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ABSTRACT. The present article deals with the general family of summation-
integral type operators. Here, we propose the Durrmeyer variant of the general-
ized Lupas operators considered by Abel and Ivan (General Math. 15 (1) (2007)
21-34) and study local approximation, Voronovskaja type formula, global ap-
proximation, Lipchitz type space and weighted approximation results. Also,
we discuss the rate of convergence for absolutely continuous functions having
a derivative equivalent with a function of bounded variation.

1. INTRODUCTION

In 2007, Abel and Ivan [1]| proposed a general sequence of linear positive oper-
ators with ¢ = ¢, > (8 for certain constant 5 > 0 as

Lot = Soui £ (%) v .oo) (L)
k=0
c \"" (ncx)

where wy, | = -, and the Pochhammer symbol (u)y is defined

l+c K1+ c)
as (u)r = u(u+1)(u+2)--- (u+k—1). It was seen that the operators L¢ reproduce
the linear functions. Note that the operators L, are well-defined for all sufficiently

large n, for n > m, the infinite sum in (1.1) is convergent, provided that
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|f(t)] < Ke?t t > 0. They have studied the order of approximation and the com-
plete asymptotic expansion of the operators (1.1). Gupta [13] defined the Dur-
rmeyer type modification of the operators (1.1) and discussed the some direct re-
sults. Gupta and Malik [16] also established quantitative asymptotic theorem and
direct results by means of Ditzian-Totik moduli of smoothness of these operators.
Very recently, Gupta et al. [14] considered the Durrmeyer variant of the Baskakov
operators involving inverse Polya-Eggenberger distribution and studied the local
and global approximation properties of these operators. Many researchers have
defined the Durrmeyer variant of different sequence of linear positive operators
and discussed their approximation behaviour(cf. [2-8, 10,12, 15, 17-21,23]).

Inspired by the above work, we consider a Durrmeyer type modification of the
operators defined by (1.1) as follows:
For v > 0 and f € C,[0,00) := {f € C[0,00) : f(t) = O(t7), as t — oo}, we
define

Ge (f;2) ank/ @)t (12)

o a ()" ¢
where a > 0, b, = B L) (14 af) 50 wy, . is given in (1.1) and B(k +
R A ['(z)l
1,n) is the beta function defined by B(x,y) = / ———dt = M,
o (L+t)=tv [z +y)

z,y > 0.
We observed that for f € C,[0,00), the integral in the right hand side of (1.2)
exists for all n > v, and hence G, , is well-defined.

The goal of the present paper is to discuss some direct results for the operators
(1.2) e.g. local approximation, Voronovskaja type formula, global approximation,
weighted approximation and present the rate of approximation for absolutely
continuous functions having a derivative equivalent with a function of bounded
variation.

2. PRELIMINARY RESULTS
Let e;(t) =t',i=0,4.
Lemma 2.1 ( [1'3]) For the operators LS (f;x), we have
(1) Ly(eo;x) =
(ii) L5 (ex; )
(iti) L5 (e; ) = HC)I,
(e3; ) =

() Chlene) = M2 | s [2000 5]

nc n<c
(v) LE(ea; ) = . 6(1+c)r i i_; [11(102—&) n 18(1C+c)] i %[6(1;03) n 12(102_02) +

7(14c) .
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Using the definition of Gamma function, we obtain

* ’F(k:+z+1)T(——z)
/0 by pt'dt = NOESI (;) ) (2.1)

Lemma 2.2. For the operators G, ,(f; ), we have
(i) Graleo;z) = 1;

(i) G leri ) = 2243,

) e n?z? (1+de)ne 2 ;
(ZZZ) gma(eg, ZB) = 2a n3 a3) + c(n—2a)(n—§v()1—‘; )(n2—22a)(n—a)a (2 00(1420)

. c n°z +3c)n"x ool 1t 20))na
(i) g (63,(5) Y] oo o + c(n—3a)(n—2a) (n—a) + c2(n—3a)(n—2a)(n—a)

