MATEMATIQKI VESNIK

59 (2007), 1–8

UDK 515.122 originalni nauqni rad research paper

WEAK FORMS OF OPEN MAPPINGS AND STRONG FORMS OF SEQUENCE-COVERING MAPPINGS

Ying Ge

Abstract. In this paper, we discuss some weak forms of open mappings and some strong forms of sequence-covering mappings, and establish some relations among these mappings. As some applications of these results, we obtain that images of metric spaces under certain weak forms of open mappings can be characterized as images of metric spaces under certain strong forms of sequence-covering mappings.

1. Introduction

Strong forms of sequence-covering mappings form an important class of mappings. Many interesting characterizations of images of metric spaces under these mappings have been obtained [7, 8, 10, 5, 4]. Recently, some weak forms of open mappings have attracted considerable attention, and some characterizations of images of metric spaces under these mappings have been obtained [13, 6, 7]. Note that these images are equivalent to images of metric spaces under certain strong forms of sequence-covering mappings. Naturally, we can ask: are these weak forms of open mappings and these strong forms of sequence-covering mappings, in case they are defined on metric spaces, equivalent? This arouses our interest in relations between weak forms of open mappings and strong forms of sequence-covering mappings.

In this paper, we investigate these mappings to establish some relations among them, and prove that a mapping f defined on a first countable space is open (resp. almost open) if and only if it is weak-open (resp. almost weak-open), if and only if it is sn-open (resp. almost sn-open) and quotient, if and only if it is 2-sequencecovering (resp. 1-sequence-covering) and quotient. As some applications of these results, we obtain that images of metric spaces under these mappings are equivalent.

Throughout this paper, all spaces are assumed to be regular T_1 and all mappings are continuous and onto. N denotes the set of all natural numbers. {x_n} denotes a sequence, where the n-th term is x_n. Let X be a space and P ⊂ X. A

AMS Subject Classification: 54C05, 54C10 Keywords and phrases: Open (weak-open, sn-open) mapping, almost open (almost weakopen, almost sn-open) mapping, 1-sequence-covering mapping, 2-sequence-covering mapping.

This project was supported by NSFC(No.10571151 and 10671173) and NSF(06KJD110162) 1 sequence {x_n} converging to x in X is eventually in P if {x_n : n > k}∪{x} ⊂ P for some k ∈ N; it is frequently in P if {x_{nk} } is eventually in P for some subsequence {x_{nk} } of {x_n}. Let P be a family of subsets of X. Then ⋃ P and ⋂ P denote the union ⋃ {P : P ∈ P} and the intersection ⋂ {P : P ∈ P} respectively. For terms which are not defined here, we refer to [2].

2. The Main results

Definition 2.1. Let X be a space.

(1) Let x ∈ P ⊂ X. P is called a sequential neighborhood of x in X if whenever {x_n} is a sequence converging to the point x, then {x_n} is eventually in P ;

(2) Let P ⊂ X. P is called a sequentially open subset in X if P is a sequential neighborhood of x in X for each x ∈ P ;

(3) X is called a sequential space if each sequentially open subset in X is open; (4) X is called a Fréchet space if for each P ⊂ X and for each x ∈ P , there exists a sequence {x_n} in P converging to the point x.

Remark 2.2. (1) P is a sequential neighborhood of x if and only if each sequence {x_n} converging to x is frequently in P .

(2) The intersection of finitely many sequential neighborhoods of x is a sequential neighborhood of x.

(3) It is well known that first countable =⇒ Fréchet =⇒ sequential.

Definition 2.3. Let P = ⋃ {P_x : x ∈ X} be a cover of a space X such that for each x ∈ X, the following conditions (a) and (b) are satisfied:

(a) P_x is a network at x in X, i.e., x ∈ ⋂ P_x and for each neighborhood U of x in X, P ⊂ U for some P ∈ P_x;

(b) If U, V ∈ P_x, then W ⊂ U ∩ V for some W ∈ P_x.

