120 (1995) MATHEMATICA BOHEMICA No. 3, 283{291

PROJECTIONS OF RELATIONS

Jiří Karásek, Brno

(Received February 14, 1994)

Abstract. A projection of a relation is de˛ned as a relation of reduced arity. The paper deals with projections of relations in coherence with their re‚exivity, symmetry, completeness, regularity, cyclicity and other properties. Relationships between projections of hulls and hulls of projections are also studied.

Keywords: relation, n-decomposition, diagonal, (K, φ)-modi˛cation, (p)-hull, (q, X)- projection

MSC 1991 : 04A05, 08A02

0. Introduction

The paper is a continuation of [2] where a modi˛cation of relational axioms was presented. Roughly speaking, a projection of a relation is a certain relation of reduced arity. The concept of projection has been used, among others, in a special case by V. Novák in [3]. Projections have been studied by J. Šlapal in [10] as well.

Let G, H be nonempty sets. By a relation (with the carrier G and the index set H) we understand a set R ⊆ G^H where G^H denotes the set of all mappings of the set H into the set G. N will denote the set of all positive integers. For any n ∈ N we denote (n] = {m ∈ N ; m 6 n}. In the case of a ˛nite set H of cardinality k we shall not distinguish between mappings of the set H into the set G and k-tuples of elements of the set G. For any n ∈ N, q ∈ (n], we denote by S_n the set of all permutations of the set (n], by S_n(q) the set of all permutations of the set (n] mapping q onto itself (preserving q). For any φ ∈ S_n and m ∈ N, φ^m denotes the m-th iteration of the permutation φ, for any φ, ∈ S_n, φ denotes the composition of the permutations φ and . The symbol id denotes the identical permutation of the set (n], π denotes the permutation of the set (n] de˛ned by

π(i) = { i + 1 for all i ∈ (n − 1] 1 for i = n.

For any n ∈ N, an n-decomposition of the set H means a sequence of n + 1 sets K = {K_i}^{n+1}_{i=1} such that

(i)^{n+1} ⋃ i=1 K_i = H,

(ii) K_i ∩ K_j = ∅ for all i, j ∈ (n + 1], i ≠ j.

If K = {K_i}^{n+1}_{i=1} is an n-decomposition of the set H, then the relation

E_K = {f ∈ G^H ; f(K_i) = f(K_j ) for all i, j ∈ (n]}

is called the diagonal with regard to K. If, moreover, R ⊆ G^H is a relation, φ ∈ S_n, then the relation

R_{K,φ} = { f ∈ G^H ; ∃g ∈ R: f(K_i) = g ( K_{φ(i)} ) for all i ∈ (n], f(K_{n+1}) = g(K_{n+1}) }

is called the (K, φ)-modification of the relation R. We put

R^1_{K,φ} = R_{K,φ}, R^m_{K,φ} = (R^{m−1}_{K,φ} )_{K,φ} for any m ∈ N, m > 2.

If R ⊆ G^H is a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, φ ∈ S_n, then R is called

(iii) reflexive (irreflexive) with regard to K if E_K ⊆ R (R ∩ E_K = ∅), (iv) symmetric (asymmetric, antisymmetric) with regard to K and φ if R_{K,φ} ⊆ R (R ∩ R_{K,φ} = ∅, R ∩ R_{K,φ} ⊆ E_K),

(v) complete with regard to K if f ∈ G^H , f(K_i) ≠ f(K_j ) for all i, j ∈ (n], i ≠ j imply the existence of ∈ S_n such that f ∈ R_{K,ψ},

(vi) regular with regard to K if f ∈ R, g ∈ G^H , f(K_i) = g(K_i) for all i ∈ (n + 1] imply g ∈ R,

(vii) cyclic with regard to K if R_{K,π} ⊆ R.

