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Abstract. It is shown that for a given system of linearly independent linear continuous
functionals [; : crt o R, 7 =1,...,n, the set of all n-th order linear differential equations
such that the Green function for the corresponding generalized boundary value problem
(BVP for short) exists is open and dense in the space of all n-th order linear differential
equations. Then the generic properties of the set of all solutions to nonlinear BVP-s are
investigated in the case when the nonlinearity in the differential equation has a linear
majorant. A periodic BVP is also studied.
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1. INTRODUCTION

B.Rudolf in [14] has shown that for a given system of linearly independent li-
near continuous functionals l;: C™([a,b],R) — R, i = 1,...,n, there exists a linear
differential equation

n
(1) (L(z) =)2™ + Zpk(t)w("fk) =0, a<t<b
k=1

such that the BVP (1),
(2) li(x)=0,i=1,...,n

has only the trivial solution. This result also holds when the functionals [; are
given in the space C"1([a,b], R). In this paper we will prove that the set S of all
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differential equations (1) such that (1), (2) has only the trivial solution is open and
dense in the space of all n-th order linear differential equations and we will derive
some consequences of that result. Besides the classical existence theorems the generic
properties of the set of all solutions to nonlinear BVP-s having a linear majorant will
also be studied. The main tool for showing these properties will be a priori estimates
like Leray-Schauder estimations. Finally, a special case will be investigated, namely
the periodic BVP.

Throughout the paper we will assume that n > 1,—c0 < a < b < o0, px €
C([a,b],R), k = 1,...,n, l;: C" *([a,b],R) — R is a linear continuous functional,
i=1,...,n and the functionals [;, i = 1,...,n, are linearly independent.

Let C° = (C([a,b], R),||.|lo) be a Banach space with the sup-norm ||.||o and let the
topology in C! = C'([a, b], R) be given by the norm ||.||;, whereby

HZL'HI = ki%ax . ||$(k)||07 [=1,...,n.

Further let C,, = C° x ... x C° (n times) be the product space with the norm
n

I(x1,...,20)]| = > llzkllo- Then C,, is a Banach space and the equation (1) can be
k=1

represented by thein—tuple (P1y- -+ Dn)-

2. REGULAR CASE

We will start with the following definition.

Definition 1. The BVP (1), (2) will be called regular if and only if it has only
the trivial solution.

Theorem 1. Let a system of linearly independent linear continuous functionals
liyi=1,...,n, be given. Then the set S of all n-tuples (p1,...,p,) € C, such that
the BVP (1), (2) is regular is nonempty, open and dense in the space C,,.

Proof. By the Rudolf theorem, [14], S # . Suppose that there exists a
sequence of nontrivial solutions y,, to the BVP-s

(1) (Lin(@) 2)2™ + > pem(®)z™H =0, a<t<b
(2) li(ml;zzl 0, i=1,...,n

where

3) 1(P1ms - -3 Pnm) = (P15 5p0)[| — 0 as m — oc.



Here pym € C*  k=1,....,n,m=1,2,....

The solutions y,, can be normalized by the condition

(4) (W (@)? + (g () + -+ (P (@)? = 1.

By Corollary 4.1, [5], (3) and (4) imply that there is a subsequence y,,, of y,, and
a solution y of (1) such that H(yml,...,yr(,ZA)) — ()| — 0 as I — oo.
Hence y is a nontrivial solution of (1), (2) and thus C,, \ S is closed. This implies
that S is open in C),.

Now we prove that S is dense in the space C),,. Again by the Rudolf theorem,
there is a differential equation

(5) (™ 4 Z )z k) =0
k=1

such that the BVP (5), (2) is regular. Denote by A: D(A) C C"~! — C the operator

n

Az = (pu(t) — ()"

k=1

where

DA)={zeC™  :lj(x)=0,i=1,...,n}.
Then the linear operator L — A: D(L) C C™ — C which is defined on
(6) D(L)={zeC": lj(z)=0, i=1,...,n}

is onto and one-to-one. By Lemma 4 ([18], p.512), its inverse mapping (L — A)~:
C — C™ is continuous and as a mapping from C to C™~! it is completely continuous.
Since the equation L(z) = 0 is equivalent to the equation

(7) z=(L—A)" (- A(x))

and the operator K = —(L — A)"'o A: D(A) ¢ C"! — C"! is completely
continuous, either (7) has only the trivial solution or 1 is an eigenvalue of K. In the
latter case there is an £ > 0 such that the equation Az = (L — A)~! o (—Ax) as well
as Lz = (1 — §)Az has only the trivial solution for all A € (1 —¢,1)U(1,1+¢). This
means that for these A the BVP L(x) + (3 — 1)A(x) = 0, (2) is regular. O
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Consider now a sequence of generalized boundary conditions
(2)) ID(z)y=0, i=1,...,n,

7=1,2,..., where

V. 0mt SR
is a linear continuous functional, : = 1,...,n, j = 1,2,... and for each j = 1,2,...
the functionals ZZ(J ) ,i=1,...,n are linearly independent.