+ (n— 3a)(n 20)(n— a)’

4.4 (3+80)
(U) gn,a(&l’ ) T (n—4a)(n—3a)(n—2a)(n—a) + c¢(n—4a)(n—3a)(n—2a)(n—a)
+ (114+24¢(2+3c))n?z? + 2(3+4c(4+3¢(3+4c)))nx
c?(n—4a)(n—3a)(n—2a)(n—a) A (n—4a)(n—3a)(n—2a)(n—a)
+ 24
(n—4a)(n—3a)(n—2a)(n—a) *

Proof. The lemma follows easily using the relation (2.1) and Lemma 2.1. Hence

the details are omitted. O
Lemma 2.3. Form =0,1,2,---, the m! order central moments of Op.o defined
as

©5, am(@) =G5 ((t —2)™; 2) and Lemma 2.2, we have
(Z) @nal( ) = (:Cna_zl);

_ z2a(n+20) z(n+2c(n+2a)) .
(Z'L) @na2< ) (n—2a)(n—a) + c(n—2a)(n—a) + én—2o¢)(n;a)’ )
- 402 (3n2+46na+2402) 223 3(1+2¢)n?+4(9+23c)na+48ca?
(1i1) O, o4(1) = (n—4a)(n—3a)(n—2a)(n—a) c(n—4a)(n—3a)(n—2a)(n—a)
22 (3n?(1420)2+4(8+36c+51c?)na+144c2a?)  o((6+8c(4+9¢(1+c)))n+96c3a)
62(n—;lf)(n—fia)(n—Qa)(n—a) 3 (n—4a)(n—3a)(n—2a)(n—a)

+ (n—4a)(n—3a)(n—2a)(n—a) *
Remark 2.1. Applying Lemma 2.3, we get
lim n ©; ,,(z) = za+1;

n—oo
1+2
lim n ©F ,,(z) = 2°a+ ﬂ;
n—00 C
6(1 + 2¢)a® 3(1 + 2¢)%z?
lim n® ©F ,,(z) = 3z'a” + (1+ 207 + L+ 20) -
n—00 C (&

3. DIRECT RESULTS
Theorem 3.1. Let f € C,[0,00). Then lim G (f;z) = f(x), uniformly in
n—o00 ’
each compact subset of [0, 00).

Proof. In view of Lemma 2.2, we get

hmg Jenxr)=ai=0,1,2---,
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uniformly in each compact subset of [0,00). Applying Bohman-Korovkin Theo-
rem, it follows that lim G,  (f;z) = f(z), uniformly in each compact subset of
n—r00 ’

0, 00). O

3.1. Voronovskaja type theorem. In this section we prove Voronvoskaja type
asymptotic theorem for the operators Gy .

Theorem 3.2. Let f € C,[0,00). If f" exists at a point x € [0,00), then we have

lim 1[G f:2) — f(2)] = (2 + D) + 5 Lﬂa 4 L2 W} f'().

n—00 C

Proof. Applying Taylor’s expansion, we can write

f@) = fx) + f(a)(t — ) + %f”(flf)(f — ) +&(t )t — ), (3.1)

where }imé* (t,z) = 0. By using the linearity of the operator G¢ , we get
-z

n,q)

G olf:7) — F(2) = Ga((t = 2):2) P (&) + 565 (1 — )% 2) f"(2)
+Gna€(t 2)(t — )% ).
Applying the Cauchy—Schwarz inequality, we obtain
nGs o (€t 2)(E = 2)%2) < \JG5a (€2 2)5 )y /025 o (£ — 2)%; ),
In view of Theorem 3.1, nh—>nolo Ge (E(t,x); )= & (x, ) = 0, since {(t,z) — 0 as

t — x, and using Remark 2.1 for every x € [0, 00), we obtain
6(1 + 2c)z3a N 3(1 + 2¢)?z?

