h_2)| ≤ 2c + δ.

Thus φ_1 ∈ KX(G), hence φ^′ = ^φ_1 is a pseudocharacter of the group G. Here ^φ_1 is defined by (19). It is clear that φ^′ | |_H = φ. Let us verify that the mapping φ → φ^′ is one-to-one and maps P X(H, G) “onto” P X(G). Indeed, if f ∈ P X(G), then φ = f | H ∈ P X(H, G) and φ^′ coincides with f on subgroup H. Hence, the pseudocharacter ψ = f − φ^′ vanishes on H. From the equality ψ(g^k) = kψ(g) for all g ∈ G we obtain ψ = 0 on G and f = φ^′. Similarly we verify that if φ_1, φ_2 ∈ P X(H, G) and φ_1 ≠ φ_2, then φ^′_1 ≠ φ^′_2. � Corollary 2. If a group G is a finite extension of a free group F of finite rank, then its space of pseudocharacters is described by Theorem 6.

Proof. Let X = {x_1, x_2, . . . , x_k} be a set of free generators of the group F and let T^+ be the set from Proposition 1. Let A be the group of automorphisms of the group F that are induced by conjugation by elements from G. From the condition we have that the group A = A/Inn A is finite and we can apply Proposition 1.

Pseudocharacters on a Class of Extensions of Free Groups 151

From the finiteness of the set X it is clear that every element of P X(F, G) is bounded on the set X. Hence P X(F, G) = BP X(F_X , G). By Proposition 2 we have P X(G) = P X(F, G) = BP X(F_X , G) and we obtain that the space of pseudocharacters of the group G is described by Theorem 6. �

We note that Theorem 6 may be used to describe the space of pseudocharacters of certain infinite extensions of free groups of infinite rank.

Example. Suppose that F is the free group with free generators X = {x_i ; i ∈ Z}, and that A is an infinite cyclic group with generator a. Let G = A · F be the semidirect product such that F ◁ G where A acts on F as follows:

x^a_i = x_{i+1}, i ∈ Z.

(21)

By Theorem 2 from [6] we have P X(G) = X(A) ˙+P X(F, A), where X(A) is a space of additive characters of the group A. Let φ be an arbitrary element from the space P X(F, A). From (21) it follows that φ is constant on the set X. Hence, we have P X(F, A) = BP X(F_X , A) and the problem of describing of the space P X(G) is reduced to the problem of describing of BP X(F_X , A). Let T^+ be some set satisfying the conditions of Lemma 1 and belonging to P^+. It is easy to verify that T^+ satisfies the condition of boundness. From this fact we obtain that the Theorem 6 describes the space BP X(F_X , A) and therefore the space of pseudocharacters of the group G too.

References

[1] J. Aczèl and J. Dhombres, Functional Equations in Several Variables, Encyclopedia of Mathematics and its Applications, no. 31, Cambridge University Press, Cambridge, 1989, MR 90h:39001, Zbl 685.39006.

[2] J. Baker, L. Lawrence, and F. Zorzitto, The stability of the equation f(x + y) = f(x) · f(y), Proc. Amer. Math. Soc. 74 (1979), 242–246, MR 80d:39009, Zbl 397.39010.

[3] J. Baker, The stability of the cosine equation, Proc. Amer. Math. Soc. 80 (1980), 411–416, MR 81m:39015, Zbl 448.39003.

[4] V. A. Faĭziev, Pseudocharacters on free product of semigroups, Funktsional. Anal. i Prilozhen 21 (1987), 86–87, MR 88e:20054.

[5] V. A. Faĭziev, Pseudocharacters on free groups and on some group constructions, Uspekhi Mat. Nauk 43 (1988), 225–226, MR 90a:20047.

[6] V. A. Faĭziev, Pseudocharacters on semidirect product of semigroups, Mat. Zametki 53 (1993), 132–139, MR 94h:20070.

[7] V. A. Faĭziev, Pseudocharacters on free groups, Izv. Ross. Akad. Nauk Ser. Mat. 58 (1994), 121–143, MR 95b:20041.

[8] V. A. Faĭziev Pseudocharacters on free semigroups, Russ. Journ. Math. Physics 3 (1995), 191–206, MR 96h:20108, Zbl 923.20044.

[9] V. A. Faĭziev, On almost representations of groups, Proc. Amer. Math. Soc. 127 (1999), 57–61, MR 2000g:22002, Zbl 923.20005.