Denote by S; the set of all n-tuples (p1,...,p,) € Cy such that the BVP (1), (2;)
is regular. On the basis of the Baire theorem ([13], Theorem 2.2), Theorem 1 implies
that the set () S; is dense in C,, and hence the following corollary holds.

j=1

Corollary 1. If a sequence of the boundary conditions (2;), j = 1,2,... is given,
then the set of all n-tuples (p1,...,pn) € C, for which the BVP-s (1), (2;), j =
1,2,... are regular is dense in the space C,.

Let {t;}32¢ C [a,b] be an injective sequence of points in [a,b]. A point ¢; is
conjugate to tg for the equation
(8) 2+ p1(t)x’ + pa(t)r =0
([8], p-216) if and only if the BVP (8),

x(to) = 0, x(tj) =0

is not regular. Hence, by Corollary 1, the set of all pairs (p1,p2) such that all
conjugate points to to in [a,b] for the equation (8) (when they exist) are different
from {t;}52; is dense in C5.

Now we introduce the notions which are well-known in the coincidence theory
developed by J.Mawhin (see e.g.[7]). According to (1), the operator L: D(L) C
C"1 — (9 is defined by

(9) L(z) = 2™ + Zn: pe®)xF) e D(L)
k=1

where D(L) is determined by (6). By the Rudolf theorem L is a Fredholm mapping
of index zero. Hence, there exist linear continuous projectors P: C" 1 — C™ !,
Q: C° — C° such that
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and

C"'=N(L)® N(P), C°=R(Q)®R(L)
as topological direct sums. Further, the restriction Lp of L to D(L) N N(P) is one-
to-one and onto R(L) so that its algebraic inverse Kp: R(L) — D(L)NN(P) is well
defined.

We shall distinguish two cases: Either (1), (2) is regular or not. When the BVP
(1), (2) is regular, then P(z) =0,z € C"!, Q(y) =0, y € C° and C"~! = N(P),
C° = R(L). In this case Lp = L, Kp = L. The operator L™': CY — D(L) C
C™~! is constructed with help of the Green function G = G(t, s), a < t, s < b for the
BVP (1), (2) given in [18]. L~! is defined in Lemma 1, ([18], p.510) by the relation

b
(10) LY (x)(t) = / G(t,s)z(s)ds, a<t<b, xz¢€C°
Further, for each k € {1,...,n — 1} (if n > 2) we have

b ok
(11) (L) (t) = / %t(i’s)x(s) ds, a<t<b, zeC°

By Lemma 3 ([18], p.512), the function ¢(¢ f |G(t, s)|ds, a <t <b,is continu-
ous on [a,b] and hence, by the result in [6 ], p- 187,

b
1y _
(12) 1271 = o [ 1G9 ds.

A similar relation holds for the norm ||L, || of the linear operator standing on the
right-hand side of (11). Hence

akG t,s)
1) 11 = g, 1|56

For brevity, in what follows we will write || Ly || instead of ||~

Let f = f(t,21,...,2p+1) € C(la,b] x RPTL R), g € C([a,b], R), where 0 < p <
n — 1. The following existence lemma holds for the nonlinear perturbation of the
regular BVP.

-

Lemma 1. If the BVP (1), (2) is regular and if there exist positive constants

C1,...,Cpt1,d such that
p+1

(14) 5= el <1,
k=1

ptl
(15) lft, z1, .. zpy1)] < ch|xk| +d, a<t<b, z1,...,2p41 €R

and
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(16) )| < M, a<t<b,

(17) L(z) = f(t,x,....a®) + g(t)

satisfies a priori estimates

—+1
L )

(18) (_pmin el < 3 exlle® Vo < 50+ M),

EERRE)

and for each g € C° there exists a solution of the BVP (17), (2).

