120 (1995) MATHEMATICA BOHEMICA No. 4, 393{00

QUASICONTINUITY AND RELATED PROPERTIES OF FUNCTIONS AND MULTIVALUED MAPS

Janina Ewert, Slupsk^1

(Received March 15, 1994)

Abstract. The main results presented in this paper concern multivalued maps. We consider the cliquishness, quasicontinuity, almost continuity and almost quasicontinuity; these properties of multivalued maps are characterized by the analogous properties of some real functions. The connections obtained are used to prove decomposition theorems for upper and lower quasicontinuity.

Keywords: uniform space, multivalued map, quasicontinuity

MSC 1991 : 54C08, 54C60, 26A25

Throughout the paper (X, T ) or simply X is a topological space, Cl A, Int A are the closure and the interior of a set A ⊂ X, respectively.

A set A ⊂ X is said to be – semi-open, if A ⊂ Cl(Int A), [10]; – preopen, if A ⊂ Int(Cl A); – semi-preopen, if A ⊂ Cl ( Int(Cl A) ) , [1].

The union of any family of semi-open (preopen, semi-preopen) sets is a set of the same type, [1, 10]. The intersection of an open set and a semi-open (preopen, semi-preopen) one is again semi-open (preopen, semi-preopen).

Let X, Y be topological spaces. A function f : X → Y is called quasicontinuous (almost continuous, almost quasicontinuous) at a point x ∈ X if for each neighbourhood V of f(x) we have x ∈ Cl ( Int f^{−1}(V ) ) , ( x ∈ Int(Cl f^{−1}(V )), x ∈ Cl ( Int ( Cl f^{−1}(V ) ))) , [10, 8, 2]. Equivalently, f is quasicontinuous (almost continuous, almost quasicontinuous) at x ∈ X if for each neighborhood V of f(x) there is a semi-open (preopen, semi-preopen) set A satisfying x ∈ A ⊂ f^{−1}(V ). Let us observe

1 Sponsored by KBN research grant (1992{94) No. 2, 1144-91-01 that the quasicontinuity of f at x is equivalent to the condition Int ( U ∩f^{−1}(V ) ) ≠ ∅ for every neighbourhoods U, V of x and f(x), respectively, [9].

A function f is called quasicontinuous (almost continuous, almost quasicontinuous) if it has this property at each point. It follows from definitions that continuity implies quasicontinuity and almost continuity; moreover, each of these properties implies almost quasicontinuity but these implications cannot be replaced by equivalences, [14].

Quasicontinuity and almost continuity are independent properties. Furthermore, almost quasicontinuous functions need not have the Baire property.

Example 1. Let R be the space of real numbers with the natural topology,

B ⊂ R a Bernstein set and f the characteristic function of B. Then f has not the

Baire property. Nonetheless, since B and R \ B are dense sets [15], the function f is almost continuous.

Now let (Y, ϱ) be a pseudometric space. A function f : X → Y is said to be cliquish at a point x_0 ∈ X if

(1) for each ε > 0 and each neighbourhood U of x_0 there exists a nonempty open set W ⊂ U with ϱ ( f(x), f(x^′) ) < ε for x, x^′ ∈ W , ([18] for metric spaces).

By A(f) we denote the set of all points at which f is cliquish. A function f is called cliquish if A(f) = X.

The symbols C(f) and E(f) are used to denote the sets of all points at which a function f is continuous or quasicontinuous, respectively. Then

(2) C(f) ⊂ E(f) ⊂ A(f) = Cl ( A(f) ) ; (3) A(f) \ C(f) is of the first category;

(4) if X is a Baire space, then f : X → (Y, ϱ) is cliquish iff X \ C(f) is of the first category;

(5) a function f : X → (Y, ϱ) is continuous iff it is cliquish and almost continuous. The statements (2)–(5) are proved in [11, 13, 6, 17] for a metric space (Y, d), but by the same arguments they are valid for pseudometric ones.

