121 (1996) MATHEMATICA BOHEMICA No. 1, 89{94

THE BEST DIOPHANTINE APPROXIMATION FUNCTIONS BY CONTINUED FRACTIONS

Jingcheng Tong, Jacksonville

(Received September 14, 1994)

Abstract. Let ξ = [a_0; a_1, a_2, . . . , ai, . . .] be an irrational number in simple continued fraction expansion, pi/qi = [a_0; a_1, a_2, . . . , ai], Mi = q^2i |ξ − pi/qi|. In this note we ˛nd a function G(R, r) such that

Mn_{+1} < R and Mn_{−1} < r imply Mn > G(R, r), Mn_{+1} > R and Mn_{−1} > r imply Mn < G(R, r).

Together with a result the author obtained, this shows that to ˛nd two best approximation functions ~H(R, r) and ~L(R, r) is a well-posed problem. This problem has not been solved yet.

Keywords: continued fraction, diophantine approximation MSC 1991 : 11J04, 11A55

1. Introduction

In 1891, Hurwitz [4] proved the following basic fact in the theory of Diophantine approximation:

Theorem 1. Let ξ be an irrational number. Then there are infinitely many reduced fractions p/q such that |ξ − p/q| < 1/ (√ 5q^2 ) . In order to find these fractions p/q, Borel [2] found the theorem below.

Theorem 2. Let ξ be an irrational number with simple continued fraction expansion ξ = [a_0; a_1, a_2, . . . , ai, . . .]. If pi/qi = [a_0; a_1, a_2, . . . , ai], then at least one of the three consecutive pi/qi (i = n − 1, n, n + 1) satisfies |ξ − pi/qi| < 1/ (√ 5q^2i ) .

For nearly a century, Borel’s theorem has been extensively investigated. There are numerous results about it [1, 3, 6, 7, 10, 11]. The following result of the present author [10] is one of the highlights since it contains asymmetric approximations [5, 9] as a special case.

Theorem 3. Let ξ be an irrational number with simple continued fraction expansion ξ = [a_0; a_1, a_2, . . . , ai, . . .]. If Mi = q^2i |ξ −pi/qi| and r is a real number exceeding an_{+1}, then

Mn < r implies max(Mn_{−1}, Mn_{+1}) > 4r/(r^2 − a^2n_{+1}), Mn > r implies min(Mn_{−1}, Mn_{+1}) < 4r/(r^2 − a^2n_{+1}).

Recently the author generalized Theorem 3 to the inhomogeneous case [12].

Theorem 4. Let R, r be two real numbers exceeding 1+1/an_{+1}, let Mi be defined as in Theorem 3. Then

Mn_{+1} < R and Mn_{−1} < r imply Mn > F (R, r), Mn_{+1} > R and Mn_{−1} > r imply Mn < F (R, r),

where F (R, r) = ( R^{−1} + r^{−1} + � a^2n_{+1} + 4/(Rr)

) �( 1 − (R^{−1} − r^{−1})^2/a^2n_{+1} ) . Theorem 3 is a special case of Theorem 4 for R = r.

In this paper we give another estimation function G(R, r) to replace F (R, r) in Theorem 4. Using G(R, r), the proof is simpler, it also gives Theorem 3 for R = r, the approximation is better than F (R, r) for many values of R, r. These advantages are not essentially important, the significance of introducing G(R, r) is the following consideration.

Suppose H is the set of all functions H(R, r) such that

Mn_{+1} < R and Mn_{−1} < r imply Mn > H(R, r),

and L is the set of all functions L(R, r) such that

Mn_{+1} > R and Mn_{−1} > r imply Mn < L(R, r).

Then H̃(R, r) = sup H and L̃(R, r) = inf L are the best approximation functions. Theorem 4 guarantees that both H and L are not empty sets. Nevertheless, it could be true that H̃(R, r) = F (R, r) and L̃(R, r) = F (R, r). The function G(R, r) which we are going to introduce satisfies G(R, r) ≠ F (R, r). This ensures that to find the best approximation functions H̃(R, r) and L̃(R, r) is a well-posed problem. These two functions have not been found yet. It is still a challenging Problem.

2. Preliminaries

Let ξ = [a_0; a_1, a_2, . . . , ai, . . .] be an irrational number in simple continued fraction expansion, pi/qi = [a_0; a_1, a_2, . . . , ai] and Mi = q^2i |ξ − pi/qi|. Then it is known [8] that

(1) Mi = [ai_{+1}; ai_{+2}, . . .] + [0; ai, ai_{−1}, . . . , a_1].

Let P = [an_{+2}; an_{+3}, . . .], Q = [an; an_{−1}, . . . , a_1]. Then it is easily checked that the following relations are true.

Mn_{+1} = P + (an_{+1} + Q^{−1})^{−1}, (2) Mn = an_{+1} + P^{−1} + Q^{−1}, (3) Mn_{−1} = Q + (an_{+1} + P^{−1})^{−1}. (4) Now we turn to some inequalities.

If Mn_{+1} < R, then P < R − (an_{+1} + Q^{−1})^{−1}. If Mn_{−1} < r, then Q < r − (an_{+1} + P^{−1})^{−1}.

If both Mn_{+1} < R and Mn_{−1} < r are true, then by (3) we know that the following two inequalities are correct.

Mn > an_{+1} + P^{−1} + ( r − (an_{+1} + P^{−1})^{−1}

)_{−1} , (5) Mn > an_{+1} + Q^{−1} + ( r − (an_{+1} + Q^{−1})^{−1}

)_{−1} . (6) We will use these inequalities in the next section.