Proof. By means of Lemmas 5 and 6 in [18], p.516, the problem (17), (2) is
equivalent to the fixed point problem for the operator

b
(19) T(z)(t) = / G(t,s)[f(s,z(s), ...,z (s)) + g(s)]ds, a<t<b, zeCP.

This operator as a mapping from C? to C? is completely continuous. By the Leray-
Schauder principle the existence of a fixed point of 7" will be proved if it is shown
that the set of all possible solutions of the family of equations

(20) z=MT(z), 0<A<1

is a priori bounded (in the norm ||.||,) independently of A.
Let A € [0, 1], = be a possible solution of (20) and let k£ € {1,...,p+ 1}. Then

A OE / TG (s, (s) v aP(5) + g(o)]ds, a <t <,

otk—1

and by (12), (13), (15), (16) we have

pH1
oo < 1251 1 il Mo+ d-+ 21

=1
Hence
p+1 p+1
S el Vo < 5(ch|x<k—1>||o N M)
k=1 k=1
and thus (18) is true. O
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Example. Let 0 < n < 1. Consider the Green function for the problem

o) =t 0) [ aass / [s9(5) — g(5)] as|+ [ (¢ s)a(s) ds.

< t < 1, is the unique solution of the BVP 2" = g¢(¢), (21), the Green function

0
G = G(t, s) for that problem is determined by

G(t,s) = Gi(t,s)+ K(t,s) 0<t,s<1

-t
Gilt,s) = {ut

1-n
t—s 0
K(t,s) = 0 0

and hence G(t,8) <0for 0 <s<1,0<t <1, GE0)=G(t1)=0,0<1t<1,
G(0,s)=0,0<s< 1.

where
<s
<

[V
NN
—_ 3

~

AN N s o
s

S~ ®»

<t<1
<s<1

Therefore the solution zg(t) = —%(1 +n)t+ 3, 0 <t <1 of the problem 7" =1,
(21) satisfies [z0(t)| = [ |G(t,5)|ds, 0 <t < 1 and hence
(22) 16" = g, o8] = 11+ n)”

Since BG(t 2 <0for 0<t<n 0<s< 1, we have

[ 1252 45 = o < o) = 30+

in [0,7n]. A direct calculation gives

IG(t, s) 1
ds= ———[22 + 0> + 1 —2t(1 <iaa- <t<1
JAEEt ST - A0 <R,
Thus
(23) 1Ly = 3(1+n).

By means of (22), (23), Lemma 1 gives an existence statement for the nonlinear BVP
(21),

(24) a’ = f(tv €, $/),

which completes the statements in [4].
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Remark 1. Estimations of || L, *|| for a BVP of the third and of the fourth order
can be found in [16], Lemma 3 and in [10], Lemma 4, respectively.

The existence and uniqueness of a solution to (17), (2) is guaranteed by

Theorem 2. If the BVP (1), (2) is regular and if there exist constants c1, . . ., Cpy1
such that (14) is true and

p+1
|f(t,ZE1,. .- 7'Tp+1) - f(t7yly .- 'Jyp-‘rl)‘ < ZCk|Q}'k - yk|7
k=1
(25) agtgby Ily"'axp-‘rhyla"wyp-‘rleR-,

then the BVP (17), (2) has a unique solution.
Proof. Consider the space C¥ = CP([a,b], R) provided with the norm ||z||,1 =

pt+1
S crl|lz*= Y |lo. With respect to inequalities

i <
(,_min _ cx)llzll, < llz]

p+1
< (Z ck)nxnp

k=1

the norms ||.||p, ||.|[p,1 are equivalent and hence C? is a Banach space. Consider the
operator 1T': C7 — C¥ given by (19). In view of (25), we have

p+1
IT* =D (@) = T D ()llo < L2, 1D enllz* — gVl
k=1

foreach k =1,...,p+ 1 and z,y € C¥. Thus

1T (@) = T(W)llp1 < Ollz = yllp,1,

which means that 7' is a strict contraction on C¥. The result follows by the Banach
fixed point theorem. O

Remark 2. In the case of homogeneous boundary conditions, Theorem 2 gene-
ralizes Theorem 1.1.1 in [1].

