� � 51 (1999), 61–68

UDK 515.124 � � � research paper

SIMULTANEOUS APPROXIMATION AND CHEBYSHEV CENTRES IN METRIC SPACES

T. D. Narang

Abstract. The problem of best simultaneous approximation is studied in convex metric spaces.

Let A be a subset of a metric space (X, d). For each x ∈ X, the distance from x to A is defined by d(x, A) = inf{ d(x, a) : a ∈ A }. An element a_0 ∈ A satisfying d(x, a_0) = d(x, A) is called a best approximant to x in A. If a set of elements B is given in X, one might like to approximate all the elements of B simultaneously by a single element of A. This type of problem arises when a function being approximated is not known precisely, but is known to belong to a set. Several mathematicians have studied this problem of simultaneous approximation in normed linear spaces. We study this problem in metric spaces.

Let K be a subset of a metric space (X, d). Given any bounded subset F of X, define δ(F, K) = inf_{x∈K} sup_{y∈F} d(y, x). An element k^∗ ∈ K is said to be a best simultaneous approximation (b.s.a.) to F if sup_{y∈F} d(y, k^∗) = δ(F, K).

C. B. Dunham, J. B. Diaz and H. W. McLaughlin (see [6]) have considered the problem of best simultaneous approximation in the following case: X = C[a, b], K a non-empty subset of X and F = {f_1, f_2}. Goel, Holland, Nasim and Sahney [3] studied the problem when X is a normed linear space, K any subset of X and F = {x_1, x_2} ⊂ X. Using the same procedure as in [3], it is possible to study the problem when F = {x_1, x_2, . . . , x_n}. Holland, Sahney and Tzimbalario [6] studied the problem when F is a compact subset of a normed linear space. In this paper, we study this problem in convex metric spaces. For this we recall a few definitions.

A bounded subset F of a metric space (X, d) is said to be remotal with respect to a subset K of X if for each k ∈ K there exists a point f_0 ∈ F farthest from k,

AMS Subject Classification: 41 A 28, 41 A 50 Keywords and phrases: Best simultaneous approximation, Chebyshev centres. The author is thankful to U.G.C. (India) for financial support. 61 i.e. d(k, f_0) ⩾ d(k, f) for all f ∈ F . It is easy to see that compact subsets F of X satisfy this property.

Let (X, d) be a metric space and I = [0, 1] be the closed unit interval. The continuous mapping W : X × X × I → X is said to be a convex structure on X [17] if for all x, y ∈ X, λ ∈ I d(u, W (x, y, λ)) ⩽ λd(u, x) + (1 − λ)d(u, y) for all u ∈ X. The metric space (X, d) together with a convex structure is called a convex metric spaces [17].

A subset K of a convex metric space (X, d) is said to be convex [17] if W (x, y, λ) ∈ K whenever x, y ∈ K and λ ∈ I. This notion of convexity is closely related to that given by K. Menger (see [7]).

A convex metric spaces (X, d) is said to be strictly convex [7] if for every x, y ∈ X and r > 0, d(u, x) ⩽ r, d(u, y) ⩽ r imply d(u, W (x, y, λ)) < r unless x = y, where u is arbitrary but fixed point of X.

We show that the problem of b.s.a. is equivalent to the problem of minimizing certain functional. For this we prove a lemma.

Lemma 1. Let K be any subset of a metric space (X, d) and F a bounded subset of X. Then the functional ϕ: K → R defined by ϕ(k) = sup_{f ∈F} d(f, k) is continuous.

Proof. Let ε > 0 be given. For any f ∈ F and k, k^′ ∈ K we have d(f, k) ⩽ d(f, k^′) + d(k^′, k) and so sup_{f ∈F} d(f, k) ⩽ sup_{f ∈F} d(f, k^′) + d(k^′, k) i.e. ϕ(k) − ϕ(k^′) ⩽ d(k^′, k).

Interchanging k and k^′, we get ϕ(k^′) − ϕ(k) ⩽ d(k, k^′) and so |ϕ(k) − ϕ(k^′)| ⩽ d(k, k^′). Therefore, if d(k, k^′) < ε then |ϕ(k) − ϕ(k^′)| < ε and so ϕ is continuous.

