131 (2006) MATHEMATICA BOHEMICA No. 1, 49–61

ON THE ALGEBRA OF A^k-FUNCTIONS

Ulf Backlund, Anders Fällström, Umeå

(Received August 29, 2005)

Abstract. For a domain Ω ⊂ C^n let H(Ω) be the holomorphic functions on Ω and for any k ∈ N let A^k(Ω) = H(Ω) ∩ C^k(Ω). Denote by A^k_D(Ω) the set of functions f : Ω → [0, ∞) with the property that there exists a sequence of functions f_j ∈ A^k(Ω) such that {|f_j |} is a nonincreasing sequence and such that f(z) = lim_{j→∞} |f_j (z)|. By A^k_I (Ω) denote the set of functions f : Ω → (0, ∞) with the property that there exists a sequence of functions f_j ∈ A^k(Ω) such that {|f_j |} is a nondecreasing sequence and such that f(z) = lim_{j→∞} |f_j (z)|.

Let k ∈ N and let Ω_1 and Ω_2 be bounded A^k-domains of holomorphy in C^{m1} and C^{m2} respectively. Let g_1 ∈ A^k_D(Ω_1), g_2 ∈ A^k_I (Ω_1) and h ∈ A^k_D(Ω_2)∩A^k_I (Ω_2). We prove that the domains Ω = {(z, w) ∈ Ω_1 × Ω_2 : g_1(z) < h(w) < g_2(z)} are A^k-domains of holomorphy if int Ω = Ω. We also prove that under certain assumptions they have a Stein neighbourhood basis and are convex with respect to the class of A^k-functions. If these domains in addition have C^1-boundary, then we prove that the A^k-corona problem can be solved. Furthermore we prove two general theorems concerning the projection on C^n of the spectrum of the algebra A^k.

Keywords: A^k-domains of holomorphy, A^k-convexity

MSC 2000 : 32A38

1. Introduction

For a domain Ω in C^n let H(Ω) denote the holomorphic functions on Ω and for any natural number k ∈ N = {0, 1, 2, . . .} let A^k(Ω) denote the set H(Ω) ∩ C^k (Ω). According to the Cartan-Thullen theorem ([3]) a domain Ω in C^n is a domain of holomorphy if and only if it is convex with respect to the holomorphic functions on Ω. This means that domains of holomorphy (which are defined using the ambient

The first author was supported by a grant from the Swedish Research Council (Vetenskapsrådet).

space C^n ) can be characterized by an intrinsic property in terms of convexity conditions with respect to H(Ω). Furthermore the solution of the Levi Problem ([8], [1], [7]) shows that a domain in C^n is a domain of holomorphy if and only if it is locally a domain of holomorphy.

For A^k(Ω) the situation is different. It is not known whether a domain that is locally an A^k-domain of holomorphy is an A^k-domain of holomorphy. This makes it much more difficult to analyse the A^k -situation and few results have been obtained. In general an A^k-domain of holomorphy does not have to be convex with respect to the class of A^k -functions and there are also examples of A^k-convex domains which are not A^k-domains of holomorphy. (See section 3.)

M. Jarnicki and P. Pflug ([6]) have shown that any bounded Reinhardt domain Ω in C^n such that int Ω = Ω is an A^k-domain of holomorphy for any k ∈ N. Moreover it follows from work of D. Catlin ([2]) and M. Hakim and N. Sibony ([5]) that a bounded pseudoconvex domain with C^∞-boundary is an A^k-convex A^k -domain of holomorphy for any 0 � k � ∞.

In this paper we study the algebra of A^k-functions on domains in C^n . First we treat the notion of sequential A^k-convexity. We then introduce a class of domains and we prove in Theorem 4.2, using properties of the spectrum of A^k, that these domains are A^k-domains of holomorphy for every k ∈ N. In section 5 we prove two general theorems (Theorem 5.1 and Theorem 5.3), which are of independent interest, concerning the projection on C^n of the spectrum of A^k. Under certain assumptions we then prove, in Theorem 5.4, that the domains considered in the statement of Theorem 4.2 have a Stein neighbourhood basis and if in addition they have C^1- boundary we use the results obtained to prove that the A^k-corona problem can be solved. In the last section we prove that the domains considered in the statement of Theorem 5.4 are A^k-convex.