Corollary 1 and Lemma 1 imply

Theorem 3. If a sequence of the boundary conditions (2;), j = 1,2, ..., is given
and the function f satisfies the condition

im |f(t7wla"'axp+1)‘ _
[z1]+...F|xps1|—00 |1‘1| +...+ |1‘p+1‘
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uniformly in t € [a, b], then there exists a sequence of n-tuples (p1,m, - - - ; Pn,m) € Ch,
m =1,2,..., such that (3) is fulfilled and the BVP (2;),

(17m) Ln(z) = f(t,z,...,2P) + g(t)

has a solution x,, ; for eachm =1,2,... and each j = 1,2,....

Another sufficient condition for the existence of a solution to (17), (2) is given in

the next lemma.

Lemma 2. Let there exist a sequence of n-tuples (p1.m;...,Pnm) € Cn, m =
1,2,... such that (3) is satisfied and the BVP (17,,), (2) has a solution ., for each
m = 1,2,... . Let the sequence {r,,} be bounded in C"~!. Then there exists a

subsequence {x,} of {x,} and a solution x of the problem (17), (2) such that

Tm, — 2 asl — oo in C".

Proof. By (17,,), the sequence {z,,} is even bounded in C™. Hence, by
the Ascoli theorem, there exists a subsequence {z,,} of the sequence {z,,} and a
function x € C" ! such that z,,,, — z as [ — oo in C" 1. In view of (3) and (17,,)
the sequence :E,(ffl) is uniformly convergent on [a,b] and hence € C" and z,, — «

as | — oo in C". Thus z is a solution of (17), (2). O

Now we prove generic properties of the set of all solutions to (17), (2). To that
aim we need the definition of the range of bifurcation R; of the BVP (17), (2) (see
Definition 4.1 in [20], p.29). For the sake of completeness we will give it here.

First we introduce the Banach space Xog = (D(L), ||.||») ([20], p- 28). Then the set
Ry of all g € C° with the property that there is a solution = of the BVP (17), (2)
and a sequence g — g as k — oo such that the BVP (17), (2) for g = gi has at
least two different solutions xy, 2z for each k and z; — z, 2z, — x in X, for k — oo
is called the range of bifurcation of the BVP (17), (2).

By Lemma 1, Theorems 4.1 and 4.2 in [20], pp. 31-32, we get the following theorem.

Theorem 4. If the problem (1), (2) is regular and there exist positive constants

€1,...,Cpy1,d such that (14), (15) are true, then the following statements hold:

1. For each g € CY the set S, of all solutions of the BVP (17), (2) is nonempty
and compact.

2. If CY\ Ry, # 0, then each component of that set is nonempty, open and hence a
region. The number ny of solutions of the BVP (17), (2) is finite and constant
on each component of the set C°\ Ry,.

3. If Ry, = 0, then the problem (17), (2) has a unique solution for each g € C° and
this solution continuously depends on ¢ as a mapping from C° onto X.
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4. If%’c—i € C(la,b] x RFFL R), i =1,...,p+ 1, then the open set C°\ Ry, is dense
in Cy and hence, Ry, is nowhere dense in C°.

Proof. Since (1), (2) is regular, the operator L given by (9) satisfies the
assumption (H.1) of Theorem 4.1. Since f is continuous, (H.2) is satisfied and in
the case that % are continuous, (H.4) is fulfilled. By the apriori estimates (18)
it follows that also (H.3) holds. Then Lemma 1 and Theorems 4.1, 4.2 imply the
statements. |

Remark 3. We see that under the assumptions of Theorem 4, uniqueness of the
BVP (17), (2) implies correctness of that BVP, that is the existence, uniqueness and
continuous dependence of the solution z of the BVP (17), (2) on g.

3. NON REGULAR CASE

This case is more complicated as the previous one. Now we apply the results of
[17] and [20]. Denote by F' the Nemitskij operator F': C? — C° which is defined by

(26) F(x)=fox, xz€CP
The properties of the operator L and F' are given by the following lemma.

Lemma 3. The following statements hold:

(i) For each integer k, 0 < k < n— 1, the operator L: D(L) C C¥ — C° is a linear
Fredholm operator of index zero.

(ii) If there exists a continuous linear operator A: D(L) C C" — C° with 0 < r <
n— 1 such that L — A: D(L) C C" — C° is one-to-one, then L — A is onto, the
inverse operator (L — A)~': C° — D(L) c C"~! is completely continuous and
(L — A)~! as a mapping from C° into C™ is continuous.

(iii) The operator Kp: R(L) C C° — D(L) N N(P) c C" ! is completely continu-
ous.

(iv) F+g: CP — CY is continuous and maps bounded sets in CP into bounded sets
in CY.