In the sequel we will consider maps with values in uniform spaces. For a uniform space (Y, ν) we denote by P_ν a saturated family of pseudometrics inducing ν. For any y ∈ Y , M, M_1 ⊂ Y , ϱ ∈ P_ν and r > 0 we denote

B(y, ϱ, r) = {z ∈ Y : ϱ(y, z) < r}, B(M, ϱ, r) = ⋃ {B(y, ϱ, r): y ∈ M}, ϱ(y, M) = inf_{z∈M} ϱ(y, z), ϱ(M_1, M) = sup_{y∈M1} ϱ(y, M).

It is easy to verify

(6) if M_1 is compact, then ϱ(M_1, M) < r iff M_1 ⊂ B(M, ϱ, r).

A function f : X → (Y, ν) is called cliquish at a point x ∈ X if for each ϱ ∈ P_ν the function f : X → (Y, ϱ) is cliquish at x, [3].

We will use the following result:

(7) A function f : X → (Y, ν) is quasicontinuous if and only if it is cliquish and almost quasicontinuous, [5].

Theorem 1. If f : X → (Y, ν) is an almost continuous function, then A(f) = E(f).

Proof. Let x_0 ∈ A(f) \ E(f). Then ϱ ∈ P_ν , ε > 0 and a neighbourhood U of x_0 can be chosen such that each nonempty open set V ⊂ U contains a point x_V with ϱ ( f(x_V ), f(x_0) ) > 2ε. Letting W = B ( f(x_0), ϱ, ε ) we have x_0 ∈ Int ( Cl f^{−1}(W ) ) . Since x_0 ∈ A(f) there is a nonempty open set U_1 ⊂ Int ( Cl f^{−1}(W ) ) such that ϱ ( f(x^′), f(x^{′′}) ) < ε for x^′, x^{′′} ∈ U_1. Furthermore, ϱ ( f(x_1), f(x_0) ) > 2ε for some x_1 ∈ U_1 hence ϱ ( f(x), f(x_0) ) > ε for x ∈ U_1. On the other hand, U_1 ∩ f^{−1}(W ) ≠ ∅ and for any x ∈ U_1 ∩ f^{−1}(W ) we have ϱ ( f(x), f(x_0) ) < ε; this is a contradiction completing the proof. �

In a topological space (X, T ) the family

T_q = {U \ H : U ∈ T, H is of the first category}

is a topology on X. For a set A ⊂ X the symbols Cl_q A, Int_q A will be used to denote the T_q -closure and the T_q -interior of A, respectively. Then

(8) Cl U = Cl_q U, for each set U ∈ T_q , [7];

(9) the spaces (X, T ) and (X, T_q ) have the same families of the first category sets, [7];

(10) (X, T ) is a Baire space iff (X, T_q) is a Baire space, [4].

Theorem 2. Let (X, T ) be a Baire space, (Y, ν) a separable uniform one and let f : X → Y be a function with the Baire property. Then

(a) if f if T_q-almost continuous, then it is continuous; (b) if f is T_q-almost quasicontinuous, then it is quasicontinuous.

Proof. We fix some ϱ ∈ P_ν and an open base {V_n : n > 1} of the space (Y, ϱ). Denoting by C(f, T_q, ϱ) the set of all points at which the function f : (X, T_q) → (Y, ϱ) is continuous we obtain

X \ C(f, T_q, ϱ) = ∞⋃ n=1 f^{−1}(V_n) \ Int_q f^{−1}(V_n).

Hence X \ C(f, T_q, ϱ) is of the first category; according to (4) it means that f is T_q-cliquish. Now, using (5) we have that f is T_q -continuous, so—since Y is a regular space—the function f is continuous.

If f is T_q-almost quasicontinuous, then in virtue of (7), f : (X, T_q ) → (Y, ν) is quasicontinuous. Thus it follows from the regularity of Y that f is quasicontinuous, [4, Cor. 4]. � Thus Theorem 2 yields decompositions of continuity and quasicontinuity of functions, namely:

Corollary 1. Let (X, T ) be a Baire space, (Y, ν) a separable uniform one and let f : X → Y be any function. Then

(a) f is continuous if and only if it is T_q -almost continuous and has the Baire property;

(b) f is quasicontinuous if and only if it is T_q -almost quasicontinuous and has the Baire property.