2. Preliminaries

We study properties of A^k-domains of holomorphy and A^k-convex domains for k ∈ N. With the norm

‖f‖_{k,Ω} = � α∈N^n,|α|⩽k

sup_{z∈Ω} |D^αf(z)|

A^k(Ω) = H(Ω) ∩ C^k(Ω) is a Banach algebra. The set of nonzero multiplicative complex homomorphisms on A^k(Ω) is called the spectrum of A^k(Ω), when it is equipped with the weak^∗-topology. We denote the spectrum by M^{Ak (Ω)}. For z ∈ Ω the point evalutaion m_z is defined by m_z(f) = f(z) for every f ∈ A^k(Ω). The closure of the domain Ω can then be embedded as a subset Ω_e = {m_z : z ∈ Ω} of M^{Ak (Ω)}.

Definition 2.1. A domain Ω ⊂ C^n is said to be A^k-convex (or convex with respect to the class of A^k-functions) if for every compact subset K of Ω the set

^K_{Ak} = � z ∈ Ω: |f(z)| � sup_{ζ∈K} |f(ζ)| ∀f ∈ A^k(Ω) �

is a compact subset of Ω. The set ^K_Ak is called the A^k-convex hull of K in Ω.

Definition 2.2. A domain Ω ⊂ C^n is said to be an A^k-domain of holomorphy (or a domain of existence for A^k) if there do not exist nonempty open sets Ω_1 and Ω_2 such that (1) Ω_1 ⊂ Ω_2 ∩ Ω (2) Ω_2 is connected and not contained in Ω (3) for every function u ∈ A^k(Ω) there is a function u_2 holomorphic on Ω_2 such that u = u_2 on Ω_1.

For every domain Ω ⊂ C^n there exists a unique A^k-envelope of holomorphy (Ω, Π, C^n ) which is a Riemann domain spread over C^n ([11]).

It is easy to see that the interior of the intersection of any family of A^k-domains of holomorphy is an A^k-domain of holomorphy and that the interior of the intersection of any family of A^k-convex domains is an A^k-convex domain. A bounded pseudoconvex domain with C^∞-boundary is an A^k-convex A^k-domain of holomorphy. This implies that the increasing union of A^k-domains of holomorphy (respectively, A^kconvex domains) does not have to be an A^k-domain of holomorphy (respectively, A^k-convex domain) since an arbitrary pseudoconvex domain can be exhausted by an increasing sequence of bounded pseudoconvex domains with C^∞-boundary.

The following proposition will be used later on:

Proposition 2.3. Let D_1 and D_2 be A^k-domains of holomorphy in C^{m1} and C^{m2} respectively. Then Ω = D_1 × D_2 ⊂ C^{m1 +m2} is an A^k-domain of holomorphy.

Proof. Suppose that Ω is not an A^k-domain of holomorphy. Then there exist open sets Ω_1 and Ω_2 as in Definition 2.2 and since Ω_2 intersects the boundary of Ω it intersects either ∂D_1 × D_2 or D_1 × ∂D_2. In either case there is a function in A^k (Ω) which cannot be continued to Ω_2. □

3. Sequential A^k -convexity

One way of proving that a domain is A^k-convex or an A^k-domain of holomorphy is to show that it is sequentially A^k-convex. We recall that a domain in C^n is a domain of holomorphy if and only if for every discrete sequence {p_j }^∞_{j=0} in Ω there exists a function f ∈ H(Ω) such that sup_{j∈N} |f(p_j )| = +∞. We will see that a corresponding

notion for A^k is a sufficient condition for a domain to be an A^k-domain of holomorphy as well as an A^k-convex domain. It is however not a necessary condition.

Definition 3.1. A domain Ω ⊂ C^n is said to be sequentially A^k-convex if for every discrete sequence {p_j }^∞_{j=0} in Ω there exists a function f ∈ A^k(Ω), not identically constant, such that sup_{j∈N} |f(p_j )| = ‖f‖_L∞_{(Ω)}.

Proposition 3.2. A sequentially A^k-convex domain Ω ⊂ C^n is A^k-convex.