If R ⊆ G^H is a relation, K an n-decomposition of the set H, φ ∈ S_n, (p) any of the properties (iii){(vii), then a relation Q ⊆ G^H is called the (p)-hull of R with regard to K (and φ) if

(viii) R ⊆ Q, (ix) Q has the property (p),

(x) if T ⊆ G^H is any relation having the property (p) and such that R ⊆ T , then Q ⊆ T .

We recall some results from [2] that will be essential in the sequel:

Lemma 1. ([2], 1.14(1), 1.15(4), 2.3) Let R, T ⊆ G^H be relations, K an ndecomposition of the set H, φ, ∈ S_n. Then:

(1) (R_{K,φ})_{K,ψ} = R_{K,φψ}.

(2) R ⊆ T implies R_{K,φ} ⊆ T_{K,φ}. (3) R_{K,φ} is regular with regard to K.

(4) If R is symmetric with regard to K and φ, then R is regular with regard to K.

Lemma 2. ([2], 3.2) Let R ⊆ G^H be a relation, K an n-decomposition of the set H, φ ∈ S_n. Let (p) be any of the properties (iii){(vii). Then R has the property (p) if and only if the (p)-hull Q of R with regard to K (and φ) exists and R = Q.

Lemma 3. ([2], 3.6, 3.7) Let R ⊆ G^H be a relation, K an n-decomposition of the set H. Let φ ∈ S_n, r ∈ N be such that φ^r = id. Then the following relation exist:

(5) the reflexive hull R^{(r)}_K of R with regard to K and we have

R^{(r)}_K = R ∪ E_K,

(6) the symmetric hull R^{(s)}_{K,φ} of R with regard to K and φ and we have

R^{(s)}_{K,φ} = r⋃ i=1 R^i_{K,φ},

(7) the regular hull R^{(g)}_K of R with regard to K and we have

R^{(g)}_K = R_{K,id}.

1. Definition and properties of projections

Definition 4. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, X ⊆ G. Then we de˛ne a relation R_{q,X,K} ⊆ G^{H−Kq} as follows:

R_{q,X,K} = {g ∈ G^{H−Kq} ; ∃f ∈ R: f(K_q ) = X, f(K_i) = g(K_i) for each i ∈ (n + 1], i ≠ q}.

R_{q,X,K} is called the (q, X)-projection of R with regard to K.

Remark 5. Let T ⊆ G^H be a relation, H = {1, 2, 3} (i.e. T is ternary), K = { {1}, {2}, {3}, ∅ } , q = 1, X = {x_0}. Then T_{1,X,K} coincides with the binary relation ϱ_T de˛ned in [3], 1.9.

Definition 6. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], X ⊆ G. Then X is said to fulfill the condition (α) with regard to K and q if 0 < card X 6 card K_q or X = K_q = ∅.

Remark 7. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2, q ∈ (n], K_q ⊂ H, X ⊆ G, let X fail to ful˛ll the condition (α) with regard to K and q (i.e X = ∅ ≠ K_q or card K_q < card X). Obviously, then R_{q,X,K} = ∅. Notation 8. Let K = {K_i}^{n+1}_{i=1} be an n-decomposition of the set H, n > 2, q ∈ (n], K_q ⊂ H. Then K_{(q)} = { ~K_i}^n_{i=1} denotes the (n − 1)-decomposition of the set H − K_q de˛ned as follows:

~K_i = { K_i for all i ∈ (q − 1] K_{i+1} for all i ∈ (n] − (q − 1].

Let, moreover, φ ∈ S_n(q). Denote by φ_{(q)} the permutation of the set (n − 1] de˛ned as follows:

φ_{(q)}(i) = φ(i) if i < q, φ(i) < q φ(i) − 1 if i < q, φ(i) > q φ(i + 1) if i > q, φ(i + 1) < q φ(i + 1) − 1 if i > q, φ(i + 1) > q.