Let us remark that in Theorem 2 (so also in Corollary 1) T_q-almost continuity and T_q-almost quasicontinuity cannot be replaced by almost continuity or almost quasicontinuity, respectively. For instance, it suffices to take into account the Dirichlet function.

Now we shall formulate some results concerning real functions; in the sequel they will be used in the study of multivalued maps.

Let us put

T_1 = {(−∞, a) : a ∈ R} ∪ {∅, R} and T_2 = {(a, ∞) : a ∈ R} ∪ {∅, R}.

A function f : X → R is said to be upper quasicontinuous (almost continuous, almost quasicontinuous) if the function f : X → (R, T_1) is quasicontinuous (almost continuous, almost quasicontinuous). Replacing T_1 by T_2 we obtain definitions of suitable lower forms of generalized continuity. Then for a given f : X → R we denote by E^+_0 (f) and E^−_0 (f) the sets of all points at which f is upper or lower quasicontinuous, respectively.

Lemma 1. If f : X → R is an upper (lower) almost continuous function, then

A(f) ⊂ E^+_0 (f) and Cl ( E^+_0 (f) ∩ E^−_0 (f) ) ⊂ E^+_0 (f) ( A(f) ⊂ E^−_0 (f) and Cl ( E^+_0 (f) ∩ E^−_0 (f) ) ⊂ E^+_0 (f) ) .

Proof. Let x_0 ∈ A(f) \ E^+_0 (f); then there exist ε > 0 and a neighbourhood U_0 of x_0 such that each nonempty open set U^′ ⊂ U_0 contains a point x^′ with f(x_0)+2ε < f(x^′). Since f is upper almost continuous we have x_0 ∈ Int ( Cl f^{−1} ( − ∞, f(x_0) + ε )) = U_1. The condition x_0 ∈ A(f) implies a nonempty open set U ⊂ U_0 ∩ U_1 can be chosen with |f(x^′) − f(x^{′′})| <^1_2 ε for x^′, x^{′′} ∈ U. Then for some x_1 ∈ U we have f(x_0) + 2ε < f(x_1) and f(x) > f(x_1) −^1_2 ε > f(x_0) +^3_2 ε for each x ∈ U. But U ⊂ Cl f^{−1} ( − ∞, f(x_0) + ε ) , so there exist points x ∈ U satisfying f(x) < f(x_0) + ε, which is a contradiction completing the proof of the first inclusion.

Now let x_0 ∈ Cl ( E^+_0 (f) ∩ E^−_0 (f) ) , ε > 0, W = ( − ∞, f(x_0) +^1_2 ε ) and let U be a neighbourhood of x_0. Since f is upper almost continuous we obtain x_0 ∈ U ∩ Int ( Cl f^{−1}(W ) ) = U_1, so U_1 ∩ E^+_0 (f) ∩ E^−_0 (f) ≠ ∅. Assume that x_1 ∈ U_1 ∩ E^+_0 (f)∩E^−_0 (f)\f^{−1}(Cl W ). Then the conditions f(x_1) > f(x_0)+^1_2 ε and x_1 ∈ E^−_0 (f) imply the existence of an open nonempty set U^′ ⊂ U_1 such that f(x) > f(x_0) +^1_2 ε for x ∈ U^′. But U^′ ⊂ U_1 ⊂ Int ( Cl f^{−1}(W ) ) ; this gives U^′ ∩ f^{−1}(W ) ≠ ∅ which contradicts the last inequality. Hence U_1 ∩E^+_0 (f) ∩E^−_0 (f) ⊂ f^{−1}(Cl W ). Then there exists a nonempty open set U_2 ⊂ U_1 with f(U_2) ⊂ ( − ∞, f(x_0) + ε ) , which means that x_0 ∈ E^+_0 (f) and the proof is complete. �

Corollary 2. If f : X → R is an upper and lower almost continuous function, then the set E^+_0 (f) ∩ E^−_0 (f) is closed.

