� � 54 (2002), 187–194

UDK 517.982.4 � � � research paper

A SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS WITH FRACTIONAL DERIVATIVES

B. Stanković

Abstract. A subspace D^′_∗(P ) of the space of distributions has been analized and the Laplace transform of their elements applied to solve, in a prescribed domain, the system of linear partial differential equations with fractional derivatives, as well. To this system belongs a mathematical model of a visco elastic rod submited to the axial force of the form F (t) = B + Aθ(t − t_0 ), where A and B are constants and θ is the Heaviside functions.

1. Introduction

Laplace transform (in short LT) of numerical functions has been elaborated as a powerful mathematical theory very useful in solving mathematical models (cf. [3]). However it has been belived that LT has two important shortcomings. First, application of the Laplace transform call for some growth conditions of the elements to which it is applied. Secondly, there is no simple characterisation of the functions which are LT-s of the numerical functions, property important for the applications. The situation with the LT of generalizedfunctions was similar (cf. [14], [15]).

Recently H. Komatsu [8], [9] overcame successfuly the all shortcomings of the mentioned LT-s defining the LT of hyperfunctions in one dimensional case. Notions of the Laplace hyperfunctions and hiperfunctions belong to an abstract mathematical theory, therefore it can not easily be accepted by people working in applications. In [13] one can find elaborated a theory the LT of a subspace D^′_∗(P ) of the space of distributions. In this paper we use this theory to solve a system of partial differential equations with fractional derivatives, which is a mathematical model of a viscoelastic rod, and a coefficient of which is the discontinuous function of the form B + Aθ(t − t_0).

2. A method of solutions of mathematical models

We recall some definitions and facts from [13] adapted to the need of forthcoming equations.

AMS Subject Classification: 46 F 99, 26 A 33, 73 C 99 Communicated at the 5th International Symposium on Mathematical Analysis and its Applications, Niška banja, Yugoslavia, October, 2–6, 2002. 187

2.1. LT of tempered distributions By S^′(R) is denoted the space of tempered distributions and by S^′_+ = {T ∈ S^′(R); T |_{(−∞,0)} = 0}, (T |_{(−∞,0)} is the restriction of T on (−∞, 0)). The LT of an element f ∈ S^′_+ is defined by ^f(z) = L(f)(z) = ⟨f(t), e^{−zt}⟩, z ∈ R_+ + iR. (2.1) For the properties of so defined LT one can consult [14] and [15].

Let H^{(α,β)}(R_+ ), α, β ∈ R_+, denote the set of holomorphic functions f on R_+ + iR which satisfy the following growth condition |f(z)| ≤ M(1 + |z|^2)^{α/2}(1 + x^{−β} ), z = x + iy ∈ R_+ + iR. We set H(R_+ ) = ⋃ α≥0,β≥0 H (α,β)(R + ). Then we have the following:

Proposition A. Algebras H(R_+ ) and S_+ are isomorphic. This isomorphism is realized by the LT.

If σ ≥ 0, f ∈ S_+ and g = e^{σt}f(t), then L(g)(s) = ⟨f(t), e^{(s−σ)t}⟩, Re s > σ. Let F (s) be a holomorphic function for Re s > ω. The function F (ζ + ω) is holomorphic for Re ζ > 0. If F (ζ + ω) ∈ H(R_+ ), then there exists f ∈ S^′_+) such that L(e^{ωt}f)(s) = F (s). (2.2)

2.2. Space D^′_ω (I) Let A be the vector space, subspace of e^{ωt}S^′_+: A = {T ∈ e^{ωt}S^′(R); T |_{(−∞,b)} = 0}. (2.3) In e^{ωt}S^′_+ we define an equivalence relation: f ∼ g ⇐⇒ f − g ∈ A. Let B denote B = e^{ωt}S^′_+/A, (2.4) then b ∈ B ⇐⇒ b = class(T ) ≡ cl(T ), where T ∈ e^{ωt}S^′_+. Definition 1. Let I = [a, b), a ≥ 0, b < ∞, a < b. D^′_ω(I) is a subspace of e^{ωt}D^′((−∞, b)), D^′_ω(I) = {T ∈ e^{ωt}D^′((−∞, b)); ∃T^0 ∈ e^{ωt}S^′_+, T^0|_{(−∞,b)} = T }. (2.5) It is eaily seen that a distribution defined by e^{ωt}f(t), f(t) = 0, t < 0 and f(t) ⊂ L_{loc}([0, b)) belong to D^′_ω(I).