(1) P is called a weak base [1] of X if whenever G ⊂ X, G is open in X if and only if for each x ∈ G there exists P ∈ P_x with P ⊂ G, where P_x is called a wn-network (i.e., weak neighborhood network) at x in X. Furthermore, X is called g-first countable [11] if P_x is countable for each x ∈ X;

(2) P is called an sn-network [3] of X if each element of P_x is a sequential neighborhood of x in X for each x ∈ X, where P_x is called an sn-network at x in X. Furthermore, X is called sn-first countable [3] if P_x is countable for each x ∈ X.

Remark 2.4 [10]. For a space, weak base =⇒ sn-network. An sn-network for a sequential space is a weak base. So g-first countable =⇒ sn-first countable and for a sequential space, g-first countable ⇐⇒ sn-first countable.

Definition 2.5. Let f : X −→ Y be a mapping.

(1) f is called an open (resp. closed ) mapping [2] if f(U) is open (resp. closed) in Y for each open (resp. closed) subset U in X;

(2) f is called a weak-open mapping if there exists a weak base P = {P_y : y ∈ Y } of Y such that for each y ∈ Y and for each x ∈ f^{−1} (y), whenever U is a neighborhood of x, then P ⊂ f(U) for some P ∈ P_y;

(3) f is called an sn-open mapping if there exists an sn-network P = {P_y : y ∈ Y } of Y such that for each y ∈ Y and for each x ∈ f^{−1} (y), whenever U is a neighborhood of x, then P ⊂ f(U) for some P ∈ P_y;

(4) f is called an almost open mapping [8] if for each y ∈ Y there exists x ∈ f^{−1} (y) such that f(U) is a neighborhood of y for each neighborhood U of x;

(5) f is called an almost weak-open mapping [13] if there exists a weak base P = {P_y : y ∈ Y } of Y satisfying the condition: for every y ∈ Y , there exists x ∈ f^{−1} (y) such that whenever U is a neighborhood of x, P ⊂ f(U) for some P ∈ P_y;

(6) f is called an almost sn-open mapping if there exists an sn-network P = {P_y : y ∈ Y } of Y satisfying the condition: for every y ∈ Y , there exists x ∈ f^{−1} (y) such that whenever U is a neighborhood of x, P ⊂ f(U) for some P ∈ P_y;

(7) f is called a 1-sequence-covering mapping [10] if for every y ∈ Y there exists x ∈ f^{−1} (y), such that whenever {y_n} is a sequence converging to y in Y , there exists a sequence {x_n} converging to x in X with each x_n ∈ f^{−1} (y_n);

(8) f is called a 2-sequence-covering mapping [7] if for each y ∈ Y and for each x ∈ f^{−1} (y), then whenever {y_n} is a sequence converging to y in Y , there exists a sequence {x_n} converging to x in X with each x_n ∈ f^{−1} (y_n);

(9) f is called a quotient mapping [2] if U is open in Y if and only if f^{−1} (U) is open in X.

Remark 2.6. S. Xia introduced “weak-open mapping” in [13]. Since “weakopen mapping” in [13] is not only weak to “open mapping” but also weak to “almost open mapping”, “weak-open mapping” in [13] is called “almost weak-open mapping” in this paper by Definition 2.5(5), and we define another mapping in this paper as “weak-open mappings” by Definition 2.5(2).

Remark 2.7. The following implications except for (∗) and (∗∗) hold from Definition 2.5. Implications (∗) and (∗∗) hold from Proposition 2.9(2) and Proposition 2.13(2), respectively. For every mapping

open =⇒ weak-open =⇒ sn-open^{(∗)}⇐= 2-sequence-covering ⇓ ⇓ ⇓ ⇓

almost open =⇒ almost weak-open =⇒ almost sn-open^{(∗∗)}⇐= 1-sequence-covering

The following Lemma is due to the proof of [10, Theorem 4.4].

Lemma 2.8. Let f : X −→ Y be a mapping. If {B_n} is a decreasing network at some x in X, and each f(B_n) is a sequential neighborhood of y = f(x) in Y , then whenever {y_n} is a sequence converging to y in Y , there exists a sequence {x_n} converging to x in X with each x_n ∈ f^{−1} (y_n).

