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ABSTRACT. In this paper a new class of analytic, univalent and normalized
functions with finitely many fixed coefficients is defined. Properties like coeffi-
cient condition, radii of starlikeness and convexity, extreme points and integral
operators applied to functions in the class are investigated.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of analytic functions f defined on the unit disk A =
{z € C: |z| < 1} with normalization f(0) = f’(0) — 1 = 0. Such a function has
the Taylor series expansion about the origin as

f(z)=z+ ianz", z e A. (1.1)
n=2

We denote by S, the subclass of A consisting of functions that are univa-
lent. Goodman |2, 3] defined and studied the subclass of uniformly starlike
and uniformly convex functions. Murugusundaramoorthy et al. [4] extended the
study of the above subclass by fixing the second coefficient. In recent times,
researchers |1, 5] have defined new subclasses of S by fixing a finite number of
coefficients of functions. In this paper, we consider the subclass SD(«) of S by
fixing finitely many coefficients and properties of the functions in this subclass
are examined.
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T denotes the subclass of S consisting of functions with negative coefficients.

Thus if f € T then
2)=1z— Zanz”,an > 0. (1.2)
n=2

Definition 1.1 ( [6]). A function f € S is in the class SD(«) if it satisfies the

analytic criteria

The intersection of the classes 7 and SD(«) is denoted by TSD(«). We now
state a necessary and sufficient condition for the functions in S to be in TSD(«).

Theorem 1.2. A function of the form (1.2) is in the class TSD(«) if and only

,a > 0. (1.3)

of
Y L+ an=1)a] <1, a>0. (1.4)
n=2

Proof. Assume that f of the form (1.2) satisfies (1.4). Then

Re {“2} alf'(z) - £

> 1= |11 - 2

=1->"7,la,| —ad> ", (n—1)|a,| > 0. Hence f € TSD(«).
Conversely,

Re {ﬂZ} alf'(z) - £

which implies Re{l — >"°7, |a,|2" 1} — a| S0, (n — 1)a,z" "1 > 0

> 0.

Letting z to take real values and as |z| — 1, we get

1=3 s lan] —ad 7o (n —1)|an| = 0.
which implies >~ ,[1 + a(n — 1)]]a,| < 1. O

Corollary 1.3. For f € TSD(«)
< 1
“S1Yam—1)"
We now introduce the subclass TSD(«, pi) of TSD(a). This class consists of
all those functions in 78D («) which are of the form
k

f(z):z—zm Z anz". (1.6)

1=2 n=k+1

> 2. (1.5)
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Several interesting properties of the functions in this class are proved in the
subsequent sections.
2. COEFFICIENT ESTIMATES
We now prove the coefficient estimate for functions in the class TSD(«, px).

Theorem 2.1. A function of the form (1.6) is in the class TSD(a,py) if and
only if

00 k
Z 1+ a(n—1)]a, < 1—Zpi, (2.1)
n=k+1 i=2

where a >0, 0<p; <1 and 0 < Zf:2 p; < 1. The result is sharp.

Proof. By (1.5),

k
Pi .

i=——— 1=2,3,..,k, 0<p; <1, 0< p < 1. 2.2

YT rali—1) b 27 22)
which implies Zf:g pi+ >l +a(n—1)]a, <1.

Conversely,

Re {f(z } al f(z) — f(Z)
> 1= |11 -

=1=3 7 lan| —ad 2 s(n — 1lay)|

= 1= 2,1+ ali — Dljai| = ol [+ aln = 1)]|an|
=1 =30, pi— Yol +a(n = Dllan], by (2.2)
>0, by (2.1).

Thus f € TSD(«, px). The sharpness of the result follows by taking

. (1—21»:2@)
_ i no > 2.3
Zl—l—az—l Zhn ( )

pr l+a(n-1) =~
OJ
The following corollary is a consequence of Theorem 2.1.
Corollary 2.2. If f is in the class TSD(«, py), then
~Yiop n>k+1. (2.4)

< - Lui=210
“=1¥an-1)
The result is sharp for the functions f given by (2.3).
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where 0 <p; <1,0< Zf:Q

3. CLOSURE THEOREMS
Theorem 3.1. The class TSD(«, py) is conver.
Proof. Let f, g be two functions in 7TSD(a, pr). Then

-3 a0
—~1l+an-1
k

1+ a(n—1)

pi < 1.

oo

Define h(z) = Af(2)+(1—=N)g(z). Then h(z) = z2—> .7,

(1 = X\)b,]z".
Now,

Do k+1[1 +a(n —1)][Aa, +

(1= A)bn]

1+a2 ) =30 ki1 Aant

SAYS L+ aln = Dla, +(1- X)X, 1+ aln - 1,

<AI=YF L p)+ =00 -8, )

=1- Zf:z Di

which implies h(z) € TSD(a, p).

Theorem 3.2. Let

and

' z
pr (n—1)
k
p‘ ) <1 _Zz—Qpi)
- 2t — 2".n>k+ 1.
14+ a(n—1)

2
Then f € TSD(a, k) if and only if f can be expressed in the form

n=k
Zf:k An = 1.

