121 (1996) MATHEMATICA BOHEMICA No. 1, 29{33

ESTIMATIONS OF COVARIANCE COMPONENTS IN MIXED LINEAR MODELS Štefan Varga, Bratislava (Received June 15, 1994)

Abstract. An estimation of the linear function of elements of unknown matrices in the covariance components model is presented.

Keywords: Mixed linear model, covariance components model, quadratic estimation MSC 1991 : 62J12

Introduction In the mixed linear model (1) Y = Xfi + e the covariance matrix of the vector e with a linear structure (2) e = U_1¸_1 + . . . + U_m¸_m is considered in the form (3) C(e) = U_1C_1U^′_1 + . . . + U_mC_mU^′_m where U_i is given n × c_i matrix (i = 1, 2, . . ., m) and ¸_i is a c_i—vector of random variables with zero mean value and with a covariance matrix C_i (i = 1, 2, . . ., m).

E(¸i) = 0 (4) C(¸i) = E(¸i¸^′_i) = Ci C(¸i, ¸j ) = 0.

If C_i = σ^2_i I_{ci} (i = 1, 2, . . ., m), where σ^2_i are unknown parameters and I_{ci} are c_i ×c_i unit matrices, the covariance matrix of the error vector e in the model (1) is

(5) C(e) = σ^2_1 V_1 + . . . + σ^2_mV_m.

The model (1) is called a variance components model (V_i = U_iU^′_i, i = 1, . . ., m). The problem of estimation of the unknown parameters σ^2_i or some linear function � i p_iσ^2_i of these parameters is solved, for example, in [1], [3], [4], [5]. If C_i = C (i = 1, 2, . . ., m) the covariance matrix of the vector e in the model (1) is

(6) C(e) = U_1CU^′_1 + . . . + U_mCU^′_m

and this model is called a covariance components model. The covariance components are unknown elements of the matrix C. The problem in the covariance components model is to estimate these elements or some linear function tr CQ of these elements (Q is a known matrix of coefficients of linear combinations of the elements; tr A is the trace of the matrix A). This problem is solved for example in [2], [3].

In this paper the situation when the covariance matrix in the model (1) is in the form (3) and the matrices C_i (i = 1, 2, . . ., m) are unknown matrices is considered. The task is to estimate the unknown elements of these matrices or some linear combinations of the elements. The case (5) and the case (6) are special cases of the situation studied in this paper.

1. Formulation of the problem

Let us consider the model (1) in the form

(7) Y = Xfi + U¸

(the error vector e = U¸) where U = (U_1 . . U_2 . . . . . . . U_m) and ¸^′ = (¸^′_1 . . ¸^′_2^. . . .^.

¸^′_m) with the expectation E(Y) = Xfi and the covariance matrix

(8) D(Y) = U_1C_1U^′_1 + . . . + U_mC_mU^′_m = Σ.

Assume that the C_i (i = 1, 2, . . ., m) are unknown matrices. The problem is to estimate a linear combination of the unknown elements of the matrices C_i (i = 1, 2, . . ., m), which may be written as (9) m� i=1 tr C_iQ_i

where Q_i are known matrices of coefficients of the linear combination (9).

2. Solution of the problem

We consider a quadratic estimator Y^′AY of the type of MINQE (minimum norm quadratic estimator; see for example [3] or [4]) of the linear function (9). It is shown in the paper [3] that a quadratic estimator Y^′AY is invariant (invariant with respect to the translation of the parameter fi) if AX = 0. This is the first restriction on the matrix A in the estimator Y^′AY. The estimator Y^′AY of (9) with the condition AX = 0 is unbiased if

E(Y^′AY) = tr AC(Y) = tr A(U^′_1C_1U_1 + . . . + U^′_mC_mU_m) = tr(C_1U^′_1AU_1 + . . . + C_mU^′_mAU_m) = m� i=1 tr C_iU^′_iAU_i = m� i=1 tr C_iQ_i

for all (c_i × c_i) matrices C_i (i = 1, 2, . . ., m). This can be true only if U^′_iAU_i = Q_i (i = 1, 2, . . ., m). This is the second restriction on the matrix A in the estimator Y^′AY of the linear function (9).

Definition 2.1. A quadratic estimator Y^′AY of the linear function (9) in the model (7) is invariant and unbiased if the matrix A satisfies the equations

AX = 0

(10) U^′_iAU_i = Q_i

for (i = 1, 2, . . ., m).