Proof. Let {B_n} be a decreasing network at some x ∈ X, and each f(B_n) be a sequential neighborhood of y = f(x) in Y . If {y_n} is a sequence converging to y in Y , then for each k ∈ N, there exists n_k ∈ N such that y_n ∈ f(B_k) for all n ≥ n_k. Thus f^{−1} (y_n) ∩ B_k ≠ ∅ for each n > n_k. Without loss of generality, we can assume 1 < n_k < n_{k+1} for each k ∈ N. For each n ∈ N, pick

x_n ∈ { f^{−1} (y_n), n < n_1 f^{−1} (y_n) ∩ B_k, n_k ≤ n < n_{k+1}

Then x_n ∈ f^{−1} (y_n) for each n ∈ N. It is easy to show that {x_n} converges to x. In fact, let U be a neighborhood of x; then there exists k ∈ N such that x ∈ B_k ⊂ U. Obviously, x_n ∈ B_k ⊂ U for each n > n_k, so {x_n} converges to x.

Proposition 2.9. Let f : X −→ Y be a mapping. Then the following hold: (1) If f is sn-open and X is first countable, then f is 2-sequence-covering; (2) If f is 2-sequence-covering, then f is sn-open; (3) If f is almost weak-open, then f is quotient.

Proof. (1) Let f be sn-open and X be first countable, P = ⋃ {P_y : y ∈ Y } be a sn-network of Y as stated in Definition 2.5(3). Since X is first countable for each y ∈ Y and each x ∈ f^{−1} (y) there exists a countable decreasing neighborhood base {U_n} at x in X. For each n ∈ N, there exists P_n ∈ P_y such that P_n ⊂ f(U_n). P_n is a sequential neighborhood of y in Y , so is f(U_n). By Lemma 2.8, whenever {y_n} is a sequence converging to y in Y , there is a sequence {x_n} converging to x in X with each x_n ∈ f^{−1} (y_n). So f is 2-sequence-covering.

(2) Let f be 2-sequence-covering. For each y ∈ Y , we construct an snnetwork P_y at y in Y as follows. For each x ∈ f^{−1} (y), let B_x = {B : B is a neighborhood of x}. Put P^′_y = {f(B) : B ∈ B_x and x ∈ f^{−1} (y)}; then each element of P^′_y is a sequential neighborhood of y in Y . In fact, Let P^′ = f(B) ∈ P^′_y, where B ∈ B_x for some x ∈ f^{−1} (y). Since f is 2-sequence-covering, whenever {y_n} is a sequence converging to y in Y there exists a sequence {x_n} converging to x in X with each x_n ∈ f^{−1} (y_n). Note that B is a neighborhood of x. {x_n} is eventually in B, so {y_n} = {f(x_n)} is eventually in f(B) = P^′. Thus P^′ is a sequential neighborhood of y in Y . Put P_y = { ⋂ F_y : F_y is a finite subfamily of P^′_y}; then each element of P_y is a sequential neighborhood of y in Y from Remark 2.2(2). Also, it is not difficult to check that P_y satisfies the conditions (a) and (b) in Definition 2.3. Thus we obtain that P_y is an sn-network at y in Y . Put P = ⋃ {P_y : y ∈ Y };

then P is an sn-network of Y . For each y ∈ Y and for each x ∈ f^{−1} (y), whenever U is a neighborhood of x, there exists B ∈ B_x such that x ∈ B ⊂ U, so f(B) ∈ P_y and f(B) ⊂ f(U). This proves that f is sn-open.

(3) This namely is [13, Proposition 3.2].

Proposition 2.10. Let f : X −→ Y be an sn-open mapping. If one of the following two conditions is satisfied, then f is open:

(1) Y is a sequential space;

(2) X is a sequential space and f is a quotient mapping.

Proof. Quotient mappings preserve sequential spaces, so condition (2) implies condition (1). Thus we only need to prove that f is open if condition (1) is satisfied.

As f is an sn-open mapping, let P = ⋃ {P_y : y ∈ Y } be an sn-network of Y as stated in Definition 2.5(3). Since Y is a sequential space, it suffices to prove that whenever U is an open subset of X, then f(U) is a sequential neighborhood of y in Y for each y ∈ f(U). Let y ∈ f(U); pick x ∈ f^{−1} (y) ∩ U. Then U is a neighborhood of x. So there exists P ∈ P_y such that P ⊂ f(U). P is a sequential neighborhood of y in Y , so is f(U). This completes the proof.