Definition 2. The LT of f ∈ D^′(I)_ω is defined by L(D^′(I)) = L(e^{ωt}S^′_+)/L(A). (2.6) Hence, if f ∈ D^′_ω(I), then L(f) = cl(L(f^0)), where f^0 ∈ e^{ωt}S^′_+, f^0|_{(−∞,b)} = f. (2.7) Let f ∈ C^{(p)}((−∞, b)), p ∈ N_0 = N ∪ {0}; H be a function such that H(x) = 0, x ∈ (−∞, a); H(x) = 1, x ∈ [a, b). Let [Hf] denote the regular distribution defined by Hf, [Hf] ∈ D^′_∗(I). By [f^a_{(p)}], p ∈ N, we denote the distribution defined by the function f^{(p)}_a ; f^{(p)}_a (x) = f^{(p)}(x), x ∈ (a, b), f^{(p)}_a (x) = 0, x ∈ (−∞, a) and is not defined for x = a. Then

D^p[Hf] = [f^{(p)}_a ] + f^{(p−1)}(a)δ(x − a) + · · · + f(a)δ^{(p−1)}(x − a) = [f^{(p)}_a ] + R_p(f) = [H_af^{(p)}] + R_p(f) = [Hf^{(p)}] + R_p(f),

(2.8)

where D^p[Hf] is the derivative of order p in the sense of distributions.

For f^{(α)}, 0 < α < 1, [ f^{(α)}_a ] = 1 Γ(1 − α) D[(H_af) ∗ (θ(τ)τ^{−α} )] − 1 Γ(1 − α) lim_{t→a+} ∫_t a f(t − τ) τ^α dτ δ(t − a), (2.9) where θ is the Heviside function. If f = O(t^{−(β−α)}), t → 0, 0 < α < β < 1, then lim_{t→a+} ∫_t a f(t − τ) τ^α dτ = 0. (2.10)

3. Solutions of a mathematical model

3.1. Mathematical model of lateral vibration of a visco-elastic rod Consider a rod BC of length l = 1 simply supported at both ends as shown in Fig. 1. The axis of the rod is initially straight. At the end C the rod is loaded by a compressive forc F that is function of time t and whose action line coincides with the rod axis in the undeformed (initial) state.

Fig. 1. Coordinate system and local configuration

If we consider the planar motion with the force F = B + Aθ(t − t_0), t_0 > 0, (θ is Heaviside’s function), then the following system ∂^2m ∂ξ^2 + λ ∂^2u ∂ξ^2 + ∂^2u ∂t^2 = 0;

∂^2u ∂ξ^2 + μ_1 D^α_t

∂^2u ∂ξ^2 + μ_2D^β_t

∂^2u ∂ξ^2 = m + μ D^α_t m, (3.1)

0 < t, 0 < ξ < 1, with the boundary conditions:

m(0, t) = 0; m(1, t) = 0; u(0, t) = 0, u(1, t) = 0, t ≥ 0, (3.2) and λ = B + Aθ(t − t_0) is the mathematical model of this motion (cf. [1]). Similar models one can find in [2], [6], [7], [10], [11].

In [1] system (3.1), (3.2) has been treated but for λ = B + Aδ(t − t_0), where δ is Dirac’s distribution. Here we will consider a system some more general than system (3.1) ∂^2m ∂ξ^2 + λ ∂^2u ∂ξ^2 + ∂^2u ∂t^2 = g(t) sin k π ξ , k ∈ N, ∂^2u ∂ξ^2 + μ_1 D^α_t

∂^2u ∂ξ^2 + μ_2D^β_t

∂^2u ∂ξ^2 = m + μ D^α_t m, (3.1’)

0 < t, 0 < ξ < 1, with the same boundary conditions (3.2), where g ∈ C([0, ∞)) and without any growth condition. In case g = 0 system (3.1’) becomes (3.1).

Let us remark that in system (3.1’) we have a coefficient which is a discontinuous function with a discontinuity in t = t_0 > 0. Therefore, we shall construct a solution for the domain D_1 = {(ξ, t); 0 < ξ < 1, 0 < t < t_0} with boundary conditions (3.2) and initial conditions in t = 0 and then for the domain D_2 = {(ξ, t); 0 < ξ < 1, t_0 < t} using the method presented in part 2.