Note. In normed linear spaces this lemma was proved in [6]. If there exists a k^∗ ∈ K such that ϕ(k^∗) = inf_{k∈K} ϕ(k) then k^∗ ∈ K is a b.s.a.

to F . So the problem of b.s.a. reduces to the problem of minimizing the functional ϕ on K and so we have

Theorem 1. Let F be a bounded subset of a metric space (X, d) and K a subset of X such that the continuous functional ϕ: K → R defined by ϕ(k) = sup_{f ∈K} d(f, k) attains its infimum at some point of K then there always exists a b.s.a. in K to F .

Since for compact sets K and for sets K which are approximatively compact with respect to F (i.e. any sequence (k_n) in K satisfying sup_{f ∈F} d(k_n, f) → δ(F, K) is compact in K), we can find k^∗ ∈ K such that ϕ(k^∗) = inf_{k∈K} ϕ(k), we have

Corollary 1. Let K be a compact subset of a metric space (X, d) and F be any bounded subset of X. Then there exists a b.s.a. in K to F .

Corollary 2. [4] If F is a bounded subset of a metric space (X, d) and K is approximatively compact with respect to F then there exists a b.s.a. in K to F .

The following result which generalizes Lemma 3 of [6], deals with the convexity of the set of best simultaneous appoximants.

Lemma 2. Let K be a convex subset of a convex metric space (X, d) and F a bounded subset of X. If k^∗_1 , k^∗_2 ∈ K are b.s.a. to F then W (k^∗_1 , k^∗_2 , λ) is also a b.s.a. in K to F for every λ ∈ I.

Proof. Since k^∗_1 , k^∗_2 ∈ K are b.s.a. to F ,

sup_{f ∈F} d(f, k^∗_1 ) = δ(F, K) = sup_{f ∈F} d(f, k^∗_2 ).

For any f ∈ F , consider d(f, W (k^∗_1 , k^∗_2 , λ)) ⩽ λd(f, k^∗_1 ) + (1 − λ)d(f, k^∗_2 ). This implies

sup_{f ∈F} d(f, W (k^∗_1 , k^∗_2 , λ)) ⩽ λ sup_{f ∈F} d(f, k^∗_1 ) + (1 − λ) sup_{f ∈F} d(f, k^∗_2 ) = λδ(F, K) + (1 − λ)δ(F, K) = δ(F, K) ⩽ sup_{f ∈F} d(f, W (k^∗_1 , k^∗_2 , λ)) as W (k^∗_1 , k^∗_2 , λ) ∈ K by the convexity of K. Therefore, sup_{f ∈F} d(f, W (k^∗_1 , k^∗_2 , λ)) = δ(F, K), proving thereby that W (k^∗_1 , k^∗_2 , λ) is a b.s.a. in K to F for every λ.

The following result deals with the uniqueness of b.s.a.

Theorem 2. Let K be a convex subset of a strictly convex metric space (X, d) and F be a subset of X which is remotal w.r.t. K. Then there exists at most one b.s.a. in K to F .

Proof. Suppose k^∗_1 , k^∗_2 , k^∗_1 ≠ k^∗_2 are two b.s.a. in K to the set F , i.e. sup_{f ∈F} d(f, k^∗_1 ) = δ(F, K) = sup_{f ∈F} d(f, k^∗_2 ). By Lemma 2, W (k^∗_1 , k^∗_2 , λ) ∈ K is also a b.s.a. to F , i.e. d(f, W (k^∗_1 , k^∗_2 , λ)) = δ(F, K) for every λ ∈ I. Let λ ∈ I be arbitrary. Keep it fixed. Since F is remotal w.r.t. K, there exists an element f^∗ ∈ F such that d(f^∗, W (k^∗_1 , k^∗_2 , λ)) = δ(F, K). (1)

Now d(f^∗, k^∗_1 ) ⩽ δ(F, K) and d(f^∗, k^∗_2 ) ⩽ δ(F, K) and since the space is strictly convex, we have d(f^∗, W (k^∗_1 , k^∗_2 , λ)) < δ(F, K) unless k^∗_1 = k^∗_2 . This contradicts (1) and hence the uniqueness.

Combining Theorems 1 and 2 we have

Theorem 3. Let K be a convex subset of a strictly convex metric space (X, d) and F a subset of X which is remotal w.r.t. K. If the continuous functional ϕ: K → R defined by ϕ(k) = sup_{f ∈F} d(f, k) attains its infimum on K then there exists a unique b.s.a. in K to F .