Proof. Suppose Ω ⊂ C^n is not A^k-convex. Then there exists a compact set K in Ω such that ^K_Ak is not a compact subset of Ω and hence we can find a discrete sequence {p_j }^∞_{j=0} ⊂ ^K_Ak such that |f(p_j )| � ‖f‖_L∞_{(K)} for every f ∈ A^k(Ω). It follows from the maximum principle for holomorphic functions that sup_{j∈N} |f(p_j )| <

‖f‖_L∞_{(Ω)} for every non-constant function f ∈ A^k(Ω) and this means that Ω is not sequentially A^k-convex. □

Proposition 3.3. A sequentially A^k-convex domain Ω ⊂ C^n is an A^k-domain of holomorphy.

Proof. Suppose Ω is not an A^k-domain of holomorphy. Then there exist open sets Ω_1 and Ω_2 as in Definition 2.2. In particular, Ω_2 is not a subset of Ω, but Ω ∩ Ω_2 ≠ ∅. Let K be a compact set in Ω ∪ Ω_2 such that K \ Ω_2 is a compact subset in Ω. We choose a discrete sequence {p_j }^∞_{j=0} ⊂ Ω ∩ K. It follows from the maximum principle for holomorphic functions and the fact that holomorphic functions cannot increase in norm when extended, that sup_{j∈N} |f(p_j )| < ‖f‖_L∞_{(Ω)} for every non-constant function f in A^k(Ω). □

In [10] N. Sibony constructed a pseudoconvex Runge domain Ω contained in the bidisk Δ^2 ⊂ C^2 such that int Ω = Ω, Δ^2 \Ω ≠ ∅ and so that all bounded holomorphic functions on Ω can be holomorphically continued to Δ^2. Hence Ω is not an A^k-domain of holomorphy for any k ∈ N but since it is Runge, it follows that it is also convex with respect to the class of A^k-functions. By Proposition 3.3 the domain Ω cannot be sequentially A^k-convex. Moreover the Hartogs triangle {(z_1, z_2) ∈ C^2 : |z_1| < |z_2| < 1} is not a sequentially A^k -convex domain since it is not an A^k-convex domain for any k ∈ N. It is however an A^k -domain of holomorphy for every k ∈ N and therefore the following corollary can be established.

Corollary 3.4. There exists a bounded domain D_1 ⊂ C^2 with int D_1 = D_1 which for every k ∈ N is an A^k-convex domain but not a sequentially A^k-convex domain.

There also exists a bounded domain D_2 ⊂ C^2 with int D_2 = D_2 which for every k ∈ N is an A^k-domain of holomorphy but not a sequentially A^k-convex domain.

We remark that as a consequence of Proposition 3.2 and Proposition 3.3 a domain Ω for which every boundary point is a peak point for A^k (Ω) is an A^k-convex A^kdomain of holomorphy.

4. A^k-domains of holomorphy

We now study domains of existence for the class of A^k-functions on domains in C^n . We first prove the following lemma.

Lemma 4.1. Let k ∈ N and let Ω be a bounded domain in C^n . For every element m in the spectrum M^{Ak (Ω)} of A^k(Ω) the following inequality holds:

|m(f)| � sup_{z∈Ω} |f(z)|, f ∈ A^k (Ω).

Proof. Suppose there is an element m ∈ M^{Ak (Ω)} and a function f ∈ A^k (Ω) such that m(f) = λ, where |λ| > sup_{z∈Ω} |f(z)|.

Then the function g(z) = 1 f(z) − λ belongs to A^k (Ω) and m(g(f − λ)) = 1. On the other hand

m (g(f − λ)) = m(g) · m(f − λ) = m(g) · (m(f) − λ) = 0.

This contradiction completes the proof of the lemma. □

Let Ω be a bounded domain in C^n . Denote by A^k_D(Ω) the set of functions f : Ω → [0, ∞) with the property that there exists a sequence of functions f_j ∈ A^k (Ω) such that {|f_j |} is a nonincreasing sequence and such that

f(z) = lim_{j→∞} |f_j (z)|.