Lemma 9. Let J be a nonempty set, j_0 ∈ J, let R, T , T_j for all j ∈ J be relations with the carrier G and the index set H. Let K = {K_i}^{n+1}_{i=1} be an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, X ⊆ G, φ ∈ S_n(q), m ∈ N . Denote K_{(q)} = { ~K_i}^n_{i=1}. Then:

(8) (E_K)_{q,X,K} ⊆ E_{K(q)} .

(9) If card K_i < card X or X = ∅ ≠ K_i for some i ∈ (n], then (E_K)_{q,X,K} = ∅. (10) If f ∈ E_{K(q)} is such that f( ~K_1) = X and X fulfills the condition (α) with regard to K and q, then f ∈ (E_K)_{q,X,K}. (11) (R^m_{K,φ})_{q,X,K} = (R_{q,X,K})^m_{K(q),φ(q)} . (12) If R ⊆ T , then R_{q,X,K} ⊆ T_{q,X,K}. (13) ( ⋃ j∈J T_j ) q,X,K = ⋃ j∈J (T_j )_{q,X,K}.

(14) ( ⋂ j∈J T_j ) q,X,K ⊆ ⋂ j∈J (T_j )_{q,X,K}.

(15) If T_j is regular for each j ∈ J − {j_0}, then (14) becomes the equality.

Proof. The statements follow directly from the de˛nitions. For example, let us prove (14) and (15).

(14) As ⋂ j∈J T_j ⊆ T_j for any j ∈ J, we obtain, by (12), ( ⋂ j∈J T_j ) q,X,K ⊆ (T_j )_{q,X,K} for any j ∈ J. Hence ( ⋂ j∈J T_j ) q,X,K ⊆ ⋂ j∈J (T_j )_{q,X,K}.

(15) Let f ∈ ⋂ j∈J (T_j )_{q,X,K}. Then there exist g_j ∈ T_j such that g_j (K_q ) = X

for all j ∈ J, f(K_i) = g_j (K_i) for all j ∈ J and all i ∈ (n + 1] − {q}. Thus, we have g_j (K_i) = g_{j0} (K_i) for all j ∈ J and all i ∈ (n + 1]. As T_j is regular for each j ∈ J − {j_0}, g_j ∈ T_j , g_j (K_i) = g_{j0} (K_i) for each j ∈ J and each i ∈ (n + 1], we have g_{j0} ∈ T_j for each j ∈ J, so that g_{j0} ∈ ⋂ j∈J T_j . This yields f ∈ ( ⋂ j∈J T_j ) q,X,K , and we get ⋂ j∈J (T_j )_{q,X,K} ⊆ ( ⋂ j∈J T_j ) q,X,K . � Theorem 10. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, X ⊆ G, φ ∈ S_n(q). Then:

(16) R_{q,X,K} is regular with regard to K_{(q)}.

(17) If R is symmetric (asymmetric, antisymmetric, cyclic) with regard to K (and φ), then R_{q,X,K} has the same property with regard to K_{(q)} (and φ_{(q)}).

Proof. The assertion (16) is obvious.

(17) The case of symmetry follows from (12) and (11). Let R be asymmetric with regard to K and φ. By (3), R_{K,φ} is regular with regard to K. By (11) and (15), we have R_{q,X,K} ∩ (R_{q,X,K})_{K(q),φ(q)} = R_{q,X,K} ∩ (R_{K,φ})_{q,X,K} = (R ∩ R_{K,φ})_{q,X,K} = ∅_{q,X,K} = ∅, so that R_{q,X,K} is asymmetric with regard to K_{(q)} and φ_{(q)}. The case of antisymmetry follows from (3), (11), (15), (12), and (8). The cyclicity is a special case of symmetry. �

Remark 11. In contrast to [10], 4.5, a statement analogous to (17) cannot be formulated for the re‚exivity or irre‚exivity. In order to show it, we present two counterexamples. Put G = {a, b}, H = {1, 2, 3}, K = { {1}, {2}, {3}, ∅ } , q = 3, X = {a}. Then the diagonal E_K = {(a, a, a), (b, b, b)} is re‚exive with regard to K, while (E_K)_{3,{a},K} = {(a, a)} is not re‚exive with regard to K_{(3)}. Further, the relation R = {(b, b, a)} is irre‚exive with regard to K, while R_{3,{a},K} = {(b, b)} is not irre‚exive with regard to K_{(3)}.