(v) F'+g: C? — C° is L-completely continuous.

Proof. (i) By the Rudolf theorem, there exists a continuous linear operator
A: C" — CY with 0 <7 <n—1such that L — A: D(L) C C" — C° is one-to-one.
Then by Lemmas 1 and 4, [18], the operator L — A: Xy — C° is a homeomorphism
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of Xy onto C” and A: Xy — CY is a linear completely continuous operator. Nikolskij
theorem ([20], p.21) implies that L: Xy — C? is a linear Fredholm operator of index
zero. The same is true about L: D(L) c C* — C°.

(ii), (iii) If L — A: D(L) C C" — C° is one-to-one, then it is onto, and by Lemma
4, [18], (L — A)~1: CY — O™ is completely continuous and (L — A)~!: CY — C"
is continuous and hence, by Remark 1 and Lemma 1 in [17], p. 555, the operators
L:D(L) c C" — CY and Lp: D(L)N N(P) C C" — C™~! are closed and Kp:
R(L) C C° — C7 is completely continuous. Since A is continuous also as a mapping
from C" ! to C° Kp: R(L) C CY — C™ ! is completely continuous, too.

(iv) The statement follows from the continuity of the functions f and g.

(v) Let E C CP be a bounded set. Then by (iii) and (iv) the mappings Qo (F + g),
Kpo(I—Q)o(F+g) are continuous on E and the sets Qo (F +¢g)(E) and Kpo (I —
Q) o (F + g)(E) are relatively compact in C° and in CP, respectively. This implies
the statement. O

Remark 4. By (iii), the statements (iv), (v) also hold for the restriction F' + g:
Ck—-C% p<k<n—1.

On the basis of Theorem 3 ([17], p.561), the following lemmma holds which is
analogous to Lemma 1.

Lemma 4. Suppose that the BVP (1), (2) is not regular and the following as-
sumptions hold:
(a) R(L)NN(L) = {0};
(b) there exists a continuous linear operator A: C" — C° with 0 < r < n — 1 such
that L — A: D(L) C C" — C" is one-to-one;

(c) there exist constants c1,...,cp, d > 0 such that (15) is true.
Let d; > 0 and let s = max(p, r).
p+l
(d) The constant ¢ = ) ¢y, satisfies
k=1
1 d
(27) 1

C< v T
|Kp|l 14 d:

where ||K p|| is the norm of Kp: R(L) C C° — C*.
Let ¢ = £1.
(e) There exists an Ry > 0 with the following property:

eF(Z+%)+eg+kz & R(L)
forallx =%+ € D(L),z € N(L), Z € N(P), k € R such that
1Zlls = Ry, ||Z]s < dul|Z][s and k> 0.
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Then the problem (17), (2) has a solution. Moreover, if g satisfies (16) and
(f) there exists an R3 > Ry where

[ Kpll(d+ M)

Ry =
di(1 - [|Kplle) = [[Kplle

such that
F(z+2)+g¢R(L)
forallz =% +% € D(L), T € N(L), & € N(P) satisfying
[1Zlls = Rs, 2|5 < dallZls,
then any solution = of the BVP (17), (2) satisfies the inequalities
(28) 1Z]ls < Rs

and

IIKPIIC
1-|Kple

| Kp|(d + M)

29 :’i/. RN
(29) I < TR

1Z]ls +

Proof. On the basis of Lemma 3, the operator L: D(L) C C¢ — C° satisfies the
assumptions (L1), (L5) and (L3) in [17], pp. 554-555 with X = C*, Z = C°, and by
the assumption (a) of this lemma (L4) is satisfied, too. Lemma 3 with Remark 4 also
implies that ' + g: C* — C© is continuous, maps bounded sets in C* into bounded
sets in C? and is L-completely continuous. By virtue of (15), the assumption (F5)
of Theorem 3 in [17], p. 561, is satisfied. Then (27) together with the assumption
(e) imply that also (Fg) is fulfilled. By the just mentioned Theorem 3 the existence
statement follows.