The estimator Y^′AY is of the type of MINQE if the difference between Y^′AY and the natural estimator of (9) is minimum. If the variables ¸_1, . . ., ¸_m are known the natural estimator of the linear function Σ tr C_iQ_i is

(11) � i ¸^′_iQi¸i = (¸^′_1^. . . .^. ¸^′_m)Δ � � � � � ¸1 . . . . . . . . ¸m

� � � � � = ¸^′Δ¸

because the natural estimator of the matrix C_i is ¸_i¸^′_i (i = 1, 2, . . ., m). The proposed estimator with respect to the restriction AX = 0 is

(12) Y^′AY = (Xfi + U¸)^′A(Xfi + U¸) = ¸^′U^′AU¸.

Considering (11) and (12) as quadratic expressions in ¸, we minimize the norm of their difference by minimizing the norm ‖U^′AU − Δ‖ = tr AVAV (V = V_1 + . . . + V_m; V_i = U_iU^′_i, i = 1, 2, . . ., m).

Definition 2.2. A quadratic estimator Y^′AY of the linear function Σ tr C_iQ_i is the MINQUE(U, I) (unbiased and invariant) if the matrix A minimizes the expression tr AVAV under the conditions

(13) AX = 0, U^′_iAU_i = Q_i

(i = 1, 2, . . ., m).

We can find the minimum tr AVAV under the conditions (13) by the method of Lagrange multipliers:

Φ(A) = tr AVAV + 2 tr ΛAX + 2Σ tr Λ_i(U^′_iAU_i − Q_i) ∂Φ(A)/∂A = 2VAV + 2ΛX^′ + 2ΣU_iΛ_iU^′_i = 0 VAV = −ΛX^′ − ΣU_iΛ_iU^′_i

A = V^{−1}(−ΛX^′ − ΣU_iΛ_iU^′_i)V^{−1}.

From AX = 0 we have

Λ = − � i U_iΛ_iU^′_iV^{−1}X(X^′V^{−1}X)^− + I − (X^′V^{−1}X)(X^′V^{−1}X)^−

and then A = � i Q^′_VV^{−1}U_iΛ_iU^′_iV^{−1}Q_V

where Q_V = I − X(X^′V^{−1}X)^−X^′V^{−1} and the matrices of Lagrange multipliers Λ_i satisfy the equations U^′_i(ΣQ^′_VV^{−1}U_iΛ_iU^′_iV^{−1}Q_V)U_i = Q_i (i = 1, 2, . . ., m).

Theorem 2.3. The MINQUE(U, I) of the function Σ tr C_iQ_i is Y^′AY, where

(14) A = m� i=1 Q^′_VV^{−1}U_iΛ_iU^′_iV^{−1}Q_V

and the matrices Λ_i are solutions of the linear system

(15) m� j=1 U^′_iQ^′_VV^{−1}U_j Λ_j U^′_j V^{−1}Q_VU_i = Q_i

(i = 1, 2, . . ., m). This estimator exists if MM^−Q(M^′)^−M^′ = Q, where the (i, j)-th element of the hypermatrix M is the matrix U^′_iV^{−1}Q_VU_j and Q is a block diagonal hypermatrix Q = diag(Q^′_1, . . . , Q^′_m).

Proof. It is enough to prove the second part of this theorem because the first part was proved before the theorem. The estimator Y^′AY exists if the linear system (15) has a solution. We can write this system in the form MΛM^′ = Q, where M, Q are the hypermatrices defined in Theorem 2.3 and Λ is the diagonal hypermatrix with the unknown matrices Λ_i on the diagonal.

It is not difficult to see that we can get the MINQE estimators in the variance components model [3], [4] from Theorem 2.3 if C_i = σ^2_i I_{ci} (i = 1, 2, . . ., m) and the MINQUE estimators in the covariance components model [4] if C_i = C (i = 1, 2, . . ., m). �

References

[1] L. Kubáček: Repeated regression experiment and estimation of variance components.

Math. Slovaca 34 (1984), 103{114.

[2] L. Kubáček: Estimation of covariance components in a repeated regression experiment.

Math. Slovaca 34 (1984), 155{164.

[3] C.R. Rao: Estimation of variance and covariance components { MINQUE theory. J.

Multivariate Anal. 1 (1971), 257{275.

[4] C.R. Rao, J. Kle¸e: Estimation of variance components. Handbook of Statistics, Vol. I (P.R. Krisniah, ed.). North Holland, New York, 1980, pp. 1{40.

[5] Š. Varga: Quadratic estimations in mixed linear models. Appl. Math. 36 (1991), no. 2, 134{144.

Author’s address: Štefan Varga, chemickotechnologická fakulta STU, katedra matematiky, Radlinského 9, 812 37 Bratislava.