. 2~ 4.\ _ 9.4 2
nh_glon Goo (t—2)%2) =32"” + . > (3.2)
Hence,
lim ngy (&, x)(t — 2)%2) = 0.
n—00 ?
From Remark 2.1, we have
lim ngG;, , (t —z;x) = za + 1,
n—00 ’
142
lim nG., ((t —2)*2) =2’ + ﬂ (3.3)
n—oo ? C
Collecting the results from above the theorem is proved. O

3.2. Local approximation. Let Cg [0, 00) be the space of all real valued bounded
and uniformly continuous functions f on [0, 00), endowed with the norm

A ll o000 = sup |f ()]

z€[0,00)

For f € Cg[0,00), the Steklov mean is defined as

fa( hQ// 2f(x+u+v)— f(z+2(u+v))]du dv. (3.4)

By simple estimation, it is note that
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2) 1 = Fllgue) < w2lfsh).
b) fi, £ € Cpl0,00) and | il o) < 30U R) 1000 < salf ),

where the second order modulus of smoothness is given by

wa(f,0) = sup sup |f(z+2u)—2f(x+u+v)+ f(z+20)], 6 >0.

z,u,0>0 |u—v|<d
The usual modulus of continuity of f € Cp[0,00) is defined as
w(f,0) = sup sup |f(x+u)— f(z+v).

z,u,0>0 |[u—v|<§

Theorem 3.3. Let f € Cp [0,00). Then for every x > 0, the following inequality
holds

G5l ) — F()] < 500 (£, /hal®)) + s (£,1/Oale))

Proof. For z > 0, and using the Steklov mean f;, that is given by (3.4), we can
write

|G a(f32) = (@) <G o (If = fuls2) +1G7 o (fi— fu(@); 2) |+ fu(@) = f(2)]. (3.5)
For every f €Cpl0,00) and (1.2), we get

‘g (f;x ‘ < 1 Fllésp0,00)- (3.6)
By property (a) of Steklov mean and (3.6), we obtain

G If = Tuli2) <NGro (F = ) lGpp0.00) < 1 = Fullcpo,0) < w2l h)-

Using Taylor’s expansion and Cauchy-Schwarz inequality, we get
G5 o (i — fala)io)| < Hf,audBm,mMgz,a<<t—x>2;x>

|| ||C’B[O oo)gna ((t - ZL‘)2 ZL’) )

By Lemma 2.3 and property (b) of Steklov mean, we have

. )
|gn,a(fh_fh( ) )’ < ]’Lw(f h) na2( )+Ww2(f h) na2< )

Now, taking h = ,/©O¢

n,o,2

(x), and substituting the values in (3.5), we get the

desired results. O

Theorem 3.4. For any f € C! 110, 00) and x € [0, 00), we have

95 a(f:2) = F@)] < |6502 @)] 1F/@)] 42105 0.(2) w (F1/0502(2) ) (37)

Proof. Let f € CL]0,00). For any t € [0,00),z € [0, 00), we have

f@) = f(x) = fia)(t —x) + / (f'(w) = f'(x)) du.

Applying G, ,(-;z) on both sides of the above relation, we get

G (F() — fla)ia) = F(2)0En(t —wi2) + GF., ( [ ) - £ ) |
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Using the well known property of modulus of continuity

10 - sl < etro) (54 1) 6>

we obtain

[ ) = e du

t— 2
< w(f’, ) (( ;) —|—|t—x|>.
Therefore, it follows

G2 (fi) — F(@)] < 1 (@) Gt — i)
+w<f',5>{ G (¢ — 2)2) + G (|t x|;x>}.

Using Cauchy-Schwarz inequality, we have

\gﬁ,a(f;w)—f(fﬂ)\ﬁlf’( WG ot — a3 7)]

{\/g ((t — )2 +1}\/Q ((t — z)%; ).

(x), the required result follows. O

Choosing 6 = , /©¢

n,o,2

Let di > 0,dy > 0 be fixed. We define the following Lipschitz-type space
(see [22]):

i) = { € Cl0.00) s 50~ < 2 2t e 0.9)

(t + d1$2 + dgﬂ?)é
where r € (0, 1].