Furthermore, denote by A^k_I (Ω) the set of functions f : Ω → (0, ∞) with the property that there exists a sequence of nonvanishing functions f_j ∈ A^k(Ω) such that {|f_j |} is an nondecreasing sequence and such that

f(z) = lim_{j→∞} |f_j (z)|.

It follows from the definitions that the functions in A^k_D are nonnegative and plurisubharmonic and that the functions in A^k_I are positive and plurisuperharmonic.

We now introduce a class of domains defined by functions in A^k_D and A^k_I and we prove the following theorem:

Theorem 4.2. Let k ∈ N and let Ω_1 and Ω_2 be bounded A^k -domains of holomorphy in C^{m1} and C^{m2} respectively. Let g_1 ∈ A^k_D(Ω_1), g_2 ∈ A^k_I (Ω_1) and h ∈ A^k_D(Ω_2) ∩ A^k_I (Ω_2). If the domain Ω defined by

Ω = {(z, w) ∈ Ω_1 × Ω_2 : g_1(z) < h(w) < g_2(z)}

fulfills int Ω = Ω, then Ω is an A^k-domain of holomorphy.

Proof. Suppose that g_1(z) = lim_{j→∞} |g_{1,j} (z)| and that g_2(z) = lim_{j→∞} |g_{2,j} (z)| where {|g_{1,j} |} is a nonincreasing sequence and � |g_{2,j|} � a nondecreasing sequence of nonvanishing functions where g_{1,j} and g_{2,j} belong to A^k(Ω_1). Suppose also that h(z) = lim_{j→∞} |h_{1,j} (z)| = lim_{j→∞} |h_{2,j} (z)| where {|h_{1,j} |} is an nonincreasing sequence and {|h_{2,j} |} a nondecreasing sequence of nonvanishing functions where h_{1,j} and h_{2,j} belong to A^k(Ω_2).

Suppose that Ω is not an A^k-domain of holomorphy. Since int Ω = Ω the A^kenvelope of holomorphy, (Ω̃, Π, C^{m1 +m2} ), of Ω contains a point z̃ such that Π(z̃) = (z^0, w^0) /∈ Ω. We will see that this leads to a contradiction.

There exists a complex homomorphism m^0 in M^{Ak (Ω)} such that

(4.1) m^0(f) = f̃(z^0, w^0) for every f ∈ A^k(Ω)

where f̃ denotes the holomorphic continuation of f to (Ω̃, Π, C^{m1 +m2} ). Since Ω_1 and Ω_2 are A^k-domains of holomorphy, it follows from Proposition 2.3 that z^0 ∈ Ω_1 and w^0 ∈ Ω_2.

Define for every n ∈ N the functions

γ_{n,1,i}(z, w) =

� 0 if g_{1,i} ≡ 0,

g^{k+n}_{1,i} (z) ‖g_{1,i} ‖^k_{L∞(Ω1 )}h^n_{1,i} (w) otherwise

and γ_{n,2,i}(z, w) = h_{2,i}(w)^{k+n} ‖g_{2,i}‖^k_{L∞(Ω1 )}g^n_{2,i}(z) . For i large enough we have |g_{1,i}(z)| < |h_{1,i}(w)| and |h_{2,i}(w)| < |g_{2,i}(z)| when (z, w) ∈ Ω and therefore γ_{n,1,i} and γ_{n,2,i} belong to A^k(Ω). Furthermore we have ‖γ_{n,1,i}‖_L∞_{(Ω)} � 1 and ‖γ_{n,2,i}‖_L∞_{(Ω)} � 1. For i large enough we get, using Lemma 4.1, that

|m^0(γ_{n,1,i})| =

|m^0(g_{1,i})|^{k+n} ‖g_{1,i}‖^k_{L∞(Ω1 )}|m^0(h_{1,i})|^n = |g_{1,i}(z^0)|^{k+n} ‖g_{1,i}‖^k_{L∞(Ω1 )}|h_{1,i}(w^0)|^n � 1

and |m^0(γ_{n,2,i})| =

|m^0(h_{2,i})|^{k+n} ‖g_{2,i}‖^k_{L∞(Ω1 )}|m^0(g_{2,i})|^n = |h_{2,i}(w^0)|^n ‖g_{2,i}‖^k_{L∞(Ω1)}|g_{2,i}(z^0)|^n � 1

which implies that

|g_{1,i}(z^0)|^{k+n} � ‖g_{1,i}‖^k_L∞_{(Ω1 )}|h_{1,i}(w^0)|^n and |h_{2,i}(w^0)|^{k+n} � ‖g_{2,i}‖^k_L∞_{(Ω1 )}|g_{2,i}(z^0)|^n

for all n ∈ N. Hence

|g_{1,i}(z^0)| � |h_{1,i}(w^0)| and |h_{2,i}(w^0)| � |g_{2,i}(z^0)|.