Lemma 2. Let f : X → R be a cliquish function. If f is upper (lower) almost quasicontinuous at x_0 ∈ X, then it is upper (lower) quasicontinuous at x_0.

Proof. Suppose x_0 /∈ E^+_0 (f). Then there exist a neighbourhood U_0 of x_0 and ε > 0 such that each nonempty open set U^′ ⊂ U_0 contains a point x^′ with f(x_0)+2ε < f(x^′). Let us denote W = ( − ∞, f(x_0) + ε ) . Then x_0 ∈ Cl ( Int ( Cl f^{−1}(W ) )) , so U_1 = U_0 ∩ Int ( Cl f^{−1}(W ) ) ≠ ∅. Since f is cliquish we can choose a nonempty open set U_2 ⊂ U_1 such that |f(x^′) − f(x^{′′})| <^1_2 ε for x^′, x^{′′} ∈ U_2. On the other hand, for some x_1 ∈ U_2 we have f(x_0) + 2ε < f(x_1), so |f(x) − f(x_1)| <^1_2 ε for x ∈ U_2. Hence f(x_0) + 2ε < f(x_1) < f(x) +^1_2 ε for x ∈ U_2, i.e. f(U_2) ⊂ ( f(x_0) + ε, ∞ ) ; but this is impossible because U_2 ∩ f^{−1}(W ) ≠ ∅. �

Since upper (lower) quasicontinuity of a real function implies cliquishness, Lemma 2 gives a decomposition of upper (lower) quasicontinuity, i.e.:

Corollary 3. A function f : X → R is upper (lower) quasicontinuous if and only if it is cliquish and upper (lower) almost quasicontinuous.

Lemma 3. Let (X, T ) be a Baire space. A function f : X → R has the Baire property and is upper and lower T_q -almost quasicontinuous if and only if it is upper and lower quasicontinuous.

Proof. As was shown in the proof of Theorem 2 a function with the Baire property is T_q -cliquish. Then by Lemma 2 the function f is upper and lower T_qquasicontinuous. Finally, since R is a regular space, it is easy to show that f is upper and lower quasicontinuous. The inverse implication is obvious. �

Now let X, Y be topological spaces and F : X → Y a multivalued map. For any sets A ⊂ X, M ⊂ Y we denote F (A) = ⋃ {F (x) : x ∈ A}, F^+(M) = {x ∈ X :

F (x) ⊂ M} and F^−(M) = {x ∈ X : F (x) ∩ M ≠ ∅}.

A multivalued map F is said to be upper semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at a point x_0 ∈ X if for each open set V ⊂ Y with x_0 ∈ F^+(V ) we have x_0 ∈ Int F^+(V ), (resp. x_0 ∈ Cl(Int F^+(V )), x_0 ∈ Int(Cl F^+(V )) or x_0 ∈ Cl(Int(Cl F^+(V )))), [12, 16].

Equivalently, F is upper semi-continuous (quasicontinuous, almost continuous, almost quasicontinuous) at x_0 iff for each open set V ⊂ Y such that x_0 ∈ F^+(V ) there exists an open (semi-open, preopen, semi-preopen) set U ⊂ X with x_0 ∈ U ⊂ F^+(V ). A multivalued map F is called upper semi-continuous (quasicontinuous, etc.) if it has this property at each point.

Replacing in the above definitions F^+ by F^− we obtain suitable lower forms of generalized continuity.

In a uniform space (Y, ν) we denote by Z(Y ) the family of all nonempty compact subsets of Y . Then the sets

{(M_1, M_2) ∈ Z(Y ) × Z(Y ) : M_1 ⊂ B(M_2, ϱ, r) and M_2 ⊂ B(M_1, ϱ, r)}, ϱ ∈ P_ν , r > 0

form a base of the uniformity ν̃ on Z(Y ).

For any pseudometric ϱ ∈ P_ν the Hausdorff pseudometric ϱ̃ is given by

ϱ̃(M_1, M_2) = max{ϱ(M_1, M_2), ϱ(M_2, M_1)},

and then

P_{ν̃} = {ϱ̃: ϱ ∈ P_ν }.