3.2. Separation of variables Let us suppose that the solutions of the system (3.1’), (3.2) have the from m(ξ, t) = M(ξ)V (t), u(ξ, t) = U(ξ)T (t). (3.3) It is easily seen that for M and U which satisfy boundary condition (3.2) we have for every k ∈ N a solution:

M_k(ξ) = C_k sin k π ξ; U_k(ξ) = C_k sin k π ξ, k ∈ N. (3.4) To find the corresponding values T_k and V_k we have to solve the system: T^{(2)}_k (t) − λ(kπ)^2T_k(t) − (kπ)^2V_k(t) = g(t) V_k(t) + V^{(α)}_k (t) + (kπ)^2T_k(t) + +μ_1(kπ)^2T^{(α)}_k + μ_2(kπ)^2T^{(β)}_k (t) = 0, 0 < t. (3.5) 3.3. Localization of the solution The defined domain D_1 calls for the analysis of system (3.5) in the interval (0, t_0) with initial condition in t = 0. In this case λ = B, where B is a constant. By the results in [1], where system (3.5) has been treated by the same method, the solution to system (3.5) is

T_k(t) = T_k(0)(μF_{α+1}(t) + F_1(t))

+ T^{(1)}_k (0)(μF_α(t) + F_0(t)) + ((μF_α + F_0) ∗ g)(t) (3.6) V_k(t) = −(kπ)^2{T_k(0)[μ_2F_{1+β} (t) + μ_1F_{1+α}(t) + F_1(t)] + T^{(1)}_k (0)[μ_1F_α(t) + μ_2F_β (t) + F_0(t)] + ((μ_1F_α + μ_2F_β + F_0) ∗ g)(t)}, 0 < t < t_0, (3.7) where F_p(t) = L^{−1}(s^p/Δ_{k0}(s))(t), (3.8) Δ_{k0}(s) = μs^{2+α} + s^2 + (kπ)^2(μ_1(kπ)^2 − Bμ)s^α + (kπ)^4μ_2s^β + (kπ)^2((kπ)^2 − B) = μs^{2+α} + s^2 + as^α + bs^β + d. (3.9)

With regard to domain D_2 we have to find a solution to system 3.(5) but in the interval (t_0, b) for any b > t_0, and λ = B + A. The mode of proceedings is the following: First we have to localize the supposed solution to (3.5) on the interval (t_0, b). Then we suppose that there exists a solution T_k, V_k to (3.5) such that H_{t0} T_k ∈ C^1([t_0, b)), (H_{t0} T_k)^{(2)} ∈ L^1([t_0, b)); V_k ∈ C((t_0, b)) ∩ L^1([t_0, b)).

By (2.8) and (2.9) to (3.5), on the interval [t_0, b), it corresponds in D^′_∗([t_0, b)) D^2[H_{t0} T_k] − (A + B)(kπ)^2[H_{t0} T_k] − (kπ)^2[H_{t0} V_k] = T_k(t_0)D^1δ(t − t_0) + T^{(1)}_k (t_0)δ(t − t_0) + [H_{t0} g] [H_{t0} V_k] + μD^α[H_{t0} V_k] + (kπ)^2[H_{t0} T_k] + μ_1(kπ)^2D^α[H_{t0} T_k] + μ_2(kπ)^2D^β [H_{t0} T_k] = 0.

(3.10)

Let T^0_k ∈ e^{ωt}S^′(R_+ + [t_0, b)) such that T^0_k |_{(−∞,b)} = H_{t0} T_k, V^0_k ∈ e^{ωt}S^′(R_+ + [t_0, b)) such that V^0_k |_{(−∞,b)} = H_{t0} V_k and g^0 ∈ e^{ωt}S^′(R_+ +[t_0, b)), g_0|_{(−∞,b)} = H_{t0} g. Applying to (3.10) the defined LT, we get

(s^2 − (A + B)(kπ)^2) ^T^0_k (s) − (kπ)^2 ^V^0_k (s) = T_k(t_0)se^{−t0s} + T^{(1)}_k (t_0)e^{−t0s} + ^g^0(s) + ^r_1(s), (1 + μs^α) ^V^0_k (s) + (kπ)^2(1 + μ_1s^α + μ_2s^β ) ^T^0_k (s) = ^r_2(s).