This holds for every i large enough, so we conclude that

g_1(z^0) � h(w^0) � g_2(z^0)

which means that (z^0, w^0) belongs to Ω. This contradiction concludes the proof of the theorem. □

A comparison with the class A^∞(Ω) = C^∞(Ω) ∩ H(Ω) gives that the domains considered in the statement of Theorem 4.2 do not have to be A^∞-domains of holomorphy. (See Remark 1 on page 60.)

It is not difficult to see that the proof of Theorem 4.2 can be modified to give the following proposition.

Proposition 4.3. Let k ∈ N and let Ω_1 be a bounded A^k-domain of holomorphy in C^n . Let g ∈ A^k_I (Ω_1). Then the Hartogs domain Ω defined by

Ω = {(z, w) ∈ Ω_1 × C : |w| < g(z)}

is an A^k-domain of holomorphy if int Ω = Ω.

5. Spectrum properties

Recall that Ω_e denotes the embedding of the point evaluations on Ω in the spectrum M^{Ak (Ω)} (see Section 2). In this section we show that if Ω is a pseudoconvex domain with C^1-boundary in C^n which has the property that the projection of the spectrum of A^k(Ω) on C^n equals Ω, then the spectrum in fact equals Ω_e. We then show that if a domain Ω has a Stein neigbourhood basis, then the projection of the spectrum of A^k(Ω) equals the closure of Ω. We also show that the domains studied in Section 4 have, under certain conditions, a Stein neighbourhood basis. We conclude that if Ω is such a domain with C^1-boundary, then the A^k-corona problem can be solved.

For a domain Ω ⊂ C^n we will denote by π the projection of the spectrum of A^k (Ω) on C^n defined by

π(m) = (m(z_1), . . . , m(z_n)), m ∈ M^{Ak (Ω)}.

Observe that the closure of Ω is always a subset of π(M^{Ak (Ω)}). The following proposition gives a sufficient condition for the equality Ω_e = M^{Ak (Ω)} to hold:

Theorem 5.1. Let k ∈ N and let Ω be a bounded pseudoconvex domain in C^n with C^1-boundary. If the projection π(M^{Ak (Ω)}) of the spectrum of A^k(Ω) equals Ω, then M^{Ak (Ω)} = Ω_e.

Proof. Let f be an arbitrary function in A^k(Ω) and define the continuous function F : M^{Ak (Ω)} → C as F (m) = f ∘ π(m). Since π(M^{Ak (Ω)}) = Ω, the function is well-defined. By B we denote the uniform algebra generated by F and A^k (Ω). Clearly the Shilov boundary δA^k(Ω) of A^k(Ω) is a subset of the Shilov boundary δB of B.

Since Ω is a bounded pseudoconvex domain with C^1-boundary, it follows from a result by M. Hakim and N. Sibony ([5], Lemma 3), that for every m ∈ M^{Ak (Ω)} there exists a neighbourhood U of m such that F can be uniformly approximated on U by functions in A^k(Ω). From this it follows (Lemma 9.1, p. 93, [4]) that δB ⊂ δA^k (Ω) and hence δB = δA^k(Ω). Furthermore the Shilov boundary of A^k(Ω) is contained in the topological boundary ∂Ω of Ω.

We have that f̂ = F on ∂Ω and hence on δB. Thus f̂ = f ∘ π on M^{Ak (Ω)}. This proves that π is injective and the result follows. □

We remind the reader of the definition of a Stein neighbourhood basis.