A multivalued map F : X → Y with compact values is said to be cliquish at a point x ∈ X if the function F : X → ( Z(Y ), ν̃ ) is cliquish at x. For a multivalued map F the set of all cliquishness points will be denoted as A(F ).

Let us take y ∈ Y , a finite set L ⊂ Y and ϱ ∈ P_ν . If F : X → Y is a multivalued map, then by _{F,y,ϱ}, φ_{F,L,ϱ} (or simply _{y,ϱ} and φ_{L,ϱ}) we denote real functions given by y_{,ϱ}(x) = ϱ ( y, F (x) ) and φ_{L,ϱ}(x) = ϱ ( F (x), L ) . Theorem 3. A multivalued map F : X → (Y, ν) is lower semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at a point x_0 ∈ X if and only if there is a dense set D ⊂ Y such that _{y,ϱ} is upper semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at x_0 for each ϱ ∈ P_ν and y ∈ D.

Proof. Let us take y ∈ Y , ϱ ∈ P_ν , ε > 0 and r = _{y,ϱ}(x_0). Then F (x_0) ∩ B(y, ϱ, r +ε) ≠ ∅ and by assumptions on F there exists an open (semi-open, preopen, semi-preopen) set U ⊂ X with x_0 ∈ U and F (x) ∩ B(y, ϱ, r + ε) ≠ ∅ for x ∈ U. This yields _{y,ϱ}(x) < r + ε for x ∈ U, so _{y,ϱ} is upper semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at x_0.

Conversely, let W ⊂ Y be an open set with F (x_0) ∩ W ≠ ∅. Then F (x_0) ∩ B(y, ϱ, ε) ≠ ∅ for some y ∈ D, ϱ ∈ P_ν and ε > 0, so _{y,ϱ}(x_0) < ε. The assumptions on _{y,ϱ} imply the existence of an open (semi-open, preopen, semi-preopen) set U with x_0 ∈ U and _{y,ϱ}(x) < ε for x ∈ U. Hence F (x) ∩ B(y, ϱ, ε) ≠ ∅ for x ∈ U, which completes the proof. �

In the sequel, by L(D) we denote the family of all finite subsets of a set D ⊂ Y and write L instead of L(Y ).

Theorem 4. Let F : X → (Y, ν) be a multivalued map with compact values. The map F is upper semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at a point x_0 ∈ X if and only if there exists a dense set D ⊂ Y such that φ_{L,ϱ} is upper semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at x_0 for each ϱ ∈ P_ν and L ∈ L(D).

Proof. Let L ∈ L, ϱ ∈ P_ν , ε > 0 and r = φ_{L,ϱ}(x_0); then we have F (x_0) ⊂ B(L, ϱ, r + ε). It follows from the properties of F that there exists an open (semiopen, preopen, semi-preopen) set U such that x_0 ∈ U and F (U) ⊂ B(L, ϱ, r + ε). This implies φ_{L,ϱ}(x) < φ_{L,ϱ}(x_0) + ε for x ∈ U, so φ_{L,ϱ} is upper semicontinuous (quasicontinuous, almost continuous, almost quasicontinuous) at x_0.

Conversely, let W ⊂ Y be an open set with F (x_0) ⊂ W . Since F (x_0) is compact we can choose ϱ ∈ P_ν , L ∈ L(D) and ε > 0 such that F (x_0) ⊂ B(L, ϱ, ε) ⊂ W ; hence φ_{L,ϱ}(x_0) < ε. By the assumptions on φ_{L,ϱ} there exists an open (semi-open, preopen, semi-preopen) set U such that x_0 ∈ U and φ_{L,ϱ}(x) < ε for x ∈ U. Thus ϱ ( F (x), L ) < ε for x ∈ U, so F (U) ⊂ B(L, ϱ, ε) ⊂ W and the proof is complete. �

In a similar way the cliquishness of a multivalued map can be characterized:

Theorem 5. Assume that a multivalued map F : X → (Y, ν) is cliquish at a point x_0 ∈ X. Then

(a) for each y ∈ Y , ϱ ∈ P_ν the function _{y,ϱ} is cliquish at x_0; (b) if F has compact values, then for each L ∈ L, ϱ ∈ P_ν the function φ_{L,ϱ} is cliquish at x_0.

