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ON A SYSTEM OF LINEAR THERMOELASTICITY
WITH THE BESSEL OPERATOR

S. Mesloub and S. A. Messaoudi

Abstract. In this paper, we study an initial value problem for a one-dimensional system
of thermoelasticity. Using an a priori bound and a density argument, we prove the existence and
uniqueness of a generalized solution.

1. Introduction

In this paper we are concerned with a coupled system of thermoelasticity of
the form

Liu = uy — %(rur)r +brf, = f(r,t) (1.1)
L20 =0, — f(reT)T + bruge = g(r,t) (1.2)

in the bounded domain
Q=0x0,T)={(rt):0<r<1, 0<t<T},

where u is the displacement, 6 is the difference absolute temperature, f is an
external force, g is a heat supply, and a, b, > are positive constants. This system
can be regarded as a model for the radially symmetric deformation and temperature
distribution in the unit disk.

For b = 0, system (1.1), (1.2) decouples and we obtain two independent equa-
tions; namely the hyperbolic wave equation and the parabolic heat equation “with
the Bessel operator”. Both equations have been extensively investigated and sev-
eral results concerning existence, uniqueness, and well-posedness have been estab-
lished. For the parabolic case we mention here Cannon [3], Bouziani [2], Ionkin [5],
Kamynin [6], P. Shi [15], Yurchuk [18], Mesloub [8], Mesloub and Bouziani [9], [10],
[11], Kartynik [7]. For the hyperbolic case, we mention Mesloub and Bouziani [12],
[13], Muravei and Philinovskii [14], Pulkina [16], [17] and Beilin [1].
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We supplement (1.1), (1.2) with the initial conditions

lru = u(r,0) = up(r), 0<r<l1
lou = u(1,0) = uy (1), 0<r<l1
U360 = 0(r,0) = (1), 0<r<l1
and the one-point boundary conditions
u(1,t) =0, 0<t<T
0(1,t) =0, 0<t<T,

where the data functions satisfy, for compatibility,
up(1) = u1 (1) = 09(1) = 0. (1.8)

Based on an a priori bound and on the density of the range of the operator
generated by the problem in consideration, we prove the existence, uniqueness and
the continuous dependence on the data of the strong solution of problem (1.1)-
(1.7). We should note here that for the best of our knowledge, system (1.1), (1.2)
has never been treated using this approach.

2. Functions spaces

Let L2(Q) be the weighted L?(Q) Hilbert space of square integrable functions
on @ with scalar product

(u, 9)Lg(Q) = / ruf dr dt,
Q

and with the associated finite norm
2 _ 2
||“||Lg(Q) = /Qru dr dt,

and I/V21p1 be the weighted Hilbert space consisting of the elements u of L%(Q)

having first order generalized derivatives square summable on Q. W21p1 is equipped
with the scalar product

(0w q) = (W, 0)12(Q) + (ur,0r)12(Q) + (s, 01) L2 ()
and the associated norm is
2 2 2 2
ol 2@y = lull3acg) + e 22 gy + Il z -

We also use the weighted spaces on 2, such as L2(Q2) and Wy ,(€2), whose definitions
are analogous to the spaces on Q.

3. Reformulation of the problem

We reformulate problem (1.1)-(1.7) as the problem of solving the operator
equation

AU =H, (3.1)
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where U, AU and H are respectively the pairs:
U = (u,0), (3.2)
AU = (Lyu, L29),

and
H = (H,, Ha). (3.4)
The right-hand sides of (3.3) and (3.4) are respectively defined by
Liu={Lyu,lyu,bou},  Lob ={L20,(50}, (3.5)
and
Hi={fuw,u}, H2={g,00}. (3.6)

The operator A is considered from a space B = B X By into the space H = Hy x Ho,
where B is a Banach space consisting of all functions (u,6) € (L2(Q))? satisfying
conditions (1.6)—(1.7) and having the finite norm

U5 = Jup (||U(-a7')\|?/v§;;(n) + H9(~7T)||2Lg(m) + ||9rH%g(Q) (3.7)
and H = Hy x Hy is the completion of the Hilbert space
{L2(Q) x W3 () x L2(Q)} x {L2(Q) x L2()} with respect to the norm
2 2 2 2 2 2
Hle = 112 ) + luollvg ) + lurllzz @) + 19122 q) + [1€0llL2) - (3:8)
Let D(L), be the domain of definition of the operator A, defined by:
D(A) = {(uae) € (Li(Q))z/ ug, O, e, Up, Or, Upr, Opr, gy, O € Lf)(Q)},
satisfying conditions (1.6)—(1.7).