Lemma 12. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, q ∈ (n]. Let R be cyclic and complete with regard to K. Let f ∈ G^H be a mapping such that f(K_i) ≠ f(K_j ) for all i, j ∈ (n], i ≠ j. Then f ∈ ⋃ φ∈Sn(q) R_{K,φ}. Proof. As R is complete with regard to K, there exists a permutation ∈ S_n such that f ∈ R_{K,ψ}. Denote (q) = k, χ = π^{n−k+q} . Then χ ∈ S_n(q) and

= π^{n+k−q} χ. As R is cyclic with regard to K, we have R_{K,π} ⊆ R. It follows that, by (1) and (2), R ⊇ R_{K,π} ⊇ (R_{K,π})_{K,π} = R_{K,π}2 ⊇ (R_{K,π}2 )_{K,π} = R_{K,π}3 ⊇ . . . ⊇ R_{K,π}n+k�q , so that R_{K,ψ} = R_{K,π}n+k�q_χ = (R_{K,π}n+k�q )_{K,χ} ⊆ R_{K,χ}, hence f ∈ R_{K,χ} ⊆ ⋃ φ∈Sn(q) R_{K,φ}. �

Notation 13. Let R ⊆ G^H be a relation and F ⊆ G a non-empty set. The restriction of R to F is denoted by R | |F , i.e. R | |F ⊆ F^H is the relation de˛ned by R | |F = R ∩ F^H .

Theorem 14. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2, card G > 2. Let q ∈ (n], K_q ⊂ H, let X ⊆ G fulfil the condition (α) with regard to K and q. Let R be cyclic and complete with regard to K. Then R_{q,X,K} | |(G − {x}) is complete with regard to K_{(q)} for each element x ∈ X.

Proof. For X = ∅ the statement is trivial. Let X ≠ ∅. Let x ∈ X be an element, let K_{(q)} = { ~K_i}^n_{i=1}, and f ∈ (G − {x})^{H−Kq} be a mapping such that f( ~K_i) ≠ f( ~K_j ) for each i, j ∈ (n − 1], i ≠ j. We are going to ˛nd a permutation ∈ S_{n−1} such that f ∈ ( R_{q,X,K} | |(G − {x}))_{K(q),ψ}, i.e. a mapping g ∈ R_{q,X,K} | |(G − {x}) with

f( ~K_i) = g( ~K_{ψ(i)}) for each i ∈ (n − 1], f( ~K_n) = g( ~K_n). Let h ∈ G^H be a mapping such that h(K_q ) = X and h(K_i) = f(K_i) for each i ∈ (n + 1] − {q}. Then, by the preceding, h(K_i) = f(K_i) ≠ f(K_j ) = h(K_j ) for each i, j ∈ (n] − {q}, i ≠ j. Further, h(K_i) = f(K_i) ⊆ G − {x} for any i ∈ (n] − {q}, while h(K_q ) = X, so that h(K_i) ≠ h(K_q ) for any i ∈ (n] − {q}. This implies that h(K_i) ≠ h(K_j ) for each i, j ∈ (n], i ≠ j. By 12, we obtain h ∈ ⋃ φ∈Sn(q) R_{K,φ}. Therefore there exists