Since the functional ϕ attains its infimum when K is compact subset of a metric space (see [10]) or K is approximatively compact w.r.t. a bounded subset F of a metric space (see [4]) or K is weakly compact subset of a normed linear space (see [13]) or K is boundedly sequentially weakly compact subset of a normed linear space (see [15]) or K is a reflexive subspace of a normed linear space (see [1]), we have

Corollary 1. Let K be compact convex subset of a strictly convex metric space (X, d) and F a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Corollary 2. Let F be a bounded subset of a strictly convex metric space (X, d), K a convex subset of X which is appoximatively compact w.r.t. F and F is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Corollary 3. Let K be a weakly compact convex subset of a strictly convex normed linear space X and F a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Corollary 4. If X is a strictly convex normed linear space, K is boundedly weakly sequentially compact convex subset of X and F a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Corollary 5. Let K be a reflexive subspace of a strictly convex normed linear space X and F a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Corollary 1 generalizes the best simultaneous approximation theorem of [10], Corollary 2 generalizes Theorem 3 of [5], Corollary 3 generalizes Theorem 1 of [13], Corollary 4 contains Theorem 1 of [15] and Corollary 5 generalizes Theorem 1 of [1].

Since a uniformly convex Banach space is strictly convex and reflexive and a bounded closed convex subset of a reflexive space is weakly compact, Corollary 3 gives the following

Corollary 6. Let K be a bounded closed convex subset of a uniformly convex Banach space X and F a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. to F from the elements of K.

Since a bounded closed, convex subset of a reflexive Banach space is weakly compact, Corollary 3 gives the following

Corollary 7. If X is a strictly convex and reflexive Banach space, K is bounded, closed and convex, and F is a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Since a finite dimensional normed linear space is boundedly weakly sequentially compact, Corollary 4 gives the following generalization of Theorem 1 of [6].

Corollary 8. Let K be a finite-dimnesional subspace of a strictly convex normed linear space X and F a subset of X which is remotal w.r.t. K then there exists a unique b.s.a. in K to F .

Analogous to the problem of best simultaneous approximation, the following problem of simultaneous furthest points was considered in [8].

Given any bounded subset F and a subset K of a metric space (X, d), define D(F, K) = sup_{f ∈F} inf_{k∈K} d(f, k). An element f^∗ ∈ F is said to be a simultaneous furthest point to the set K if D(F, K) = inf_{k∈K} d(f^∗, k) i.e. f^∗ is farthest from K among the elements of F .

The problem is the same as that of deviation of F from K which in normed linear spaces was considered by V. M. Tihomirov (cf. [16], p. 160). Such an f^∗ ∈ F is also called extremal with respect to K.

In particular case when K = {k}, the extremal elements f^∗ ∈ F are nothing else but the elements of F which are farthest from k among the elements of the set F , i.e. d(f^∗, k) = sup_{f ∈F} d(f, k).

The following solution to the simultaneous furthest point problem was given in [8].

Theorem 4. Let F be a compact subset of a metric space (X, d). Then given any subset K of X, there exists a simultaneous furthest point in F to the set K.

This theorem can be formulated sowewhat stronger, i.e. under slighlty weaker assumptions. Let F be a bounded subset of a metric space (X, d). Then given any subset K of X, there exists a simultaneous furthest point in F to the set K if the function ψ : F → R defined by ψ(f) = d(f, K) attains its supremum at some f^∗ ∈ F . Its proof runs on the same lines as in [8].

Since the function ψ : F → R defined by ψ(f) = d(f, K) attains its supremum at a point of F if F is nearly compact with respect to K (i.e. any sequence (f_n) in F such that d(f_n, K) → D(F, K) is compact in F ), we get

Theorem 5. [5] If K is a subset of a metric space (X, d) and F is a subset of X and is nearly compact with respect to K then there exists a simultaneous furthest point in F to the set K.

Many authors have studied relative Chebyshev centres in normed linear spaces (see [14]). This concept is closely related to the b.s.a. and was first introduced in 1962 by A. L. Garkavi [2]. We take up this study in metric spaces.

Let M be a subset of a metric space (X, d) and B a bounded subset of X. The Chebyshev radius of B with respect to M is defined as

rad_M (B) = inf_{m∈M} sup_{f ∈B} d(f, m).