3. The main theorem

We need a useful lemma.

Lemma 1. The function f(P ) = a + P^{−1} + ( r − (a + P^{−1})^{−1}

)_{−1} is decreasing in P for P^{−1} > 2r^{−1} − a, where a > 1, r > 1 are constants.

Proof. Since f^′(P ) = −P^{−2} ( 1 − (ra + rP^{−1} − 1)^{−2} ) , if P^{−1} > 2r^{−1} − a, we have ra + rP^{−1} − 1 > 1, hence f^′(P ) < 0. �

Theorem 5. Let Mi be defined as in Theorem 3. Then

Mn_{+1} < R and Mn_{−1} < r imply Mn > G(R, r), Mn_{+1} > R and Mn_{−1} > r imply Mn < G(R, r), where

G(R, r) = an_{+1} + 4an_{+1} � ( (3r − R)an_{+1} − 4 + �( (R + r)an_{+1}

)_2 + 16 )

+ (�( (R + r)an_{+1}

)_2

+ 16 + (R + r)an_{+1} + 4 ) / ( 2(R + r) ) .

Proof. If Mn_{+1} < R and Mn_{−1} < r, then Mn_{+1} + Mn_{−1} < R + r. From (2), (4) we have one of the following inequalities:

P + (an_{+1} + P^{−1})^{−1} <^1_2 (R + r), (7) Q + (an_{+1} + Q^{−1})^{−1} <^1_2 (R + r). (8) Suppose (7) holds. Then

an_{+1}P^2 + ( 2 −^1_2 (R + r)an_{+1} ) P −^1_2 (R + r) = 0.

Hence

(9) P <

(R + r)an_{+1} − 4 + �( (R + r)an_{+1}

)_2

+ 16 4an_{+1} . It is obvious that 1 > 2/(an_{+1} + P^{−1} + 1), hence

an_{+1} + P^{−1} > 2/ ( 1 + (an_{+1} + P^{−1})^{−1} ) . Since 1 + (an_{+1} + P^{−1})^{−1} 6 Q + (an_{+1} + P^{−1})^{−1} = Mn_{−1} < r, we have P^{−1} > 2r^{−1} − an_{+1}. By (5), (9) and Lemma 1 we have

Mn > G(R, r).

Suppose (8) holds. Noticing (6), we can have Mn > G(R, r) by the similar discussion.

Reversing all the directions of the inequalities above, we can prove that

Mn_{+1} > R and Mn_{−1} > r imply Mn < G(R, r).

�

4. Comparison of the approximation functions F (R, r) and G(R, r)

It is easily checked that

F (r, r) = G(r, r) = ( 2 + � (ran_{+1})^2 + 4 ) /r. The function F (R, r) is a symmetric function while G(R, r) is not. If an_{+1} = 1, then

F (4, 2) = 2.1063946,

G(4, 2) = 2.2018503.

In this case G(R, r) gives a better estimation than F (R, r) in the set H, while F (R, r) gives a better estimation than G(R, r) in the set L.

If an_{+1} = 3, then

F (2, 6) = 3.7682386,

G(2, 6) = 3.4463062.

In this case the situation reverses. The function H(R, r) = max ( F (R, r), G(R, r) ) is a better approximation than both F (R, r) and G(R, r) in the set H.

The function L(R, r) = min ( F (R, r), G(R, r) ) is a better approximation than both F (R, r) and G(R, r) in the set L.

The best approximation functions satisfy H̃(R, r) > L̃(R, r) and H̃(R, r) ≠ L̃(R, r). Now it is an open problem how to find them.

References

[1] F. Bagemihl and J. R. McLaughlin: Generalization of some classical theorems concerning triples of consecutive convergents to simple continued fractions. J. Reine Angew. Math. 221 (1966), 146{149.

[2] E. Borel: Contribution a l’analyse arithmetique du continu. J. Math. Pures Appl. 9 (1903), 329{375.

[3] M. Fujiwara: Bemerkung zur Theorie der Approximation der irrationalen Zahlen durch rationale Zahlen. T^ohoku Math. J. 14 (1918), 109{115.

[4] A. Hurwitz: Über die angenäherte Darstellung der irrationalzahlen durch rationale Bruche. Math. Ann. 39 (1891), 279{284.

[5] W. J. LeVeque: On asymmetric approximations. Michigan Math. J. 2 (1953), 1{6. [6] M. Müller: Über die Approximation reeller Zahlen durch die Näherungsbruche ihres regelmässigen Kettenbruches. Arch. Math. (Basel) 6 (1955), 253{258.

[7] M. B. Nathanson: Approximation by continued fractions. Proc. Amer. Math. Soc. 45 (1974), 323{324.

[8] O. Perron: Die Lehre von den Kettenbruchen I, II. 3rd ed. Teubner, Leipzig, 1954. [9] B. Segre: Lattice points in the in˛nite domains and asymmetric Diophantine approximation. Duke Math. J. 12 (1945), 337{365.

[10] J. Tong: The conjugate property for Diophantine approximation of continued fraction.

Proc. Amer. Math. Soc. 105 (1989), 535{539.

[11] J. Tong: Diophantine approximation of a single irrational number. J. Number Theory 34 (1990), 53{57.

[12] J. Tong: Diophantine approximation by continued fractions. J. Austral. Math. Soc.

Ser. A 51 (1991), 324{330.

Author’s address: Jingcheng Tong, Department of Mathematics and Statistics, University of North Florida, Jacksonville, FL 32224, U.S.A.