Proof. Let y ∈ Y , ϱ ∈ P_ν , ε > 0 be fixed and let U be a neighbourhood of x_0. Then there exists a nonempty open set U_1 ⊂ U such that F (x^′) ⊂ B ( F (x^{′′}), ϱ,^1_2 ε ) for x^′, x^{′′} ∈ U. For x^′ ∈ U_1 let us put r = _{y,ϱ}(x^′); hence F (x^′) ∩ B ( y, ϱ, r + 1 2 ε ) ≠ ∅. Consequently, we have F (x^{′′}) ∩ B(y, ϱ, r + ε) ≠ ∅ for each x^{′′} ∈ U_1, so y_{,ϱ}(x^{′′}) < r + ε = _{y,ϱ}(x^′) + ε for each x^{′′} ∈ U_1. This leads to the inequality | _{y,ϱ}(x^′) − _{y,ϱ}(x^{′′})| < ε for x^′, x^{′′} ∈ U_1 and (a) is proved.

Now, let F be a compact valued map; we fix L ∈ L, ϱ ∈ P_ν , ε > 0 and a neighbourhood U of x_0. Then we choose a nonempty open set U_1 ⊂ U such that ϱ ( F (x^′), F (x^{′′}) ) <^1_2 ε for x^′, x^{′′} ∈ U_1. For x^′ ∈ U_1 we denote r = φ_{L,ϱ}(x^′); then F (x^′) ⊂ B ( L, ϱ, r+^1_2 ε ) . Thus F (x^{′′}) ⊂ B ( F (x^′), ϱ,^1_2 ε ) ⊂ B(L, ϱ, r+ε) for each x^{′′} ∈ U_1. This implies φ_{L,ϱ}(x^{′′}) < r + ε = φ_{L,ϱ}(x^′) + ε for x^′, x^{′′} ∈ U_1 and consequently |φ_{L,ϱ}(x^′) − φ_{L,ϱ}(x^{′′})| < ε for x^′, x^{′′} ∈ U_1, which completes the proof. �

Theorem 6. Let X be a Baire space, (Y, ν) a separable uniform one and let F : X → Y be a multivalued map with compact values. If for each ϱ ∈ P_ν , y ∈ D, L ∈ L(D) the functions _{y,ϱ}, φ_{L,ϱ} are cliquish, where D is a countable dense subset of Y , then F is cliquish.

Proof. For a fixed ϱ ∈ P_ν we denote by C_ϱ(F ) the set of all points at which the function F : X → ( Z(Y ), ϱ̃ ) is continuous. Further, let C^+_0 (φ_{L,ϱ}) and C^+_0 ( _{y,ϱ}) be the sets of upper semicontinuity points of φ_{L,ϱ} and _{y,ϱ}, respectively. Then according to Theorem 3 and 4 we obtain

C(F ) = ⋂ L∈L(D) C^+_0 (φ_{L,ϱ}) ∩ ⋂ y∈D C^+_0 ( _{y,ϱ}) ⊃ ⋂ L∈L(D) C(φ_{L,ϱ}) ∩ ⋂ y∈D C( _{y,ϱ}).

Since φ_{L,ϱ} and _{y,ϱ} are cliquish functions, in virtue of (4) the set ⋂ L∈L(D) C(φ_{L,ϱ}) ∩ ⋂ y∈D C( _{y,ϱ})

is dense G_δ in X, so X \ C_ϱ(F ) is of the first category. Now, using (4) once more we obtain that F : X → ( Z(Y ), ϱ̃) is a cliquish function, which completes the proof. �

The results on decomposition of the quasicontinuity of functions obtained earlier permit to formulate a theorem on decomposition of the upper and lower quasicontinuity of multivalued maps.

Theorem 7. Let F : X → (Y, ν) be a cliquish multivalued map with compact values. Then F is lower (upper) almost quasicontinuous at x_0 if and only if it is lower (upper) quasicontinuous at x_0.