Definition 5.2. A domain Ω ⊂ C^n is said to have a Stein neighbourhood basis if for every open neighbourhood U of Ω there exists a domain of holomorphy Ω^′ such that Ω ⊂ Ω^′ ⊂ U.

Theorem 5.3. Let k ∈ N and let Ω ⊂ C^n be a bounded domain that has a Stein neighbourhood basis. Then the projection on C^n of the spectrum M^{Ak (Ω)} of A^k (Ω) equals Ω.

Proof. Suppose there is an element m_0 in the spectrum M^{Ak (Ω)} such that π(m_0) = (m_0(z_1), . . . , m_0(z_n)) /∈ Ω. Let U be a bounded open neighbourhood of Ω such that π(m_0) /∈ U and denote by ~Ω a pseudoconvex domain with C^∞-boundary such that Ω ⊂ ~Ω ⊂ U. It follows from [5] that the spectrum M^{Ak (~Ω)} equals ~Ω_e. We have that the restrictions to Ω of the functions in A^k (~Ω) is a subset of A^k(Ω). It follows that there exists an element ~m_0 in M^{Ak (~Ω)} defined by ~m_0(f) = m_0(f|_Ω). Hence π( ~m_0) = ( ~m_0(z_1), . . . , ~m_0(z_n)) = (m_0(z_1), . . . , m_0(z_n)) = π(m_0) /∈ U. This however contradicts the fact that M^{Ak (~Ω)} = ~Ω_e. Thus we obtain that π(M^{Ak (Ω)}) = Ω. □

Theorem 5.4. Let k ∈ N and let Ω_1 and Ω_2 be bounded A^k-domains in C^{m1} and C^{m2} respectively. Let g_1 ∈ A^k_D(Ω_1), g_2 ∈ A^k_I (Ω_1) and h ∈ A^k_D(Ω_2) ∩ A^k_I (Ω_2) and suppose that g_1 does not vanish on Ω_1. If the domain Ω defined by

Ω = {(z, w) ∈ Ω_1 × Ω_2 : g_1(z) < h(w) < g_2(z)}

fulfills int Ω = Ω and is a relatively compact subset of Ω_1 × Ω_2, then Ω has a Stein neighbourhood basis.

Proof. Define the domains

G_{1,ε} = � (z, w) ∈ Ω_1 × Ω_2 : h(w) > 0, g_1(z) h(w)

< 1 + ε �

and G_{2,ε} = � (z, w) ∈ Ω_1 × Ω_2 : g_2(w) > 0, h(w) g_2(z)

< 1 + ε � . From the plurisubharmonicity and the plurisuperharmonicity of the functions that define G_{1,ε} and G_{2,ε} it follows that these domains are pseudoconvex. For ε > 0 small enough the intersection G_ε = G_{1,ε} ∩ G_{2,ε} ⊂ Ω_1 × Ω_2 obviously contains Ω and is pseudoconvex. Furthermore, for every open neighbourhood U of Ω we can find an ε such that Ω ⊂ G_ε ⊂ U. This completes the proof of the theorem. □

Corollary 5.5. Let k ∈ N and let Ω_1 and Ω_2 be bounded A^k-domains in C^{m1} and C^{m2} respectively. Let g_1 ∈ A^k_D(Ω_1), g_2 ∈ A^k_I (Ω_1) and h ∈ A^k_D(Ω_2) ∩ A^k_I (Ω_2) and suppose that g_1 does not vanish on Ω_1. Let Ω be a domain defined by

Ω = {(z, w) ∈ Ω_1 × Ω_2 : g_1(z) < h(w) < g_2(z)} .

Assume that Ω has C^1-boundary and is a relatively compact subset of Ω_1 × Ω_2. Let f_1, . . . , f_m be functions in A^k(Ω) such that |f_1(z)| + |f_2(z)| + . . . + |f_m(z)| > 0 for every z ∈ Ω. Then there exist functions g_1, . . . , g_m in A^k(Ω) such that m� i=1 f_i(z)g_i(z) = 1 for every z ∈ Ω.