Theorem 3.5. Let [ € sz (d, dg)( ) and r € (0,1]. Then, for all x € (0,00), we
have

T

|G (fi2) — (@) |< M(@—“)

dll’z + dg]?
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Proof. By the Hoélder’s inequality with p = %, q= Z—ET, we get

G (i) — |<ank / © (O — f)dt

< ank ( / 010 - fwfar)
g{ bz,k<t>|f<t> |dt} (ank )
- { wt(2) / Tb 1) - f@)? };
(an’“ / #(0) (t+(:;;2gi)L dzgc)dt>g
< (fj wiala) [ s (- x)?dt) %

2_

(dll'Q + d2$)% =0
M . r
- (dy22 + dox) 2 (Gral(t — )% 2))
(6, 0a0)
= r n,x x 2
(d11‘2 + d2$)§ 2
Thus, the proof is completed. O

3.3. Global approximation. In this section, the first and the second order
Ditzian-Totik moduli of smoothness are defined as

So(f,0)= sp s |f(@+6(@)h) — f()] (3.8)

0<|h|<é z,xz+hp(z)€[0,00)

and

wag(f,VO) = sup sup  |f(z+ h(x)) — 2f(z) + f(z — ho(2))],

0<|h|<V/8 z,xEhd(x)€[0,00)
respectively and the corresponding K-functional is
Kao(f.0) = inf{||f — gll + 6ll¢”¢"|| : g € W*(9)}, 6 >0,

where W2(¢) = {g € Cp[0,00) : ¢’ € AC[0,00),¢%g" € Cp[0,00)} and ¢' €
AC[0,00) means that ¢’ is absolutely continuous on [0,00). It is well known
that (see [9]) Kag(f,8) ~ was(f,V/d) which means that there exists an absolute
constant M > 0 such that

M wno(f,V0) < Kag(f,0) < Many(f, Vo). (3.9)
In the following we will consider ¢(z) = 1 + 2.

T
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Theorem 3.6. Let f € Cp[0,00) and = € (0,00). Then, there is an absolute
constant M > 0 such that

M v M
|grcz,a(fa$) —f(l')| S 4K2,¢ <f7 %) +w¢ (fa T) )
for n sufficiently large.

Proof. Define
nr + 1

n—«o

ﬁhﬁmﬁz@@ﬁmﬁ—f( )+f@»

Let g € W2(¢). Applying Taylor’s expansion, we may write
t
ot = 9(a) + g @)t~ )+ [ '@t~ w)du
0

Operating the operators 7,7, to the above equation, we get

| Tralg; 2) — g(2)|

: =
<Gz (| [ 1=l g @taaf ) | 77 222 -l
1501 [ g1
< 2(2) [gma((t—x)Q,x)—i- /x —— du]
1561 7, :
S ¢2($) [@na 2($) + (Gn,a l(x))2:|

In view of Remark 2.1 it follows that there is a positive constant M > 0 such
that

Onna®) _ M (Oh01(0)° _ M
#a) S e S e
Thus,
1 1 2M
Tonlara) = g(o)| < M6 |+ | < 2oy
Now,
GoalFi) — F@] € TE0lF — g50)] + [ Taloi) — 9(o)] + (@) — g(z)
() - s
< allr gl + 20+ () < s 6o
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_ (5=a) —=\
- |f(:c+¢<x> e ) ()

< sup‘f (xw(x)%;g@) ~ f(a)

< Wy (f, g) . (3.11)

Using (3.10) and (3.11), we have

Also, we obtain

'f (nx+1) @)

n—uo

c M _ M
G5afi) — S < 4 [ =all + 5116201+, (f, —Vn) .
Now, applying (3.9), the theorem is completed. O

3.4. Weighted approximation. Let D,[0,00) be the space of all real valued
functions on [0, 00) satisfying the condition |f(z)| < Myo(x), where My is a
positive constant depending only on f and o(z) = 1 + 22 is a weight function.
Let C,[0,00) be the space of all continuous functions in D,[0, c0) endowed with

the norm
|f(2)]
|fll, ;= sup
1= =0 o)

and

C;10,00) := {f € C,0,00) : lim |J;g;| exists and is ﬁnite}.