Proof. Since F is cliquish, following Theorem 5 the functions φ_{L,ϱ}, _{y,ϱ} are cliquish for each y ∈ Y , L ∈ L and ϱ ∈ P_ν . If F is lower (upper) almost quasicontinuous at x_0, then it follows from Theorem 3 (Theorem 4) that all functions _{y,ϱ} (φ_{L,ϱ}) are upper almost quasicontinuous at x_0. Now, applying Lemma 2 we obtain that all y_{,ϱ} (φ_{L,ϱ}) are upper quasicontinuous at x_0. Finally, Theorem 3 (Theorem 4) gives the lower (upper) quasicontinuity of F at x_0, which completes the proof. �

Corollary 4. Let X be a Baire space, (Y, ν) a separable uniform one and let F : X → Y be a multivalued map with compact values. Then F is lower (upper) quasicontinuous if and only if it is cliquish and lower (upper) almost quasicontinuous.

Proof. Let ϱ ∈ P_ν be fixed. By C^+_ϱ (F ) and C^−_ϱ (F ) we denote the sets of all points at which the map F : X → (Y, ϱ) is upper or lower semicontinuous, respectively. If F is lower (upper) quasicontinuous, then according to [3, Cor. 3] both X \ C^+_ϱ (F ) and X \ C^−_ϱ (F ) are of the first category. This means that F : X → ( Z(Y ), ϱ̃ ) is a cliquish function; consequently F : X → Y is cliquish.

The converse is a consequence of Theorem 7. �

A multivalued map F : X → Y is said to have the Baire property if for each open set V ⊂ Y the set F^+(V ) has the Baire property.

Theorem 8. Let X be a Baire space, (Y, ν) a separable uniform one and let F : X → Y be a multivalued map with compact values. Then

(a) the map F is upper and lower semicontinuous if and only if F is upper and lower T_q-almost continuous and has the Baire property;

(b) F is upper and lower quasicontinuous if and only if F is upper and lower T_q-almost quasicontinuous and has the Baire property.

Proof. If F is upper and lower semicontinuous (quasicontinuous), then the conclusion is evident.

Let D be a countable dense subset of Y , L ∈ L(D), y ∈ D and ϱ ∈ P_ν . For any r > 0 we will denote B_c(y, ϱ, r) = {z ∈ Y : ϱ(z, y) 6 r}. Then, because F (x) is compact, for every numbers a, b with 0 6 a < b the conditions φ_{L,ϱ}(x) > a and y_{,ϱ}(x) 6 b imply F (x) ∩ [Y \ B(L, ϱ, a)] ≠ ∅ and F (x) ∩ B_c(y, ϱ, b) ≠ ∅, respectively.

Thus by simple calculus we obtain φ^{−1}_{L,ϱ} ( [a, b) ) = F^− ( Y \ B(L, ϱ, a) ) ∩ F^+ ( B(L, ϱ, b) ) , −^1_{y,ϱ} ( (a, b] ) = F^− ( B_c(y, ϱ, b) ) ∩ F^+ ( Y \ B_c(y, ϱ, a) ) , so all functions φ_{L,ϱ} and _{y,ϱ} have the Baire property. Now, using arguments

analogous to those in the proof of Theorem 2, we have that functions φ_{L,ϱ}, _{y,ϱ} :

(X, T_q ) → R are cliquish; thus Theorem 6 implies the cliquishness of the map F :

(X, T_q ) → Y .

Assume that F is not upper T_q -semicontinuous at x_0 ∈ X. We can choose ϱ ∈

P_ν , ε > 0 such that each T_q -neighbourhood of x_0 contains a point x with F (x) ⊄ B ( F (x_0), ϱ, 3ε ) . Let us put W_1 = B ( F (x_0), ϱ, ε ) and W_2 = { y ∈ Y : ϱ ( y, F (x_0) ) > 3ε } . Then from the upper T_q-almost continuity we have x_0 ∈ Int_q ( Cl_q F^+(W_1) ) ; furthermore F (x_1) ∩ W_2 ≠ ∅ for some x_1 ∈ Int_q ( Cl_q F^+(W_1) ) . The lower T_q -almost

continuity gives x_1 ∈ Int_q ( Cl_q F^−(W_2) ) . Since the multivalued map F is T_q -cliquish

there is a nonempty set U ∈ T_q with U ⊂ Int_q ( Cl_q F^+(W_1) ) ∩ Int_q ( Cl_q F^−(W_2) ) and F (x^′) ⊂ B ( F (x^{′′}), ϱ, ε ) for x^′, x^{′′} ∈ U, so U ∩F^+(W_1) ≠ ∅ and U ∩F^−(W_2) ≠ ∅.