The following theorem is obtained from Remark 2.7, Proposition 2.9 and Proposition 2.10.

Theorem 2.11. Let f : X −→ Y be a mapping. If X is first countable (especially, if X is metric), then the following are equivalent:

(1) f is an open mapping; (2) f is a weak-open mapping; (3) f is an sn-open, quotient mapping; (4) f is a 2-sequence-covering, quotient mapping.

We denote some mapping property by P .

Corollary 2.12. The following are equivalent for a space X: (1) X is an open, P -image of a metric space; (2) X is a weak-open, P -image of a metric space; (3) X is an sn-open, quotient, P -image of a metric space; (4) X is a 2-sequence-covering, quotient, P -image of a metric space.

In a similar way as in the above proofs, we can obtain the following results. For example, let f : X −→ Y be a 1-sequence-covering mapping. For every y ∈ Y , there exists x_y ∈ f^{−1} (y) satisfies Definition 2.5(7). In the proof of Proposition 2.9(2), if P_y is replaced by {f(B) : B is a neighborhood of x_y}, then it is obtained easily that f is almost open.

Proposition 2.13. Let f : X −→ Y be a mapping. Then the following hold: (1) If f is almost sn-open and X is first countable, then f is 1-sequencecovering;

(2) If f is 1-sequence-covering, then f is almost sn-open.

Proposition 2.14. Let f : X −→ Y be an almost sn-open mapping. If one of the following two conditions is satisfied, then f is almost open:

(1) Y is a sequential space;

(2) X is a sequential space and f is a quotient mapping.

Theorem 2.15. Let f : X −→ Y be a mapping. If X is first countable (especially, if X is metric), then the following are equivalent:

(1) f is an almost open mapping; (2) f is an almost weak-open mapping; (3) f is an almost sn-open, quotient mapping; (4) f is a 1-sequence-covering, quotient mapping.

Corollary 2.16. The following are equivalent for a space X. (1) X is an almost open, P -image of a metric space; (2) X is an almost weak-open, P -image of a metric space; (3) X is an almost sn-open, quotient, P -image of a metric space; (4) X is a 1-sequence-covering, quotient, P -image of a metric space.

3. Some Examples

S. Lin gave an example: there exists a 1-sequence-covering, closed mapping f : X −→ Y such that f is not almost weak-open [9, Example 1]. We can prove f is also 2-sequence-covering by revising the proof of this example. So we have the following example.

Example 3.1. 2-sequence-covering, closed mapping ≠⇒ almost weak-open mapping.

Proof. Let X_1 = {x : x ≤ ω_1}, where ω_1 denotes the first uncountable ordinal. We define the topology on X_1 as follows.

If x < ω_1, then {x} is open in X_1. If x = ω_1, then the neighborhood base at x is the neighborhood base at x in ordinal space ω_1 + 1.

Put X_2 = X_1 and let X be the topological sum X_1 ⊕ X_2 of X_1 and X_2. We write ω_1 in X_1 and ω_1 in X_2 by x_1 and x_2 respectively. Put A = {x_1, x_2} ⊂ X and Y is the quotient space X/A obtained from X by shrinking the set A to a point. Let f : X −→ Y be the natural mapping. Then:

(1) f is a closed mapping, and it is not almost weak-open [9, Example 1]. (2) Let {y_n} be a sequence in Y converging to y ∈ Y . Then there exists k ∈ N such that y_n = y for n > k.

If y ∉ f(A), then {y} is open in Y . {y_n} converges to y, so there exists k ∈ N such that y_n ∈ {y} for n > k, that is, y_n = y for n > k. If y ∈ f(A), let α_n ∈ f^{−1} (y_n) for each n ∈ N, and put x_0 = ⋃ {α_n : n ∈ N and α_n < ω_1};

then x_0 < ω_1. Put U = (x_0, ω_1]; then U is a neighborhood of ω_1 in X, so f(U) is neighborhood of y in Y . It is easy to see that {y_n : n ∈ N and y_n ≠ y} ∩ f(U) = ∅. Since {y_n} converges to y, there exists k ∈ N such that y_n ∈ f(U) for n > k. So y_n = y for n > k.