Theorem 3.7. Let f € C}[0,00). Then, we have
Tim (1G5, (f) — £l = 0. (3.12)
Proof. In order to prove this result it is sufficient to verify the following three
relations (see [11])
Tim (1G5 oei7) — eill, =0, i =0,1,2. (3.13)

Since Gy, ,(eo; ¥) = 1, the condition in (3.13) holds true for i = 0.
By Lemma 2.2, we have

. 1 |jnzx+1
1G5 a(er:7) = eally = sup g T
T a 1 1 a+1
_ < . (3.14
w(rm) el (m) e sfoal o

Thus, lim ||G;  (e1;-) — e1]|, = 0. Finally, we obtain
n—0o0 ’

Gy, (€25 ) — e2ll,
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1 nz? N (1+ 4c)nx N 2 5
= su —x
leg 1+22|(n—2a)(n—a) c¢n—2a)(n—a) (n—2a)(n—a)
- x? 13na — 2ala N T n(l+ 4c)
su su
= 1122 |(n—a)(n—2a)  asb L+ 2%|(n—a)(n - 2a)|
1 2
+su , 3.15
D 2 (n —a)(n — 20)| (3.15)
which implies that lim ||GS  (es;-) — ez, = 0. O
n—00 ’

Let f € C}[0,00). We will define the weighted modulus of continuity introduced
by Yiiksel and Ispir [24] as follows:

8y [f(z+h) — f(z)]
Q(f’ 5) - a:e[o,osol)l,13<h§5 1+ (J: + h)2 .

Lemma 3.1 ( [24]). Let f € C}[0,00), then:

i) Q(f;9) is a monotone increasing function of d;
ii) 6lir(1)1+ Q(f;6) =0;

iii) for each m € N, Q(f,mdo) < mQ(f;0);

iv) for each A € [0,00), Q(f; A0) < (1 4+ N)Q(f;9).

Theorem 3.8. Let f € C}[0,00). Then there exists i € N and a positive constant
Q(a, ¢) depending on o and ¢ such that

Gl fi2) = f(2)]
sup ;
2€(0,00) (14 22)2

< Q(a, ¢)Q (f; n’1/2) , form > n. (3.16)
Proof. For t > 0,2 € (0,00) and ¢ > 0, by the definition of Q(f;0) and Lemma
3.1, we may write

f(t) = f(@)] < (14 (z+ ]z —t)*)Q(f; [t — =)
|t — |

< 20+ 21+ (t—2)?) (1 - T) Q(f;9).

Since Gy, , is positive and linear, we get
|G alfiz) = f(2)] < 2(1+2°)Q(f;0) {1+ G5 o ((t — 2)% )
t _
+Ge, ((1 +(t— 33)2)|5—x|; a:) } . (3.17)
In view of (3.3) it follows that there is ny € N such that

Go o(t — %2 < Qula, ) L)

, for n > nq, (3.18)
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where Q1(«,c) is a positive constant depending on « and c¢. Using Cauchy-
Schwarz inequality, we may write

G, ((1—1—(75—93) s )_5\/gga ((t — )% 2) (3.19)

+5\/gg,a (t = 2)%2) Gt — 2)% ),

From the relation (3.2) it follows that there is ny € N such that
1+ 22
VG5 (= 2)%2) < Qaler o i )

where Q2(«v, ¢) is a positive constant depending on « and c.
Let 7 = max{ny,ny}. Collecting the estimates (3.17)-(3.20) and taking

1
Qa,e) =2 (14 Qi) + VQi(0,0) + Qaler, ) V@Qi(as ) ) , 6 = =

for n > n, we get (3.16). O]

, for n > ny, (3.20)

3.5. Rate of approximation of G; , operators for functions with deriva-
tives of bounded variation. In this section we study the rate of convergence
of functions with a derivative of bounded variation.