Now we prove the a priori estimates (28) and (29). By Lemma 1 ([17], p. 555),
and by (15), (16) any solution z = Z +  of (17), (2), z € N(L), & € N(P), satisfies
the inequalities

[2]ls < IKPIIILE)o < [KPIIIF(2)+gllo < [Kpllcllz]ls+ Kpll el s+ Kp (d+M)

and hence (29) is true. Since (27) is equivalent to ||Kp|c/(1 — || Kp|lc) < d1, the
right-hand side of (29) is less than or equal to d;||Z||s if and only if

||TH5 > RZ-
Hence for ||Z]|s > R2 we have
(30) [1Z[]s < dal|Z]ls-

By the assumption (f) the solution z of L(z) = F(z) 4+ g cannot satisfy ||Z||s > Rs,
(30) and thus (28) and (29) are true. O

396



By virtue of Lemma 4 the proof of the following theorem is similar to that of
Theorem 4.

Theorem 5. If the problem (1), (2) is not regular, the assumptions (a)-(d) of
Lemma 4 hold, further for each g € C° the assumption (e) of that lemma is satisfied
and for each M > 0 and each g € C° satisfying (16) the assumption (f) of Lemma 4
holds, then all statements of Theorem 4 hold.

Consider the BVP (2),
(17) L(z) = f(t.2) +g(t) + h(t,z,2',....aP)

where f € C([a,b] x R,R), g € C([a,b]), h € C(la,b] x RFFLR), 0<p<n—1. We
show that under simple assumptions on N (L), R(L) Theorem 5 implies the following
theorem.

Theorem 6. Assume that the following conditions are satisfied:
(i)

N(L)={x € D(L): x isaconstanton [a, b]},
b
R(L) = {y € C: / y(z)dz = 0};

a

(ii) there exists a continuous linear operator A: C" — CO with 0 < r<n-—1 such
that L — A: D(L) C C™ — C" is one-to-one;
(iii) there exist constants ¢,d,d > 0 such that

|f(t 1) < claa| +d, |B(t 21, .. 2ppa)[ K S fora<t < b, a1, ,2p11 € R
(iv)
(31) 2¢||Kpll <1

where || Kp|| is the norm of Kp: R(L) C C° — C*%, s = max(p,7);
(v) fore=1ore=-1

(32) lim ef(t,z) =00, lim ef(t,z) = —oco uniformly int € [a,b].

Tr—00 r—r—00

Then all statements of Theorem 4 hold for the BVP (17'),(2).

Proof. We shall show that all assumptions of Theorem 5 concerning the BVP
(17"), (2) hold and by this theorem Theorem 6 follows. The assumptions (i)—(iii)
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imply that the problem (1), (2) is not regular and the assumptions (a)—(c) of Lemma
4 are satisfied where instead of d we have d + §. In view of (31) there exists a d;
such that

(33) 0<di <1

and (27) is true. Hence the assumption (d) of Lemma 4 is also fulfilled.

Now with respect to (i) we can choose the projector P(z) = 57— fj x(t) dt, z € C*.

Then P(z) = % for each x € D(L) and z(t) = Z + Z(t), a < t < b. On the basis of
(33), the condition ||Z||s < d1||Z||s implies that |Z(t)| < di1|Z], a <t < b and hence

(34) z(t) > (1—d1)z for £ > 0 and z(t) < (1—d1)Z for Z < 0, a < ¢t < b, x € D(L).

Suppose further that g satisfies (16). Since F': C? — (C° is now determined by the

relation
(26") Fz)=fox+hox

and eF(Z +Z) +eg + kZ € R(L) if and only if

/bg[f(t,:f +2(t) + g(t) + h(t, T+ (t),...,2P(t)] dt + kz(b—a) = 0,

on the basis of (34) we get that both conditions (e) and (f) of Lemma 4 will be
satisfied if for all sufficiently great |Z| and k& > 0 we have

sign [ef(t, T + &(t)) + eg + eh(t, z(t), ...,z (t)) + kZ] = sign 7.

This follows by the boundedness of g, h and (32). The proof is complete. O

If L(z) = (") and the conditions (2) are of the form
(35) (@) —2zWD®B) =0, i=0,...,n—1,

then the condition (i) is satisfied and A = ¢I: CY — C° where ¢ # 0 is sufficiently
small and I is the identity in C°. Hence 7 = 0 and thus s = p in conditions (ii) and
(iv), respectively.

Corollary 2. If the conditions (iil), (iv) (with s = p) and (v) of Theorem 6 are
satisfied, then all statements of Theorem 4 hold for the BVP (35),

(36) 2™ = f(t,z) +g(t) +h(t,z,...,aP).