φ ∈ S_n(q) such that h ∈ R_{K,φ}, i.e. there exists ℓ ∈ R with h(K_i) = ℓ(K_{φ(i)}) for each i ∈ (n], h(K_{n+1}) = ℓ(K_{n+1}). In particular, we have ℓ(K_q) = h(K_q ) = X. Now, let g ∈ G^{H−Kq} be a mapping such that g(K_i) = ℓ(K_i) for each i ∈ (n + 1] − {q}. Then g ∈ R_{q,X,K} and we have f(K_i) = h(K_i) = ℓ(K_{φ(i)}) = g(K_{φ(i)}) for each i ∈ (n] − {q}. It su‹ces to put = φ_{(q)}. Hence R_{q,X,K} | |(G − {x}) is complete with regard to K_{(q)} for each x ∈ X. �

Lemma 15. Let R, T ⊆ G^H be relations, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, and let T be regular with regard to K. If R_{q,X,K} ⊆ T_{q,X,K} for any set X ⊆ G fulfilling the condition (α) with regard to K and q, then R ⊆ T .

Proof. Let f ∈ R and let g ∈ G^{H−Kq} be such that f(K_i) = g(K_i) for each i ∈ (n + 1] − {q}. Putting X = f(K_q ) we have g ∈ R_{q,X,K}. Thus g ∈ T_{q,X,K} and consequently there exists a mapping h ∈ T such that h(K_q) = X and h(K_i) = g(K_i) for each i ∈ (n + 1] − {q}. But now f(K_i) = h(K_i) for each i ∈ (n + 1], hence f ∈ T because T is regular with regard to K. The inclusion R ⊆ T is proved. �

Theorem 16. Let R ⊆ G^H be a relation, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, let φ ∈ S_n(q). Then:

(18) If R_{q,X,K} is irreflexive (asymmetric, complete) with regard to K_{(q)} (and φ_{(q)}) for any subset X ⊆ G fulfilling the condition (α) with regard to K and q, then R has the same property with regard to K (and φ).

(19) If R is regular with regard to K and if R_{q,X,K} is reflexive (symmetric) with regard to K_{(q)} (and φ_{(q)}) for any subset X ⊆ G fulfilling the condition (α) with regard to K and q, then R has the same property with regard to K (and φ).

Proof. (18) The cases of irre‚exivity and asymmetry follow from (8), (14), and (11). Let R_{q,X,K} be complete with regard to K_{(q)} for any subset X ⊆ G ful˛lling the condition (α) with regard to K and q. Let f ∈ G^H be a mapping such that f(K_i) ≠ f(K_j ) for each i, j ∈ (n], i ≠ j. Put X = f(K_q). Then X ful˛ls the condition (α) with regard to K and q. Let g ∈ G^{H−Kq} be a mapping ful˛lling g(K_i) = f(K_i) for each i ∈ (n + 1] − {q}. As g(K_i) = f(K_i) ≠ f(K_j ) = g(K_j ) for each i, j ∈ (n], i ≠ j, there exists χ ∈ S_{n−1} such that g ∈ (R_{q,X,K})_{K(q),χ}. Let ∈ S_n be such that χ = _{(q)}. By (11) (for m = 1), (R_{q,X,K})_{K(q),χ} = (R_{q,X,K})_{K(q),ψ(q)} = (R_{K,ψ})_{q,X,K}. Thus g ∈ (R_{K,ψ})_{q,X,K}. Consequently, there exists h ∈ R_{K,ψ} such that h(K_i) = g(K_i) for each i ∈ (n + 1] − {q}, h(K_q) = X. Hence f(K_i) = g(K_i) = h(K_i) for each i ∈ (n + 1] − {q}, and f(K_q ) = X = h(K_q ). As R_{K,ψ} is regular with regard to K by (3), we obtain f ∈ R_{K,ψ}, so that R is complete with regard to K.