(3.11)

where r_1 and r_2 ∈ A. By ^T^0_k is denoted the LT of T^0_k .

When we solve this system in ^T^0_k , ^V^0_k and use the inverse LT, we get (H_{t0} T_k)(t) = T_k(t_0)θ(t − t_0)(μG_{α+1}(t − t_0) + G_1(t − t_0))+ + T^{(1)}_k (t_0)θ(t − t_0)(μG_α(t − t_0) + G_0(t − t_0)) + +((μG_α + G_0) ∗ H_{t0} g)(t), (3.12)

(H_{t0} V_k) = −(kπ)^2{T_k(t_0)θ(t − t_0)[μ_2G_{1+β} (t − t_0) + μ_1G_{α+1}(t − t_0) + G_1(t − t_0)]+ + T^{(1)}_k (t_0)θ(t − t_0)[μ_1G_α(t − t_0) + μ_2G_β (t − t_0) + G_0(t − t_0)] + [(μ_1G_α + μ_2G_β + G_0) ∗ (H_{t0} g)](t)}, t_0 < t < b, (3.13) where G_p(t) = L^{−1}(s^p/Δ^′_{k0}), Δ^′_{k0} equals Δ_{k0} in which instead of B we have A+B. Therefore, we can use the properties of solution (3.6), (3.7) to system (3.5) (cf. [1]) taking into account that we have A + B instead of B.

3.4. Global solution Now we have a solution for the domain D_1, given by (3.6), (3.7) and a solution for the domain D_2, given by (3.12), (3.13). It is easily observe that not only solutions (3.6), (3.7) and (3.12), (3.13) have the same structure but also the solution in [1] for λ = B which has the form of solution (3.6), (3.7) but for 0 < t < b, where b is any positive number. Therefore, we can use the results contained in [1]. In this way we know that T_k and V_k , given by (3.6), (3.7) and (3.12), (3.13) but in case g = 0, have the following properties which do not depend on the value of B:

1. T_k ∈ C^2((0, t_0]) ∩ C^1([0, t_0]), T^{(2)}_k ∈ L^1([0, t_0]) ∩ C((0, t_0]), T^{(2)}_k (t) is not bounded at t = 0 and V_k ∈ L^1([0, t_0]) ∩ C((0, t_0]), V_k (t) is not bounded at t = 0. If additionally T_k(0) = 0, then T_k ∈ C^2([0, t_0]) and V_k ∈ C([0, t_0]), V_k(0) = 0, V^{(1)}_k ∈ L^1([0, t_0]) ∩ C((0, t_0]) and V^{(1)}_k (t) is not bounded at t = 0.

2. T_k ∈ C^2((t_0, b)) ∩ C^1([t_0, b)), T^{(2)}_k ∈ L^1([t_0, b)) ∩ C((t_0, b)) and V_k ∈ L^1([t_0, b)) ∩ C((t_0, b)). V_k is not bounded at t = t_0. If T_k(0) = 0, then T_k ∈ C^{(2)}([t_0, b)) and V^{(1)}_k ∈ L^1([t_0, b)) ∩ C((t_0, b)) for every b > 0; V^{(1)}_k (t) is not bounded at t = t_0.

3. If t → 0^+, then: T_k(t) → T_{k0}, T^{(1)}_k (t) → T^1_{k0} , V_k(t) ∼ t^{−(β−α)} and T^{(2)}_k (t) is also not bounded.

We add a property more:

4. If T_{k0} = 0, then lim_{t→0}+ T^{(2)}_k (t) = 0. Let us prove it.

In this case T^0_k and V^0_k which correspond to T_k = T^0_k |_{(−∞,b)} and V_k = V^0_k |_{(−∞,b)}, respectively, are T^0_k (t) = T^1_{k0}(μF_α(t) + F_0(t)) (3.14) V^0_k (t) = T^1_{k0}(μ_1F_α(t) + μ_2F_β (t) + F_0(t)). (3.15) Hence, by LT we get

^T^0_k (s) = T^1_{k0}(μf_α(s) + f_0(s)), ^V^0_k (s) = T^1_{k0}(μ_1f_α(s) + μ_2f_β(s) + f_0(s)).