Proof. Suppose f € T can be expressed in the form (3.3). Then

where \, >0, (n > k) and

k

f(z)zz—Z

Now, Y502, [1+ a(n — D]

Di -
1+a(i—1)
[ Zz 2 p’b]

1+a(n—1)

)

o

>

n=k+1

-5

(o]
n=k+1

An[l — Zf:z pil n
I+an—1)
Anll — Z?:z il

(3.4)
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k
=[1-> il fo;kﬂ An
k
=[1- Ziz?pi](l )
k
<1-> i ,p

which implies f € TSD(«, pi).
Conversely, for n > k + 1, set

14 a(n—1)]a,

Ap = — n>k+1. 3.5
1= 2D (3:5)
and -
Ae=1- > A (3.6)
n=k+1
Then f can be represented as f(z) =Y ", A fu(2). O

Corollary 3.3. The extreme points of the class TSD(«,py) are the functions
fny (n > k) given by (3.1) and (3.2).

4. INTEGRAL OPERATOR

The Alexander Operator for the functions in the class S is defined as

I(f) = /0 ) @dt. (4.1)

This operator maps the class of starlike functions onto the class of convex func-
tions. The effect of this operator on the functions in the class TSD(a, py) is given
in the following theorem.

Theorem 4.1. Let f defined by (1.5) be in the class TSD(a,py). Then Z(f)
belongs to the class TSD(a, qx) where g = 5.

Proof. We have

k 00
==Y di -y dn n
I(f)—z—'_21+a(i_1>z 2 it (4.2)
1= n=k+1

Now,
Zzozkﬂ[l +a(n — 1)]%

< 751 Lner L+ a(n = D]ay
< k%l(l - Z?:zpi)

= k+r1 - Zi‘cﬂ 15:1
<1-31, 0

which implies Z(f) € TSD(«, qx). O
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5. RADIUS OF STARLIKENESS AND CONVEXITY

In this section, we derive the radii results for the function in the class TSD(«, px)
to be starlike or convex of order .

Theorem 5.1. The function given by (1.5) in the class TSD(«, py) is starlike
of order (0 < < 1) in the disk |z| < r where ry is the largest value which
satisfies

3 (2_i)_5) i1 ((2_71)_5)[1_2?:22%] n—1
; [W}Pﬂ“ + I an—1) r"t < B. (5.1)

e e _
‘ < Tl T - (D

k P; i—1_ N\ 00 —1
1=3 i Tra(=n ™"~ 2nmkg1 @07

Proof.

which is less than or equal to 1 — 8 for |z| < r if and only if

k ,
2 —
E 1( _1 ]0Z rt 4 E (2=n)—Ba,r" ' <1-3. (5.2)

=2 n=k+1
By Corollary 2.2, we may set
IR >
" 14+aln—1)
where A, >0 (n>k+1), Y07, A < 1.

For each fixed r, choosing an integer ng = ny(r) for which % is a max-
imum, we obtain

n n>k+1, (5.3)

3 n=l 2—no) — A1 - f:zi no—1
g;mﬂ%m Pt 1Lml—§ Pl not. 5

Hence f is starlike of order 5 in |z| < ry provided

k . k
(2 1, (2=no) = B)1 =377 oPi] no1
= = " <1-27. 9.9
121—1—041—1 P 1+ a(ng—1) " - P (5:5)
We find the value of ry and the corresponding ng(ry) so that
k . k
(2 - 1, 2=n0) = B)[L =3 opi] npr
i— i= n -1 )
ZZ 1 per + 1 i Ck(no o 1) To /8 (5 6)

which is the radius of starlikeness of order g for functions in the class TSD(a, py).
O

In the following theorem we obtain the radius of convexity for functions in the
class TSD(a, py).
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Theorem 5.2. The function given by (1.5) in the class TSD(a,py) is convex
of order (0 < < 1) in the disk |z| < ro where ry is the largest value which
satisfies

§3L+§z—nkﬂ1+nm_mU_ZLwﬁmlﬁﬁ (5.7)

— 1+ a(n—1)
i(1—1)p; 1— oo n—
Proof. Zf” T 1ia(i)7pf)’" Y n(n=L)anr !
) - 1->7 5 k%*ii‘;kﬂ naprn1

which is less than or equal to 1 — § for |z| < r if and only if

i Z(i— ri= 1+ Z anr" 1 < 1_5 (5.8)

L+a(i—1) n=k-+1

Using Corollary 2.2 and for each fixed r, choosing an integer ng = ng(r) for which

no(no—f)r*—* . :
a1y~ 1S & maximum, we get

i n(n — Ba,r" ' < no(no — )1 = 30, pi)r

T+ a(mg = 1) 5 (5.9)

n=k+1

Hence f is convex of order f in |z| < ry provided

f: i(i — B) Fil no(no — B)(1 — ZZ‘C:Qpi)Tn—l <1-8

— 1+ali=1) 1+ a(ne — 1) = (5.10)

We find the value of ry and the corresponding ng(ry) so that

00 e A _ ok '

which is the radius of convexity of order § for functions in the class TSD(a, py).
O
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