[10] G. L. Forti, The stability of homomorphisms and amenability, with applications to functional equations,, Abh. Math. Sem. Univ. Hamburg 57 (1987), 215–226, MR 89b:39013, Zbl 619.39012.

[11] G. L. Forti, Hyers–Ulam stability of functional equations in several variables, Aequationes Math. 50 (1995) 143–190, MR 96i:39033, Zbl 836.39007.

[12] G. L. Forti, Sulla stabilitá degli omomorfismi e sue applocazioni alle equazilni funczionali, Rend. Sem. Mat. Fis. Milano 58 (1988), 9–25, MR 92d:39024, Zbl 712.39024.

[13] P. de la Harpe and M. Karoubi, Represéntations approchées d’un groupe dans une algébre de Banach, Manuscripta Math. 22 (1977), 293–310, MR 58 #16948, Zbl 371.22007.

152 Valeriĭ Faĭziev

[14] D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA 27 (1941), 222–224, MR 2,315a, Zbl 061.26403.

[15] D. H. Hyers and S. M. Ulam, On approximate isometries, Bull. Amer. Math. Soc. 51 (1945), 228–292, MR 7,123f, Zbl 060.26404.

[16] D. H. Hyers and S. M. Ulam, Approximate isometries of the space of continuous functions, Ann. of Math. 48 (1947), 285–289, MR 8,588b, Zbl 029.36701.

[17] D. H. Hyers, The stability of homomorphisms and related topics, Global Analysis–Analysis on Manifolds, Teubner-Texte Math., no. 57, Teubner, Leipzig, 1983, pp. 140-153, MR 86a:39004, Zbl 517.22001.

[18] D. H. Hyers, and Th. M. Rassias, Approximate homomorphisms, Aequationes Mathematicae 44 (1992), 125–153, MR 93i:39007, Zbl 806.47056.

[19] D. H. Hyers, G. Isac and Th. M. Rassias, Topics in Nonlinear Analysis and Applications, World Scientific Publ. Co., River Edge, NJ, 1997, MR 98g:47001, Zbl 878.47040.

[20] D. H. Hyers, G. Isac and Th. M. Rassias, Stability of Functional Equations in Several Variables, Birkhauser, Boston, 1998, MR 99i:39035, Zbl 907.39025.

[21] G. Isac, and Th. M. Rassias, On the Hyers–Ulam stability of ψ–additive mappings, Journal of Approximation Theory 72 (1993), 131–137, MR 94b:39043, Zbl 770.41018.

[22] G. Isac, and Th. M. Rassias, Stability of ψ–additive mappings: Applications to nonlinear analysis, Internat. J. Math. Math. Sci. 19 (1996), 219–228, MR 96m:47114, Zbl 843.47036.

[23] B. E. Johnson, Cohomology in Banach algebras, Mem. Amer. Math. Soc., no. 127, AMS, Providence, 1972, MR 51 #11130, Zbl 256.18014.

[24] D. Kazhdan, On ε-representations, Israel J. Math. 43 (1982), 315–323, MR 84h:22011, Zbl 518.22008.

[25] R. S. Lyndon and P. E. Schupp, Combinatorial Group Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, no. 89, Springer-Verlag, Berlin, 1977, MR 58 #28182, Zbl 368.20023.

[26] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.

Soc. 72 (1978), 297–300, MR 80d:47094, Zbl 398.47040.

[27] Th. M. Rassias and J. Tabor, eds., Stability of Mappings of Hyers–Ulam Type, Hadronic Press Inc., Palm Harbor, FL, 1994, MR 95f:39001, Zbl 835.00001.

[28] L. Székelyhidi, Note on a stability theorem, Canad. Math. Bull. 25 (1982), 500–501, MR 83m:39002, Zbl 505.39002.

[29] S. M. Ulam, A Collection of Mathematical Problems, Interscience Tracts in Pure and Applied Mathematics, no. 8, Interscience Publishers, New York, 1960, MR 22 #10884, Zbl 086.24101.

[30] S. M. Ulam, Sets, Numbers and Universes: selected works, MIT Press, Cambridge, 1974, MR 56 #67, Zbl 558.00017.

Tver State Agricultural Academy, Tver Sakharovo, Russia Valeriy.Fayziev@tversu.ru vfaiziev@mail.ru

This paper is available via http://nyjm.albany.edu:8000/j/2000/6-9.html.