The set of all elements x ∈ M such that

sup_{f ∈M} d(f, x) = rad_M (B) is denoted by Cent_M (B) and its members, if they exist, are called relative Chebyshev centres of B w.r.t. M. They are the solutions of the simultaneous approximation problem. In case M = X we write Cent_M (B) = Cent(B) and call it the set of Chebyshev centres of B. When B is a singleton, say {f}, then rad_M (B) = inf_{m∈M} d(f, m) = dist(f, M) and Cent_M (B) = { x ∈ M : d(f, x) = dist(f, M) } is the set of best approximations to f in M.

The elements of Cent(B) best represent the set B as if x is any particular element of X chosen to represent the set B, then error incurred will be sup{ d(f, x) : f ∈ B } and x_0 ∈ X best represents the set B when this error is minimum.

We say that M has the relative Chebyshev centre property in X if Cent_M (B) ≠ ∅ for all non-empty bounded sets B in X. When M = X, and Cent(B) ≠ ∅ for every non-empty bounded subset B of X, i.e. X has the relative Chebyshev centre property in X, we say that X admits Chebyshev centres. Since B = {f} is bounded, any set M which has the relative Chebyshev centre property in X is proximinal in X.

A mapping P : A → X, where A is a non-empty subset of X, is said to be nonexpansive if d(P x, P y) ⩽ d(x, y) for all x, y ∈ A. If K ⊂ A is such that P (K) ⊂ K then K is said to be P -invariant or invariant under P .

The study of Chebyshev centres, initiated by Garkavi has attracted much attention. Question concerning their existence and uniqueness have been analyzed by many researchers. The following result on the existence and uniqueness of Chebyshev centres was proved in [9].

Theorem 6. If X is a reflexive strictly convex Banach space then every convex remotal set A in X has a unique Chebyshev centre.

This theorem can be formulated somewhat stronger as under.

Theorem 7. Let X be a strictly convex dual Banach space then every convex remotal set A in X has a unique centre.

Proof. Since A is remotal, it is bounded, i.e. ‖y‖ ⩽ m for all y ∈ A and for some m. Let B(0, m) be a ball in X with centre 0 and radius m. Then inf_{x∈X} sup_{y∈A} ‖x − y‖ = inf_{x∈B} sup_{y∈A} ‖x − y‖. Since X is a dual Banach space, B(0, m) is w^∗-compact and so g : X → R defined by g(x) = sup_{y∈A} ‖x − y‖ is weakly lower semi-continuous and therefore it attains its infimum at some x_0, i.e. g(x_0) = inf_{x∈X} g(x), i.e. sup_{y∈A} ‖x_0 − y‖ = inf_{x∈X} sup_{y∈A} ‖x − y‖. This proves the existence. The uniqueness part is the same as given in [9].

Note 1. The existence part also follows from Garkavi’s theorem: Every dual Banach space admits Chebyshev centres to bounded sets.

2. It will be interesting to study the existence and uniqueness of Chebyshev centres in metric spaces.

The following result deals with the invariance of the set Cent_M (B) under a non-expansive mapping.

Theorem 8. Let (X, d) be a metric space, P : X → X be a non-expansive mapping and B a non-empty bounded subset of X such that B ⊂ P (B). If M is a P -invariant non-empty subset of X then Cent_M (B) is P -invariant.

In normed linear spaces this result was proved by J. B. Prolla [11] (Proposition 1) and the proof given in [11] can easily be extended to metric spaces.

The following result gives conditions under which subsets of a metric space admitting centres also admit centres.

Theorem 9. If a metric space (X, d) admits centres and M ⊂ X is the range of an idempotent non-expansive mapping p: X → X, then M admits centres.

This result was proved by Prolla [11] in normed linear spaces (Proposition 2) and that proof can be easily extended to metric spaces.

Now suppose (X, d) is an ultrametric space, i.e. metric space in which strong triangle inequality d(x, y) ⩽ max{d(x, z), d(z, y)} is satisfied for all x, y, z ∈ X. An ultrametric space (X, d) is said to be spherically complete if every nest of closed spheres has a non-empty intersection. The following theorem deals with Chebyshev centre property in ultrametric spaces.

Theorem 10. Every spherically complete subspace of an ultrametric space has the Chebyshev centre property.

In non-archimedian normed linear spaces, this theorem was proved by Prolla [12] and the same proof can easily be extended to ultrametric spaces.

Corollary 1. Every spherically complete ultrametric space admits Chebyshev centres.

Corollary 2. Every spherically complete subspace of an ultrametric space is proximinal.

Remarks 1. Uniqueness of elements of b.s.a. is also guaranteed if the functional ϕ defined in Lemma 1 attains its infimum at exactly one k^∗ ∈ K.