Proof. It follows from Theorem 5.3 and Theorem 5.4 that the projection of M^{Ak (Ω)} on C^n equals Ω. Theorem 5.1 now gives that M^{Ak (Ω)} = Ω_e. The conclusion in the theorem is then a standard result in the theory of uniform algebras. □

6. A^k-convexity

For a domain Ω in C^n consider the property of being convex with respect to H(Ω). This is both a necessary and a sufficient condition for Ω to be a domain of existence for H(Ω) ([3]). The convexity property remains a necessary condition if the class of holomorphic functions H(Ω) is replaced by an arbitrary subclass S of H(Ω) such that if f is a function in S, then all derivatives of f also belong to S. For any k ∈ N the corresponding convexity property of Ω when H(Ω) is replaced by A^k (Ω) is neither necessary nor sufficient as remarked in Section 3. In this section we study convexity with respect to the class of A^k-functions for domains of the type studied in the previous sections.

We start with a lemma that will be used to show that the domains considered in the statement of Theorem 5.4 are convex with respect to the class of A^k -functions.

Lemma 6.1. Let Ω be a domain in C^n and let S(Ω) be a subclass of H(Ω) such that if f is a function in S, then all derivatives of f also belong to S. Let K be a compact subset of Ω and denote by ϱ = ϱ(K, ∂Ω) :

ϱ(K, ∂Ω) = inf_{z∈K} {sup{R ∈ R: Δ(z, R) ⊂ Ω}}

where Δ(z, R) is the polydisc with centre at z and all radii equal R. If p is a point in the S-convex hull ^K_S of K, then every function f ∈ S(Ω) extends holomorphically to the polydisc with centre at p and all radii equal ϱ.

For the reader’s convenience we prove the proposition:

Proof. (See e.g. [9].) Every function f ∈ S(Ω) can in a neighbourhood of a be expanded in a Taylor series

(6.1) f(z) = ∞� |k|=0

c_k(z − p)^k

since p ∈ Ω. Here c_k = 1 k! ∂^{|k|}f ∂z^k

(p).

Since p ∈ ^K_S it follows that � �∂^{|k|}f ∂z^k (p) � � � � � ∂^{|k|}f ∂z^k � � K . Choose a number r < ϱ and denote by K^r an r-neighbourhood of K. The function f is bounded on K^r since K^r is relatively compact in Ω and we let

M_f (r) = ‖f‖^r_K.

If z ∈ K, then Δ(z, r) ⊂ K^r and we get

|c_k| � 1 k! � � � ∂^{|k|}f ∂z^k � � �_K �

M_f (r) r^{|k|} . For any positive r_1 < r and z ∈ Δ(p, r_1) we have � �c_k(z − p)^k � � � M_f (r)

� r_1 r �_{|k|}

and from this we see that the series (6.1) converges in Δ(p, r_1). Since we can choose r and r_1 arbitrary close to ϱ it follows that the series (6.1) converges in Δ(p, ϱ). The holomorphic continuation is given by this series and the proof is completed. □

Since the coordinate functions belong to A^∞(Ω) = H(Ω) ∩ C^∞(Ω) we get from Lemma 6.1 the following corollary:

Corollary 6.2. An A^∞-domain of holomorphy Ω ⊂ C^n is A^∞-convex.

However it is not true that every A^∞-convex domain is an A^∞-domain of holomorphy as is seen from the example by Sibony [10] mentioned in Section 3. That is an example of a domain which is not an H^∞-domain of holomorphy and hence not an A^∞-domain of holomorphy. However it is A^∞-convex since it is pseudoconvex and Runge.

Theorem 6.3. Let k ∈ N and let Ω_1 and Ω_2 be bounded A^k-domains in C^{m1} and C^{m2} respectively. Let g_1 ∈ A^k_D(Ω_1), g_2 ∈ A^k_I (Ω_1) and h ∈ A^k_D(Ω_2) ∩ A^k_I (Ω_2) and suppose that g_1 does not vanish on Ω_1. If the domain Ω defined by

Ω = {(z, w) ∈ Ω_1 × Ω_2 : g_1(z) < h(w) < g_2(z)}

fulfills int Ω = Ω and is a relatively compact subset of Ω_1 × Ω_2, then Ω is A^k-convex.