4. Uniqueness of the solution

THEOREM 4.1. For any function U = (u,0) € D(A), there exists a positive
constant C' independent of U, such that

1Ullp < ClAU g - (4.1)

Proof. Consider the scalar products:
(ut, Lru)r2ry and (0, L20)12(q), (4.2)
where Q7 = (0,7) x . We have from (4.2)
(ue, wee) r2(Qry — al(rur)r, we)) r2(qr) + (0, 0¢) 12(07)
= 72((r0r)r,0)) L2(07) + b(rur, H)Lg(QT) + b(ruy, QT)L%(QT)
= (ut, L1u))2(Q) + (0, L20)12(qr)-  (4.3)
Using conditions (1.3)0-(1.7), we can evaluate the first five terms on the left-hand
side of (4.3) as follows

1 2 1 2
(Ut’utt)L,%(QT) 9 ||Ut(7'a7')HLg(Q) ) HulHLg(Q) ) (4.4)
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2
a 2 Oug

7a((rur)raut))L2(Q") - 5 Hur(f"a’r)HLg(Q) - 5 W ) » (45)

L3()

2 1 2
(0. 0)r20m) = 5 ||9(7“> Tzz0) = 5 100lz2(q) » (4.6)
—((r0r)r,0)) 2@ = %||9 IZ2(Qm) (4.7)
(rurt, )L%(Q y = —b(rut,ﬂ )L L2(QT) — 2b(ut,9)Lg(Qf). (4.8)
Substitution of equahtles (4.4)—(4.8) into (4.3), yields

a 2 2 1 2 2
3 [Jur (7, T)||Lg(9) +5 Hut(r, T>||L2(Q +5 \|9(7"7 Tz + 2100 L2om)
8uo

or L2(2)
+ 2b(ut, Q)L%(QT) + (ut, Elu))Lg(QT) + (9, ,CQ@)L%(QT). (4.9)

2
HU1HL2(Q + 2 5 + 5 [0ollz20)

Using Cauchy-Schwarz inequality, we estimate the last three terms in the right-hand
side of (4.9) as follows

2b(ut, 0) 12(Qr) < b||9||ig(Qf) +b Hut”i%(Qf) . (4.10)
1 1

(ue, L1u))r20m) < 5 ||ut||i§(QT) t3 ||‘C1u||i%(Qf) ; (4.11)
1 1

(0,L20)2(qm) < 3 ||9Hig(QT) T3 H£29||2L§(Qr) : (412)

Combining (in)equalities (4.9)—(4.12), we obtain

a 2 1 2 1 2 2
5 [ur(r, T)llz @) + 5 llue(r, T)||L2(Q + 5 100, )Lz 0y + %ngHLg(Qr)

Do |*
or

1
<3 HU1HL2(Q +5 5

H9o||Lz @ 0+ 5 )IIUtlle Q)
LZ(Q)

1 2
+(b+ ) 161Z20m) + 5 ||'C20||L2(Q 5 ILvullpsory - (4.13)
It is easy to check that
1 2 1 2
3 lulr )L @) = ||Uo||L2(Q) +35 ||UHL2(Q 5 l1uellzory - (4.14)
If we sum side to side (4.13) and (4.14), we get
2 2 2
[[r- (s T2 ) + e (s T2 ) + Nl T2 ) + 1607, T)||ig(ﬂ) + ||9rHig(QT)
2 2 2 2
<c (||U1HL§(Q) + 1100l z2() + lluollwy ) + 1£201 L2 qr
2 2 2 2
+ ||£1U||Lg(QT) + ||U||L5(QT) + ||ut||L%(QT) + ||0HL?)(QT)) , (4.15)
where

max(a, 2b + 2)
min(a, 1,25)
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Applying Gronwall’s inequality [4] to (4.15), we obtain
2 2 2
[[u(r, T)szl;pl(g) +[16(r, T)||Lg(9) + ||9THL§(QT)
c 2 2 2 2 2
< ce” (||U1||Lg(9) + 100l 2() + llwollwy @) + IflZ2@r) + HQHLg(QT)) . (4.16)

Replacing the left-hand side of (4.16) by its upper bound with respect to 7 over
(0,T), gives the desired estimate (4.1), with C = \/cexp(<). m

It can be proved in a standard way that the operator A: B = By x By — H =
Hy x Hy is closable. Let A be its closure.

PROPOSITION 4.2. The operator A: B — H has a closure.

Proof. The proof can be established in a similar way as in [12]. m

These are some consequences of Theorem 4.1.

COROLLARY 4.3. There exists a positive constant C' such that

IU|lz < CJAU||,, YU € D(A). (4.17)
Inequality (4.17) leads to the following results:

COROLLARY 4.4. A strong solution of (1.1)-(1.7) is unique and depends con-
tinuously on H = (H,, Hz2) € H, where Hy = {f,uo,u1} and Ha = {g,60}.

COROLLARY 4.5. The range R(A) of A is closed in H and R(A) = R(A).

This last corollary shows that in order to prove that problem (1.1)—(1.7) has a
strong solution for arbitrary (H,,H2) € H, it is sufficient to prove that the range
of A is dense in H; that is R(A) = H.

5. Solvability of the problem

PROPOSITION 5.1. If, for some function W = (w1, w2) € (L3(Q))* and for all
elements U € Do(A) = {U/U € D(A) : lyu = lou = {30 = 0}, we have

(Llu,wl)L%(Q) + (ﬁge,’wg)Lg(Q) =0, (5.1)

then W wvanishes almost everywhere in Q.