Hence we can choose points x_2, x_3 ∈ U with F (x_2) ⊂ W_1 and F (x_3) ∩ W_2 ≠ ∅. It

means that F (x_3) ⊄ B ( F (x_2), ϱ, ε ) which is a contradiction. Thus we have shown

that F is upper T_q -semicontinuous. In the similar way it can be proved that F

is lower T_q -semicontinuous. Then, since Y is a regular space, the map F is upper

and lower semicontinuous. Finally, we suppose that F is upper and lower T_q -almost

quasicontinuous. In virtue of Theorem 7 it is upper and lower T_q-quasicontinuous.

Then, according to [4, Th. 2], F is upper and lower semicontinuous, which completes

the proof. �

We remark that Theorem 8 is not a consequence of Theorem 2 applied to the

function F : X → ( Z(Y ), ν̃ ) since the upper and lower almost continuity (almost

quasicontinuity) of a multivalued map F do not imply the almost continuity (almost

quasicontinuity) of the function F : X → ( Z(Y ), ν̃ ) . References

[1] D. Andrijevi«c: Semi-preopen sets. Mat. Vestnik 38 (1986), 24{32.

[2] J. Borsík, J. Doboš: On decomposition of quasicontinuity. Real Anal. Exch. 16

(1990{91), 292{305.

[3] J. Ewert: On quasi-continuous and cliquish maps with values in uniform spaces. Bull.

Polish Acad. Sci. Math. 32 (1984), 81{88.

[4] J. Ewert: Quasi-continuity of multivalued maps with respect to the qualitative topology.

Acta Math. Hungarica 56 (1990), 39{44.

[5] J. Ewert: On almost quasicontinuity of functions. Tatra Mountains Math. Publ. 2

(1993), 81{91.

[6]L.A. Fudali: On cliquish functions on product spaces. Math. Slovaca 33 (1983), 53{58. [7] H. Hashimoto: On the ∗-topology and its application. Fundam. Math. 91 (1976), 5{10. [8] T. Husain: Almost continuous mappings. Prace Mat. 10 (1966), 1{7. [9] S. Kempisty: Sur les fonctions quasi-continues. Fundam. Math. 19 (1932), 184{197. [10] N. Levine: Semi-open sets and semi-continuity in topological spaces. Amer. Math.

Monthly 70 (1963), 36{41.

[11] J.S. Lipi«nski, T. Šalát: On the points of quasi-continuity and cliquishness of functions.

Czechoslov. Math. J. 21 (1971), 484{489.

[12] T. Neubrunn: Quasicontinuity. Real Anal. Exch. 14 (1988{89), 259{306. [13] A. Neubrunnová: On quasicontinuous and cliquish functions. Časopis Pěst. Mat. 99 (1974), 109{114.

[14] A. Neubrunnová, T. Šalát: On almost quasicontinuity. Math. Bohemica 117 (1992), 197{205.

[15] J.C. Oxtoby: Measure and category. New York-Heidelberg-Berlin, 1971. [16] V. Popa: H-almost continuous multifunctions. Stud. Cerc. Mat. 32 (1980), 103{109. [17] J. Smítal, E. Stanová: On almost continuous functions. Acta Math. Univ. Comenianae 37 (1980), 147{156.

[18] H.P. Thielman: Types of functions. Amer. Math. Monthly 60 (1953), 156{161.

Author’s address: Janina Ewert, Department of Mathematics, Pedagogical University, Arciszewskiego 22b, 76{200 Slupsk, Poland.