Proof. Recall that any pseudoconvex domain can be exhausted by bounded pseudoconvex domains with C^∞-boundary and that bounded pseudoconvex domains with C^∞-boundary are A^∞-domains of holomorphy ([2], [5]). It follows from Theorem 5.4 that Ω has a Stein neighbourhood basis and therefore Ω is the interior of the intersection of A^∞-domains of holomorphy. Hence Ω is an A^∞-domain of holomorphy. Corollary 6.2 implies that Ω is convex with respect to A^∞ and hence also with respect to A^k, 0 � k < ∞. □

Remark 1. If the assumption that g_1 is strictly positive on Ω_1 in the statement of Theorem 6.3 is removed, then it can be shown that the conclusion of the theorem is not true in general. Suppose there is a point (z_0, w_0) ∈ Ω ⊂ C^{m1} × C such that g_1(z_0) = 0. If h(w) = |w|, then Ω contains the punctured disk {(z_0, w): 0 < |w| < g_2(z_0)} which implies that the A^k-convex hull of K = {(z_0, w): |w| = 2^{−1}g_2(z_0)} is not a compact subset of Ω. This also means that Ω is not an A^∞-domain of holomorhy since, by Corollary 6.2, every A^∞-domain of holomorphy is convex with respect to the class of A^∞-functions.

Also if the condition that Ω is a relatively compact subset of Ω_1 ×Ω_2 is not fulfilled, then the conclusion of the theorem may not be true. This can be seen by letting Ω_1 and Ω_2 be A^k-domains of holomorphy such that Ω_1 × Ω_2 is not A^k-convex. Then it is trivial that one can find functions g_1, g_2 and h so that {(z, w) ∈ Ω_1 × Ω_2 : g_1(z) < h(w) < g_2(z)} = Ω_1 × Ω_2.

References

[1] Hans J. Bremermann: Über die Äquivalenz der pseudokonvexen Gebiete und der Holomorphiegebiete im Raum von n komplexen Veränderlichen. Math. Ann. 128 (1954), 63–91. Zbl 0056.07801 [2] David Catlin: Boundary behavior of holomorphic functions on pseudoconvex domains.

J. Differential Geom. 15 (1981), 605–625. Zbl 0484.32005 [3] Henri Cartan, Peter Thullen: Zur Theorie der Singularitäten der Funktionen mehrerer komplexen Veränderlichen: Regularitäts- und Konvergenzbereiche. Math. Ann 106 (1932), 617–647. Zbl 0004.35704 [4] Theodore W. Gamelin: Uniform algebras. Prentice-Hall Inc., Englewood Cliffs, N. J., 1969.

[5] Monique Hakim, Nessim Sibony: Spectre de A(ω) pour des domaines bornés faiblement pseudoconvexes réguliers. J. Funct. Anal. 37 (1980), 127–135. Zbl 0441.46044 [6] Marek Jarnicki, Peter Pflug: On n-circled H^∞-domains of holomorphy. Ann. Polon.

Math. 65 (1997), 253–264. Zbl 0884.32011 [7] François Norguet: Sur les domaines d’holomorphie des fonctions uniformes de plusieurs variables complexes. (Passage du local au global.). Bull. Soc. Math. France 82 (1954), 137–159. Zbl 0056.07701 [8] Kiyoshi Oka: Sur les fonctions de plusieurs variables. ix. domaines finis sans points critique interieur. Jap. J. Math. 23 (1953), 97–155.

[9] Boris V. Shabat: Introduction to complex analysis. Part II, American Mathematical Society, Providence, RI, 1992, Functions of several variables, Translated from the third (1985) Russian edition by J. S. Joel.

[10] Nessim Sibony: Prolongement analytique des fonctions holomorphes bornées. C. R.

Acad. Sci. Paris Sér. A–B 275 (1972), A973–A976. Zbl 0246.32015 [11] Peter Thullen: Zur Theorie der Funktionen zweier komplexer Veränderlichen. Die Regularitätshullen. Math. Ann. 106 (1932), 64–72.

Author’s address: Ulf Backlund, Anders Fällström, Department of Mathematics and Mathematical Statistics, Umeå University, S-901 87 Umeå, Sweden, e-mail: Ulf.Backlund @math.umu.se, Anders.Fallstrom@math.umu.se.