Proof. Since relation (5.1) holds for any element of Dy(A), we then take an
element U = (u, ) with a special form given by

(0,0), 0<t<s
- { (A = Vtgr dr, [10,d7), s<t<T (5:2)
such that (ug,0;) is a solution of the system
{ ruy = E1(r,t), (5.3)
r0; = Eq(r,t), '
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where Fy(r,t) = fT

. wi(r,7)dr, and Es(r,t) = ftT wa(r, 7)dr. Tt is clear that

W1 = —TUtt
A4
{U}Q = —7“915,5. (5 )
By virtue of relations (5.2) and (5.3), the function U = (u,6) € (L2(Q))*. In fact
U possesses a higher order of smoothness.
Using lemma 3.2 of [11], the function W = (w1, ws) represented by (5.4) is in
(L3(@))
Replacing the functions w; and we given by (5.4) in the relation (5.1), we
obtain
- (Utt7 Uttt)Lg(Q) + a(uttta (Tur)r)m(Q) - b(rer, Uttt)L/Z)(Q)
— (Qt, ett)L%(Q) + %(0tt7 (Ter)r)LQ(Q) — b(T@tt, utr)Lg(Q) =0. (55)

Taking into account the special form of U given by (5.2) and (5.3), using conditions
(1.6)—(1.7), and integrating by parts each term of (5.5), gives

—(ue, uee) 12(Q) = % Hutt(ns)llig(m, (5.6)
alues (rur),) 1) = 5 Iwre(r, 1) 120y (5.7)
—b(r0,, Uttt)Lf,(Q) = b(r0,+, Utt)Lg(Q)v (5.8)
(B b)) = 5 100, ) 230y (5.9)

(O, (r6:)r) 120 = # 10220, (5.10)
—=b(rOse, uer) 12(Q) = —0(rbre, uet) 12(q.) — 25(9t7utt)L,%(Qs) (5.11)

Combining equalities (5.5)—(5.11), we get
1 a
16 (r, 3)||2L/2;(Q) T3 ([ wee (7, S)Hi/%(ﬂ) T3 ([wre(r, T)”i%(ﬂ) + HortHig(Qs)
= 2b(9t,utt)Lg(Q5), (512)

where Qs = Q X [s, T]. By using Cauchy-Schwarz inequality and discarding the two
last terms of the left-hand side of (5.12), we obtain

2 2
16:(rs )12 () + llwse (7, 8) 12 0

T /4l 1
< 2b/ (/ r0Z(r,t) dr —|—/ ru?, (r,t) dr) dt. (5.13)
s 0 0

From (5.13), it follows that

d { o [T 12 Lo
Rk i ; ré; (r,t) dr + ; rug(r t)dr ) dt » <O0. (5.14)

Integrating (5.14) over [s,T] and using the fact that

T 1 1
/ </ r0Z(r,t) dr + / ruZ, (r,t) dr> dt |s—7= 0,
s 0 0

1
2
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it follows that

T 41 T 41
e2bs (/ / r0Z(r,t) dr dt +/ / ruz,(r,t) dr dt) <0. (5.15)
s 0 s 0

Hence, we deduce from (5.15) that W = (wy, w2) = (0, 0) almost everywhere in Q.
Proceeding in this way step by step, we prove that W = 0 almost everywhere in

Q. m
We now prove the following theorem which gives the existence of a strong
solution of problem (1.1)—(1.7).

THEOREM 5.2. For any (f,g) € (L3(Q))* and any ug € W3 (), uy € L3(Q),

Oy € Li(Q), there exists a unique strong solution U = A ' = ATy of the
problem (1.1)-(1.7), where H= (H,,H2) € H, H1 = {f,uo, w1}, Ho = {9,600},
U= (u,0) and

IUllg <ClAUly

for a positive constant C, independent of U.

Proof. 1t is sufficient to prove that the range R(A) of Ais densein H = Hy X Hs.
Suppose that for some ¥ = (G1,G2) = ({wi,ws,ws},{wa, ws}) € H, the
orthogonal of R(A), so that
(AU, )z = ({L1u, L20} ,{G1,G2})
= ({(L1u, bru, bou), (L20,030), ({wr, w3, wa}, {wa, ws})}) 4
= (L1u, w1)r2(Q) + (Lru, ws)wi (o) + (b2, wa) r2(0)

+ (L£20, wQ)Lg(Q) + (539,w5)L’23(Q) =0. (5.16)
We must show that ¥ = 0. Putting U € Dy(A) in (5.16), we get
(Elu,w1)L5(Q) + (L£20, w2)L%(Q) =0, YU € D(A). (5.17)

Hence proposition 5.1 implies that w; = we = 0.
The relation (5.17), implies that

(Cru, w3)wi(a) + (Cou, wa)r2 () + (€30, ws) r2(0) =0, (5.18)
for all U € D(A).

Since the three quantities in (5.18) vanish independently and since the ranges
of the trace operators ¢, ¢5, and {3 are respectively everywhere dense in the spaces
Wy ,(€), L2(Q), and L2(Q), therefore it follows, from (5.18), that w3 = wy = ws =

0. Hence R(A)=H. =
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