(19) follows from (8), (11), and 15. �

Remark 17. Here we give an example of a relation R ⊆ G^H that is not antisymmetric with regard to K and φ, while its (q, X)-projection R_{q,X,K} is antisymmetric with regard to K_{(q)} and φ_{(q)} for any subset X ⊆ G. Put G = {a, b}, H = {1, 2, 3}, K = { {1}, {2}, {3}, ∅ } , q = 3, φ ∈ S_3(3) such that φ(1) = 2, φ(2) = 1. Then the relation R = {(a, a, b)} is not antisymmetric with regard to K and φ, because R_{K,φ} = {(a, a, b)} = R, so that R ∩ R_{K,φ} ⊈ E_K = {(a, a, a), (b, b, b)}, but the relations R_{3,∅,K} = R_{3,{a},K} = R_{3,G,K} = ∅, R_{3,{b},K} = {(a, a)} are all antisymmetric with regard to K_{(3)} and φ_{(3)}.

Theorem 18. Let R ⊆ G^H be a relation, K an n-decomposition of the set H,

n > 2. Let q ∈ (n], Kq ⊂ H, let X ⊆ G, φ ∈ Sn(q). Then:

(20) (R^{(r)})_{q,X,K} ⊆ (R_{q,X,K})^{(r)}_{K(q)} . (21) (R^{(s)}_{K,φ})_{q,X,K} = (R_{q,X,K})^{(s)}_{K(q),φ(q)} . (22) (R^{(g)}_K )_{q,X,K} = R_{q,X,K}.

Proof. (20) follows from (5), (13), and (8). (21) follows from (6), (11), and (13).

(22) follows from (7), (16), (17), and (11). �

Remark 19. The inclusion in (20) can be strict, which we show by the following example. Put G = {a, b}, H = {1, 2, 3}, K = { {1}, {2}, {3}, ∅ } , q = 3, X = {a}, R = E_K. Then R = {(a, a, a), (b, b, b)} = R^{(r)}_K , (R_{3,{a},K})^{(r)}_{K(3)} = {(a, a)}^{(r)}_{K(3)} = {(a, a), (b, b)}, and

(R^{(r)}_K )_{3,{a},K} = R_{3,{a},K} = {(a, a)} ⊂ {(a, a), (b, b)} = (R_{3,{a},K})^{(r)}_{K(3)} .

Corollary 20. Let Q, R ⊆ G^H be relations, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, let X ⊆ G, φ ∈ S_n(q). If Q is the symmetric hull of R with regard to K and φ, then Q_{q,X,K} is the symmetric hull of R_{q,X,K} with regard to K_{(q)} and φ_{(q)}.

Proof is obvious.

Theorem 21. Let Q, R ⊆ G^H be relations, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 2. Let q ∈ (n], K_q ⊂ H, φ ∈ S_n(q). Let Q be regular with regard to K. Then:

(23) If Q_{q,X,K} is the reflexive hull of R_{q,X,K} with regard to K_{(q)} for any X ⊆ G fulfilling the condition (α) with regard to K and q, then R^{(r)}_K ⊆ Q.

(24) If Q_{q,X,K} is the symmetric hull of R_{q,X,K} with regard to K_{(q)} and φ_{(q)} for any X ⊆ G fulfilling the condition (α) with regard to K and q, then Q is the symmetric hull of R with regard to K and φ.

Proof. The ˛rst assertion is a consequence of (5), (8), (13), and 15, the second assertion follows from (6), (11), (13), (4), and 15. �

Remark 22. Under the assumptions of 21, item (23), Q need not be the re‚exive hull of R with regard to K. In order to show it, put G = {a, b}, H = {1, 2, 3}, K = { {1}, {2}, {3}, ∅ } , q = 3, R = ∅, Q = {(a, a, a), (a, a, b), (b, b, a), (b, b, b)}; then {a} and {b} are exactly all the subsets of G ful˛lling the condition (α) with regard to K and q, and Q_{3,{a},K} = {(a, a), (b, b)} = (R_{3,{a},K})^{(r)}_{K(3)} , Q_{3,{b},K} = {(a, a), (b, b)} = (R_{3,{b},K})^{(r)}_{K(3)} , but R^{(r)}_K = {(a, a, a), (b, b, b)} ⊂ Q.