Remark 5. The operator Kp for certain periodic BVP-s is constructed in [9],
[11].
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Consider a special case of (36), (35), namely the BVP (35),
(37) 2 = f(2) +g(t) + h(t, )
where f € C(R, R). Similarly as in [2], the results will depend on the fact whether

n is odd or even. We will denote the scalar product and the norm in L?([a, b], R) by
(.,.) and |.|| L2, respectively.

Lemma 5. Suppose that n = 2m +1,n > 3, ¢ = 1 or e = —1, f satisfies the
condition
(32)) lim ef(x) = oo, lim ef(z) = —o0,
T—00 T— —00

g fulfils (16) and h satisfies
(38) |h(t,z1)| < dfora<t<b, x1€R
with a § > 0. Then the following statements hold:

(1) There exists a constant R > 0 such that each possible solution x of the BVP
(37), (35) where z(t) = T+ &(t), a <t < b, T = ;= fab:v(t) dt, satisfies the

b—a
inequalities
(39) 7| < R,
L/b—a\"?(b—a\®
4 illo < = M +6).
(40) o<y () (B50) @+

(2) For each ¢ > 0 sufficiently small there exists an Ry > 0 such that all possible
solutions x(t) = T + #(t), a < t < b, of (35),

(41) 2™ — (1 — p)ecyr = plf(x) + ht,z)], 0<p<1
satisfy the inequalities

(39" |Z| < Ry

1/b—a\""?/b—0a\>
/ T|lo < = .
(40 <3 (52) (557 0
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Proof. 1. Ifx isa possible solution of (37), (35), then, similarly as in Lemma 1,
[2], we get

n+1

(1) l2CF)|2, = @™, 2) = (f(2()),2') + (g:27) + (h(, (), o)
and in view of (35), (16), (38) we have
(42) 12U |13, < (M +8)(b - a)||2’o.

By Sobolev and Wirtinger inequalities ([12], pp. 216-217),

n—3

b= a)V? (b—a) ® n1
(43) lo'llo < 3712 ) 12

(42) and (43) imply that

n—3

§ . . 1/2 _ ns
2| < b . a (b - “) <62n“> (M + )

and thus

b—a (b—a\"?(b—a\"?
e <252 (552) () e

which implies (40).

If (39) were not true, there would exist solutions zy(t) = Ty + Zx(t), a < t < b,
k=1,2,... of (37), (35) such that either khn;o T = 00 or khn;o T = —o0. Only the
first case will be considered. Then in view of (16), (38), (40) and the first condition
in (38') f(zk(t))+g(t) + h(t, zr(t)) would be of constant sign for all sufficiently great
k and hence, x,(cnfl)(b) - m,(gkl)(a) # 0. This contradiction with (35) proves (39).
We remark that the contradiction is also attained in the case when zj are solutions
of #") = f(x) + gi(t) + h(t,z,...,zP)) and all g satisfy |gx(t)| < M, a <t < b.

2. If we start with (41) instead of (37) and proceed in the same way as above, we

come to the inequality
ntly 2
|=CF))13, < 80— a)llalo

which now replaces (42). This inequality leads to (40").

If there existed solutions xy(t) = Zp + Zx(t), a < t < b, k = 1,2,... of (") =
(1—pg)ecrz+pk[f (x)+h(t, )] with klingo Tj, = 00, then with respect to (38), (40’) and
the first condition in (32’), the functions (1 — g )eci @i (t) + pu [ f(@r(t)) + h(t, 24 (t)]
would be of constant sign for all sufficiently great k. This again contradicts (35) and
thus (39') is true. Similarly we proceed in the case when lim Zj; = —oc. O

k—oo

400



Lemma 6. Suppose that n =2m, n > 2,e =1 ore = —1, f satisfies (32") and
the following condition:
There exists 3, 0 < 3 < (bQT“)n, such that

a

(44) (=D)"2(f(v) = f(w)) (v —w) < Blv —w)*, v,we R,

g fulfils (16) and h satisfies (38). Then the following statements hold:
(1) There exists a constant R > 0 such that each possible solution x of the BVP
(37), (35) where a(t) = Z + &(t), a < t < b, & = 7 [P a(t)dt, satisfies the

a

inequalities
(45) 7| < B,
o) o< (1-5("=)") 5 (50) () @+ o)

(2) For each ¢1, 0 < ¢; < B, ¢1 sufficiently small, there exists an Ry > 0 such
that all possible solutions x(t) = T + Z(t), a < t < b of (41), (35) satisfy the

inequalities
(45 |Z| < Ra,
) s (1-0(%5)") 505 ()