Let DBV[0,00) be the class of all functions f € D,[0, 00), having a derivative
of bounded variation on every finite subinterval of [0,00). The function f €
DBV|0,00) has the following representation

ﬂ@=£@@+ﬂm

where g is a function of bounded variation on each finite subinterval of [0, c0).
In order to discuss the approximation of the operators G, , for functions having
a derivative of bounded variation, we rewrite the operators (1.2) as follows:

%gﬁwzlm$¢mvww (3.21)

00
_ E [ Xe'
t) - wn,kbn,kz
k=0

Lemma 3.2. For all x € (0,00) and sufficiently large n, we have

1 2
o (1) xudu<Q(a’0) +x,0§t<x,
(x—1t)? n
1 2
i) 1—¢¢ (x,2) / o u)du < Q(a,c)2 +$,Z<t<007
(z—x)2 n

where Q(a, c) 1 a positive constant depending on o and c.

Proof. For sufficiently large n it follows from (3.3) that

1+ 22

Gral(u—2)%2) <Qa,c) (3.22)
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Applying Lemma 2.3, we get

t e —u\?
falrn) = [ Sialwan < [ ( ) S¢ (. u)du
’ 0 ’ 0 \r—1 ’

1 Q(a,c) 1+ 2?
< ——_¢G° —2)%x) < ’ ,
S = ppdne ((u—2)%2) < @—02 n
The proof of ii) is similar hence the details are omitted. 0J

Theorem 3.9. Let f € DBV|[0,00). Then, for every x € (0,00) and sufficiently
large n, we have

G50 (Fi0) — fw) < L2 f%w+>+f%x—»‘
(n—a) 2
+ Qm,c)lz z? f'($+)—2f/(:v—))‘
9 V7] ) p
+Ola, o) 2 Z (\/f)+— (\/ f) (4M +w> Q(%C)l;

1+ 22

Y Qe ) 4 Qla,0 o f(20) - @) - af ()

w+7m o V] ot

%—VfHMC+IZVb

k=1 =z

where Q(a, ¢) is a positive constant depending on « and c, \/Z f denotes the total
variation of f on |a,b] and f. is defined by

@)= flla=), 0<t<a,
f:(t) =40, t=uz, (3.23)

f'@t)— fl(z+), z<t<oo.

Proof. For any f € DBV|0,00), from (3.23) we can write

N | —

Flu) = 5 (Fat) + £ (e=) 4 fulu) + 3 (Fet) — f' (=) sgnfu — )
Faul) (0= 5 () + £ (3:24)

where

1, u=r,
(5x(u):{ 0, u#x.
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Since G, ,(eo; ¥) = 1, using (3.21), for every x € (0, 00) we get

/ 8¢ (2, 1)(
/0 S :ct/xf u)dudt
_ /0 ' ( /t ' f’(u)du) S5 (w t)dt
T / N ( / t f’(u)du) 8¢ (o, 1)t
Denote

i [ ([ o)t [ ([ rm)

Since /59& )du = 0, and using relation (3.24), we get

n= [ 500 s ren o
1

+ 3 U) = o)) sontu = )du | S (o O

3 er) 4 o) [(@-osioi [ [ nwd) s
-5 e - ) [ x(a: 0S5 (o )it

In a similar manner we obtain

L= [T [ 0en+ ey s

+ = (f'(z+) — f'(x=)) sgn(u — $)du}8 oz, t)dt

(F(a+) + f(a ))/ (t—2)S xtdt+/ (/f du)

+5 (fat) = e )) (75 )8y 0, )dl.