Let us consider the function f(s) = s^2 ^T^0_k (s) − T^1_{k0} = s^2( ^T^0_k (s) − T^1_{k0}/s^2) = T^1_{k0}s^2(μs^α/Δ_{k0}(s) + 1/Δ_{k0}(s) − 1/s^2) = −T^1_{k0}(af_α(s) + bf_β(s) + df_0(s)) = −T^1_{k0}L(aF_α(t) + bF_β (t) + dF_0(t))(s).

It follows that there exists continuous function F (t), t ≥ 0, F (t) = −T^1_{k0}(aF_α(t) + bF_β (t) + dF_0(t)), t ≥ 0, such that L(F )(s) = s^2(L(T^0_k )(s) − T^1_{k0}/s^2).

Let G(t) denote the function G(t) = ∫_t 0 dτ ∫_τ 0 F (u)du, t ≥ 0. Then by [3, I, Kap. 2, §12, Satz 5] L(G)(s) = ^T^0_k − T^1_{k0}/s^2. Since G ∈ C^2([0, ∞)), G(0) = 0, G^{(1)}(0) = 0 and since by (9) T^0_k (t) = G(t) + T^1_{k0}t, t ≥ 0, it is easily seen that T^0_k ∈ C^2([0, ∞)), as well and T^0_k (0) = 0, (T^0_k )^{(1)}(0) = T^1_{k0}, (T^0_k )^{(2)}(t) = G^{(2)}(t) = F (t). By the properties of F_p(t) (cf. [1]) lim_{t→0}+ (T^0_k )^{(2)}(t) = 0. T_k = T^0_k |_{[0,b)} has the same properties as T^0_k . Namely, we proved that T_k ∈ C^2([0, b)).

We need some propertes more in case g ≠ 0. 5. The function

Z(t) = ((μF_α + F_0) ∗ g)(t) = ∫_t 0 (μF_α(t − τ) + F_0(t − τ))g(τ) dτ has the following properties which follows from the properties of F_p:

Z^′(t) = ∫_t 0 (μF_{α+1}(t − τ) + F_0(t − τ)g(τ) dτ ∈ C([0, b)) for every b > 0. Also Z^′(t) → 0, t → 0. Consequently Z(t) ∈ C^1([0, b)) and Z(t) → 0, Z^′(t) → 0, t → 0. The properties of the function U(t) = ((μF_α + F_0) ∗ H_{t0} g)(t) can be deduced from the properties of Z(t). Let us do it.

((μF_α + F_0) ∗ H_{t0} g)(t) = ∫_t t_0

(μF_α(t − τ) + F_0(t − τ))(H_{t0} g)(τ) dτ = ∫_{t−t0} 0 (μF_α(t − u − τ_0) + F_0(t − u − t_0)(H_{t0} g)(u + t_0) du = ∫_x 0 μF_α(x − u) + F_0(x − u)(H_{t0} g)(u + t_0) du,

where x = t − t_0.

It follows from the properties of Z(t) that u(t) = ((μF_α + F_0) ∗ H_{t0} g) ∈ C^1([t_0, b)), and that U(t) → 0, U^{(1)}(t) → 0, t → t_0+ . Taking into account these cited properties we extend solution (3.6), (3.7) continuously to the whole (0, b), b > t_0, and also its derivatives, if it is possible. Let us start with T_k. We know that there exist lim_{t→t0 −} T_k(t) = T_{kt0} and lim_{t→t0−} T^{(1)}_k = T^1_{kt0} . We define T_k(t_0) and T^{(1)}_k (t_0) so that T_k(t_0) = T_{kt0} and T^{(1)}_k (t_0) = T^1_{kt0} . Then by (3.12) it follows lim_{t→t0+} T_k(t) = T_k(t_0) and lim_{t→t0+} T^{(1)}_k (t) = T^{(1)}_k (t_0). Consequently T_k ∈ C^1([0, b)), b > t_0. Since lim_{t→0}+ T^{(2)}_k (t) is not bounded, lim_{t→t0 +} T^{(2)}_k (t) is not bounded, as well. Thus T^{(2)}_k (t) is not bounded at t = t_0.

Consequently, the extended solution (3.6) to (0, b), b > t_0, is a solution in the generalized sense.

If T_k(0) = 0, and g = 0 then lim_{t→0}+ T^{(2)}_k (t) = 0 and the solution (3.6) can be extended as a classical solution to (0, b), b > t_0.