Proof. 1. If z is a possible solution of the BVP (37), (35), then, similarly as
in the proof of Lemma 2, [2], we get that

Then by (44), (16), (38)
(47) =) |12, < BlE22 + (b — a)(M + 8)||F]o-

Again Sobolev and Wirtinger inequalities imply that
~ b—a = n
(4s) el < (") e

1 n—2
N 1 /b—a\? (b—a\ 2 n
(49) <3 (52) (55=) Il

401



From (47), (48) and (49) we get

n b—a\™\ ‘b—a(b—a 3 b—a "2
(%) _
2l < (10 (350) ) 1t (50) () T eres

and further

ny —1 z n—2
2|2 < (1 5 (62na> ) b . a (b . a> (b%a) (M +5),
which implies (46).

If (45) were not true, then similarly as in the proof of statement 1 in Lemma 5,
the existence of solutions xy(t) = Ty + (), a <t < b, k = 1,2,... of (37), (35)
with the property kllngo T, = o0 or kllngo T, = —oo in view of (46), (16), (38) would
imply that f(zx(t)) + g(t) + h(t, zx(t)) is of constant sign for all sufficiently great k
and this would lead to a contradiction with (35). Thus (45) is proved.

2. Since 0 < ¢; < (8 and (z, %) = (&, %), each solution z(t) = Z+ &(t), a <t < b
of (41), (35) satisfies the inequality

2@} < [(1— wer + pAllEl13: + (b — a)d]E ]

<
< Bllze + (b —a)élilo

which replaces (47). Therefore (46) with M = 0 implies (46’). The inequality (45)
can be proved in the same way as (39’) has been proved. O

Remark 6. It is clear that the condition (44) is equivalent to the following
condition: If n = 4m (n = 4m + 2), m > 1, then the function F(z) = f(z) — fz
(F(x) = f(z) + Bz) is nonincreasing (nondecreasing) in R.

Theorem 7. Suppose that n > 2, ¢ = 1 or e = —1, f satisfies (32), h fulfils
(38) and when n = 2m, there exists 3, 0 < < (,i—“a)n such that (44) is satisfied.
Then the statements 1-3 of Theorem 4 hold for the BVP (37), (35). Moreover, if
f € CYR,R) and 2 € C([a,b] x R, R), then also statement 4 of Theorem 4 holds
for that BVP.

Proof. Proceeding in a similar way as in the proof of Theorem 4 we see that
the assumptions (H.1), (H.2) and in the case that f’, %, are continuous, also (H.4)
of Theorems 4.1 and 4.2, [20], are satisfied. Since the BVP z2(") — ccix = 0, (35), is
regular for all sufficiently small ¢; > 0, the a priori estimates given in Lemmas 5 and
6 imply that also (H.3) and (H.5) are fulfilled. Then the result follows by Theorems

4.1 and 4.2 as well as by Corollary 4.2 in [20]. O
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By Remark 6, Theorem 3 in [19] and Theorem 5.2 in [20], Theorem 7 implies the

following corollary.

Corollary 3. Suppose thatn >2,e =1 ore = —1, [ satisfies (32'), h fulfils (38)

with a positive constant 6 and that the following conditions are true:
(a) If n = 2m + 1, then the function f(.) 4+ h(t,.) is either nonincreasing in R or

nondecreasing in R for every t € [a, b].

(b) Ifn = 4m, then the function f(.)+h(t,.) is nonincreasing in R for every t € |[a, b]

and there exists a 3, 0 < B < (i—"a)n such that the function f(x) — Sz of the

variable z is nonincreasing in R.

(c) If n = 4m — 2, then the function f(.) + h(t,.) is nondecreasing in R for every

t € [a,b] and there exists a 3, 0 < 3 < (,i—na)n such that the function f(x)+ fx
of the variable x is nondecreasing in R. Then there exists a closed set R, C C°
such that for each g € C°\ Ry, the BVP (37), (35) has a unique solution, for each
g € Ry the set Sy of all solutions of that BVP is convex and Ry = Ry, where
Ry C R, is the set of all g € C° for which the BVP (37), (35) has infinitely

many solutions.

Remark 7. We see that under the assumptions of Corollary 3 the following

alternative holds: Either the BVP (37), (35) has a unique solution or it has infinitely

many solutions, more precisely a nontrivial convex compact set of solutions.
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