Combining the relations ( 5)-(3.27), we get
nalfiw) = f(x) = o (f(z+) + (= —))/Oo(f )8y (2, t)dt
)/ [t — 2|8, o (z,t)dt

/(/f du> a:tdt—l—/ (/f du>

DN | =

= o =

DO | —

(3.25)

oz, t)dt

(3.26)

oz, t)dt

(3.27)
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Therefore,

|Gralf12) = I—' ) '\g (t — ;)|
f’(1’+)—f'(x )

+ Gnallt =] x)

</ filu du) (:ctdt‘ (/f du) (a:,t)dt’. (3.28)
g (f! / ( / Filu du) L@ )t
Feof! / ( / Filu du) Sz, bdt.

Our aim is reduced to calculate the estimates of the terms E¢  (f2, z) and FS  (fL, x).
From the definition of ¢ , given in Lemma 3.2, using the mtegratlon by pa,rts
we may write

o= [ ([ som) o= [ i

Thus,
M@%JHS/Iﬂ®mA%Wﬁ
0

x

x_ﬁ / c ’ / c
<[ TR0 [ RO

Now, let

and

B

Since f,(z) =0 and ¢ ,(v,t) < 1, we get

[ Ot = [ 110~ @G0

2
/ \/fdt<\/f/ imf’.
ﬁ T ‘
T Vn
By applying Lemma 3.2 and conmdermg t=x— % we have
= a 1+ 22 dt
; t)dt <
[T 1800 w0 < Qa0 A T
1+22 [* = , dt
<
= Q(CY,C) n /0 (\t/fz) (x—t)Q
(V7] z
14 a? 14 a?
= du < !
Q0 [ Vf u< Q=S [\ £
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Therefore,

2 [Vl @
[Ena(fer0)| < Q) Z (\/ f) NG ( V f;) : (3.29)

Also, using integration by parts in F; ,(f;,7) and applying Lemma 3.2, we have

2z t )
| Fralfe @) < (/ f;(U)dU> 5 (1= Galz)) dt‘

+ /: </; f;(u)du) Szja(x,t)dt‘

2z
1= Gale20)] + [ 1201 (1= Galo.0) d

2z
fo(u)du

T

IN

n / () - f(x))Sﬁ,a(fv,t)dt‘ 1 )] / Tt - 2)S% (]
We have
[ 110 Gatt)de= [T 1801 (1= Galet)
+/ ’ |f;(t)| (1 — 7ioé(x,t)) dt = Jy + Jy (say). (3.30)

o
Since fl(z) =0and 1 — (5, <1, we get

le/” 120 — Fo@)] (1= el 1)) dt

/xv(\/ f) an

x
Applying Lemma 3.2 and considering ¢t = x + —, we obtain
u
2x 1

1
J2<Q(OZ C) _;x /+x (t—l’)Ql
Vn
9 \/EIJF%
s@«»@”ﬂ‘” | (\/f)dt o [TV fa
x \/— x
Q[xﬂ k1 &t o [vnl [z+%
< Q(o, / (\/f)duwac)l;x (\/f;)-

Putting the values of J; and J; in (3.30), we get

2 . vt/ |4 g2 W o+
/ RO1( = Galwnt) dt < 7=\ £+ Qoo VAR

fo(t) = fo(@)|dt
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Therefore,

Fralfon) < My [+ 0S8 oo+ 1@ |

17y Qe Qa0

T+7m o Wil (o4

1
”'Z \/f . (3.31)
Since t < 2(t — z) and x <t — x when t > 2z, we obtain

Mf/ (t* + 1S, o (z, t)dt + | f(z |/ dt

< (My+|f(x / (x,t) dt+4Mf/ (t — )28 (x, t)dt

2x

| (22) = f(x) =z f'(a+)|

< Mt / ©)2SE (v, £)dt + AM; / (t — )8y o, 1)t

0

< (4Mf + ]\/[fj;—y()‘) Q(a, c)1+Tx2 (3.32)

Using the inequality (3.32), it follows

M; + |f<x>|) 14 a2
,IQ

Fral ) < (404 + Qo0

1+ a2

I Q- + Q)| (22) — () — af (o)

T+ m o [vn] [+

\/ £+ Qle, )Hx Z \/f . (3.33)

From (3.28), (3.29) and (3.33), we get the required result. O
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