(3) f is 2-sequence-covering.

Let y ∈ Y , and x ∈ f^{−1} (y). If {y_n} is a sequence in Y converging to y, then there exists k ∈ N such that y_n = y for n > k from the above (2). Pick x_n ∈ f^{−1} (y_n) for n ≤ k, and put x_n = x ∈ f^{−1} (y) = f^{−1} (y_n) for n > k. The sequence {x_n} converges to x in X with each x_n ∈ f^{−1} (y_n). So f is 2-sequence-covering.

By the above (1) and (3), we complete the proof of this example. The following example is due to [7, Example 3.10]. Example 3.2. Open mapping ≠⇒ 1-sequence-covering mapping. Proof. Let X = {0} ∪ (N × N). Put V (n, i) = {(n, k) ∈ N × N : k ≥ i} for each n ∈ N and each i ∈ N. The topology on X is defined as follows.

If (n, m) ∈ N×N, then (n, m) is open in X. For 0 ∈ X, an open neighborhood base at 0 is {{0} ∪ ( ⋃ {V (n, i_n) : n ≥ m}) : m, i_n ∈ N}.

Let Y = {0} ∪ {1/n : n ∈ N} be the subspace of the real line. Put f : X −→ Y by f(0) = 0 and f((n, i)) = 1/n for each n ∈ N and each i ∈ N. Then f is an open mapping, and it is not 1-sequence-covering [7, Example 3.10].

It is well known that open mappings preserve first countable spaces. However, do open mappings preserve g-first countable spaces? This question was raised by Y. Tanaka in [12, Question 2.19(2)], and it is still open. We have the following relative question.

Question 3.3. Do open mappings preserve sn-first countable spaces? If the answer to Question 3.3 is affirmative, then so is the answer to Y. Tanaka’s question. Note that almost sn-open mappings defined on first countable spaces are 1-sequence-covering mappings from Proposition 2.13(1) and 1-sequence-covering mappings preserve sn-first countable spaces [8, Corollary 2.4.13(1)]. It is an interesting question whether first countability of X in 2.13(1) can be relaxed to sn-first countability or g-first countability. We have the following question.

Question 3.4. Is each open mapping defined on an sn-first countable space or on a g-first countable space a 1-sequence-covering mapping?

Acknowledgement. The author would like to thank the referees for their valuable comments.

REFERENCES

[1] A.V. Arhangel’skii, Mappings and spaces, Russian Math. Surveys 21 (1966), 115–162. [2] R. Engelking, General Topology, PWN, Warszawa, 1977.

[3] Y. Ge, On sn-metrizable spaces, Acta Math. Sinica 45 (2002), 355–360 (in Chinese). [4] Y. Ge, On pseudo-sequence coverings, π-images of metric spaces, Mat. Vesnik 57 (2005), 113–120.

[5] Y. Ge and S. Lin, Uniform covers and compact images of metric spaces, Acta Math. Sinica 47 (2004), 1149–1154 (in Chinese).

[6] Z. Li and S. Lin, On the weak-open images of metric spaces, Czech. Math. J. 54(124) (2004), 393–400.

[7] S. Lin, On sequence-covering s-mappings, Chinese Adv. Math. 25 (1996) 548–551. [8] S. Lin, Point-Countable Covers and Sequence-Covering Mappings, Chinese Science Press, Beijing, 2002 (in Chinese).

[9] S. Lin, A note on 1-sequence-covering mappings, Chinese Adv. Math. 34 (2005) 473–476 (in Chinese).

8 Ying Ge

[10] S. Lin and P. Yan, Sequence-covering maps of metric spaces, Topology Appl. 109 (2001), 301–314.

[11] F. Siwiec, On defining a space by a weak base, Pacific J. Math. 52 (1974), 233–245. [12] Y. Tanaka, Closed maps and sym spaces, Questions Answers in Gen. Top. 11 (1993), 215–233. [13] S. Xia, Some characterizations of a class of g-first countable spaces, Chinese Adv. Math. 29 (2000), 61–64 (in Chinese).

(received 21.07.2005, in revised form 18.12.2006)

Department of Mathematics, Suzhou University, Suzhou, 215006, P.R.China E-mail: geying@pub.sz.jsinfo.net