2. When F is a singleton, say {f}, then δ(F, K) = inf_{k∈K} d(f, k) = dist(f, K). So the problem of b.s.a. (relative Chebyshev centres) reduces to the problem of best approximation and consequently, results proved in this paper extends known results on best approximation.

3. When K is a singleton, say {k}, then D(F, K) = sup_{f ∈F} d(f, k). So the simultaneous furthest point problem reduces to the farthest point problem and consequently, results proved in this paper extends known resulta on farthest points.

4. The proof of Theorem 9 (see [11], Proposition 2) uses the fact that the range of an idempotent mapping is the set of its fixed points. So, it is natural to ask when the set of fixed points of a non-expansive mapping P : X → X admits

68 T. D. Narang

Chebyshev centres assuming that X admits Chebyshev centres. Prolla [11] gave a solution to this problem when X is an (AL)-space. This problem in metric spaces is yet to be discussed.

5. It will be interesting to study elements of ε-b.s.a. to F in K (ε-simultaneous furthest points to K in F ) for any given ε > 0, i.e. elements k^∗ ∈ K satisfying sup_{y∈F} d(y, k^∗) ⩽ δ(F, K) + ε (i.e. elements f^∗ ∈ F satisfying inf_{k∈K} d(f^∗, k) ⩾ D(F, k) − ε). REFERENCES

[1] A. P. Bosznay, A remark on simultaneous approximation, J. Approx. Theory, 23 (1978), 296–298.

[2] A. L. Garkavi, The best possible net and the best possible cross section of a set in a normed space, Izv. Akad. Nauk. SSSR 26 (1962), 87–106 (in Russian) (Transl. in Amer. Math. Soc. Trans. Ser. 2, 39 (1964)).

[3] D. S. Goel, A. S. B. Holland, C. Nasim and B. N. Sahney, On best simultaneous approximation in normed linear spaces, Canad. Math. Bull. 17 (1974), 523–527.

[4] P. Govindarajulu, On best simultaneous approximation, J. Math. Phy. Sci. 18 (1984), 345– 351.

[5] P. Govindarajulu, On upper semi-continuity of simultaneous operators, Indian J. Pure Appl.

Math. 16 (1985), 153–156.

[6] A. S. B. Holland, B. N. Sahney and J. Tzimbalario, On best simultaneous approximation. J.

Indian Math. Soc. 40 (1976), 69–73.

[7] T. D. Narang, Best approximation and strict convexity of metric spaces, Arch. Math. 17 (1981), 87–90.

[8] T. D. Narang, On simultaneous furthest points, Math. Seminar Notes 9 (1981), 109–112, Corrigendum, ibid 10 (1982), 238.

[9] T. D. Narang, A note on Chebyshev centres. Mat. Vesnik 6 (1982), 123–126. [10] T. D. Narang, On best simultaneous approximation. J. Approx. Theory 39 (1983), 87–90. [11] J. B. Prolla, Non-expansive mappings and Chebyshev centres in (AL)-spaces, in: Approximation Theory IV, C. K. Chui, L. L. Schumaker and J. D. Ward, eds., Academic Press (1983), 663–666.

[12] J. B. Prollla, Best simultaneous approximation, in: Functional Analysis, Holomorphy and Approximation Theory II, G. I. Zapata, ed., Elsevier Publishers (1984), 339–357.

[13] B. N. Sahney and S. P. Singh, On best simultaneous approximation in Banach spaces, J.

Approx. Theory 35 (1982), 222–229.

[14] B. N. Sahney and S. P. Singh, On best simultaneous Chebyshev approximation with additive weight functions and related results, Lecture Notes in Pure and Applied Math. 80, in: Nonlinear Analysis and Application, S. P. Singh and J. H. Bury, eds., Marcel Dekker Inc., 1982.

[15] K. P. R. Sastry and S. Venkata Ratnam Naidu, On best simultaneous approximation in normed linear spaces, Proc. Nat. Acad. Sci. India, Sect. A 48 (1978), 249–250.

[16] I. Singer, Best Approximation in Normed Linear Spaces by Elements of Linear Subspaces, Spinger-Verlag, 1970.

[17] W. Takhashi, A convexity in metric spaces and non-expansive mappings I, Kodai Math.

Sem. Rep. (1970), 142–149.

(received 03.06.1998.)

Department of Mathematics, Guru Nanak Dev University, Amritsar – 143005 (India)