Theorem 23. Let Q, R ⊆ G^H be relations, K = {K_i}^{n+1}_{i=1} an n-decomposition of the set H, n > 3. Let K_i ⊂ H for each i ∈ (n]. Let Q and R be regular with regard to K. If Q_{q,X,K} is the reflexive hull of R_{q,X,K} with regard to K_{(q)} for any q ∈ (n] and any X ⊆ G fulfilling the condition (α) with regard to K and q, then Q is the reflexive hull of R with regard to K.

Proof. By (23), we have R^{(r)}_K ⊆ Q. Admit that R^{(r)}_K ⊂ Q, i.e. there exists f ∈ Q − R^{(r)}_K . By (5), we obtain f ∈ Q, f /∈ R, f /∈ E_K. As f /∈ E_K, there exist i, j ∈ (n] such that f(K_i) ≠ j(K_j ). Let q ∈ (n], i ≠ q ≠ j. Put X = f(K_q). Then X ⊆ G ful˛ls the condition (α) with regard to K and q. Let g ∈ G^{H−Kq} be a mapping such that g(K_i) = f(K_i) for each i ∈ (n + 1], i ≠ q. Then g ∈ Q_{q,X,K} = R_{q,X,K} ∪ E_{K(q)} , again by (5). Thus g ∈ R_{q,X,K} or g ∈ E_{K(q)} . In the former case, there exists h ∈ R such that g(K_i) = h(K_i) for each i ∈ (n + 1], i ≠ q, h(K_q ) = X. This implies that f(K_i) = h(K_i) for each i ∈ (n + 1], so that f ∈ R, for R is regular with regard to K, which is a contradiction. In the latter case, f(K_i) = g(K_i) = g(K_j ) = g(K_i) for each i, j ∈ (n], i ≠ q ≠ j, which is again a contradiction. Hence Q = R^{(r)}_K . �

Remark 24. For n = 2, the preceding theorem need not be valid. In order to show it, put G = {a, b}, H = {1, 2}, K = { {1}, {2}, ∅ } , R = ∅, Q = {(a, a), (a, b), (b, a), (b, b)}. Then Q_{q,X,K} = (R_{q,X,K})^{(r)}_{K(q)} = {a, b} for q = 1, 2 and

X = {a}, {b}, but R^{(r)}_K = {(a, a), (b, b)} ⊂ Q.

References

[1] I. Chajda, V. Novák: On extensions of cyclic orders. Čas. pěst. mat. 110 (1985), 116{121. [2] J. Karásek: On a modi˛cation of relational axioms. Arch. Math. 28 (1992), 95{111. [3] V. Novák: Cyclically ordered sets. Czech. Math. Journ. 32 (1982), 460{473. [4] V. Novák, M. Novotný: On determination of a cyclic order. Czech. Math. Journ. 33 (1983), 555{563.

[5] V. Novák, M. Novotný: Dimension theory for cyclically and cocyclically ordered sets.

Czech. Math. Journ. 33 (1983), 647{653.

[6] V. Novák, M. Novotný: On a power of cyclically ordered sets. Čas. pěst. mat. 109 (1984), 421{424.

[7] V. Novák, M. Novotný: Universal cyclically ordered sets. Czech. Math. Journ. 35 (1985), 158{161.

[8] M. Novotný: Ternary structures and groupoids. Czech. Math. Journ. 41 (1991), 90{98. [9] J. Šlapal: On relations of type α. Z. Math. Logik Grundlagen Math. 34 (1988), 563{573. [10] J. Šlapal: On relations. Czech. Math. Journ. 39 (1989), 198{214.

Author’s address: Jiří Karásek, Ústav matematiky FS VUT, Technická 2, 616 69 Brno, Czech Republic.