With regard to V_k(t), V_k (t) ∼ T_k(t)(t_0)μ_2t^{−(β−α)}, t → 0^+. Then there exists V^{(α)}_k (t), t ≥ 0 and V_k(t) ∈ L^1([0, b)), b > t_0, is a classical solution.

4. Some remarks in the case g = 0

4.1. Stability of solutions We know (cf. [1]) that system (3.5), for λ = B, k_0 ∈ N and B > (k_0π)^2 has solutions which are not stable. But if B = (k_0π)^2, these solutions are stable. We can use this fact in the following way: If the rod at its end is loaded by the constant compressive force F = B and the state is not stable, we can always, in a moment t = t_0 change the force F_2 by an A such that for t ≥ t_0 the rod is loaded by A + B = (kπ)^2 which leads to a stable state.

4.2. A new solution to (3.1), (3.2) We can construct a new solution to (3.1), (3.2) by the sinus series (cf. [6]): u(ξ, t) =^∞ ∑ k=1 c_kT_k(t) sin kπξ, m(ξ, t) =^∞ ∑ k=1 c_kT_k(t) sin kπξ (4.1)

194 B. Stanković

Since c_k, k ∈ N, are arbitrary constants, we can always give to c_k, k ∈ N, such values that the first series (4.1) converges in [a, b], 0 < a < b < ∞ and if T_k(0) = 0, k ∈ N, then it converges in [0, b], 0 < b < ∞. With regard to the second series, c_k, k ∈ N, can be defined such that the series and its first derivative converge in [0,b], 0 < b < ∞ and the second derivative converge in [a, b], 0 < a < b < ∞. But if T_k(0) = 0, then a can be sero, as well.

4.3. More complex force F If the force F is more complex,

F (t) = B +^n ∑ i=1 A_iθ(t − t_i), 0 < t_1 < · · · < t_n, the procedure can be repeated for every interval [t_i, t_{i+1}).

REFERENCES

[1] T.M. Atancković and B. Stanković, On a viscoelastic rod with constitutive equation containing frectional derivatives of two different orders, preprint.

[2] T.M. Atanacković and B. Stanković, Dynamics of a viscoelastic rod of fractional derivative type, Z.Angew. Math. Mech. (ZAMM), 82 (2002), 377–386.

[3] G. Doctsch, Haudbuche der Laplace-Transformation, I–III, Basel-Stuttgart, 1950–1956. [4] R. Gorenflo and F. Mainardi, Fractional calculus: Integral and differential equations of fractional order, pp. 273–276 in: Fractional Calculus in Continuum Mechancs, Springer, Wien, 1997.

[5] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999. [6] Li Gen-guo, Zhu Zheng-you and Cheng Chang-jun, Dynamical stability of viscoelastic column with fractional derivative constitutive relation, Applied Mathematics and Mechanics, 22 (2001), 294–303.

[7] Yu. Rossikhin and M.V. Chitilova, Analysis of dynamic behavior of viscoelastic rods whose rheological models contain fractional d erivatives of two different orders, ZAMM, 81 (2001), 363–376.

[8] H. Komatsu, Solution of differential equations, by means of Laplace hyperfunctions. Structure of solutions of differential equations, Katata/Kyoto, 1995, World Sci. Publishing, River Edge, NJ (1996), 227–252.

[9] H. Komatsu, Laplace transforms of hyperfunctions—a new foundation of the Heaviside calculus, J. Fac. Sci., Univ. Tokyo, Sec. 1A, 34 (1987), 805–820.

[10] B. Stanković and T.M. Atanacković, On a model of a viscoelastic rod, Fractional Calculus and Applied Analysis, 4, 4 (2001), 502–522.

[11] B.Stanković and T. M. Atanacković, Dynamics of a rod made of generalized Kelvin-Voigt visco-elestic material, J. Math. Anal. Appl., 268, 2 (2002), 550–563.

[12] B. Stanković, Differential equation with fractional derivative and nonconstant coefficients, Integral Trans. and Spec. Functi. 13 (2002), 489–496.

[13] B. Stanković, Solution of mathematical models by localization, Bul. Acad. Serbe Sci. Arts, Cl. Sci. Math. Natur, 27 (2002), 1–17.

[14] V.S. Vladimirov, Generalized Functions in Mathematical Physics, Mir Publishers, Moscow, 1979.

[15] V.S. Vladimirov, Equations of Mathematical Physics, Nauka, Moscow, 1988 (in Russsian).

(received 27.10.2002)