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ABSTRACT. The Hecke group G4, is a family of discrete sub-groups of PSL(2, R).
The quotient space of the action of GG, on the upper half plane gives a Riemann
surface. The geodesic flows on this surface are ergodic. Here, by constructing
a phase space for the geodesic flows hitting an appropriate cross section, we
find the arithmetic code of these flows and show that their code space is a
topological Markov chain.

1. INTRODUCTION AND PRELIMINARIES

Let H={z=xz+iy: y > 0} be the upper half plane with hyperbolic metric
ds = %. With this metric, the geodesics on H are of the form x = a or they are
semicircles with center on z-axis [6].

By identifying the transformation ‘Zjis with the matrix (i Z), the group of

orientation preserving isometries on H is the group

PSL(2, R) = {A: (Z Z) cdet A=1, a,b,c,dc R}.
The discrete subgroups of PSL(2, R) are called the Fuchsian groups and the
action of them on H is discontinuous. This means that if G < PSL(2, R) is a
Fuchsian group, then for any z = « + iy € H, the orbit G(z) = {g(2), g € G}
has no accumulation point in H. A Fuchsian group is called of the first kind if
its limit set A(G) equals R U {oo}.

Let T,(z) = z + « and S(z) = —1. Hecke proved that G, = (T,, S) is a
Fuchsian subgroup of PSL(2, R) if and only if « = 2cos 7, for some integer
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q > 3 |4]. Under this condition, G, is called the Hecke group. When g = 3, then
a = 1 and G is called the modular group. The action of the Hecke group G,
on H gives a Riemann surface denoted by M, = H/G,. This surface is called
the Hecke surface and topologically is a punctured sphere with two elliptic fixed
points of orders 2 and ¢q. Any oriented geodesic v on M, lifts to infinitely many
oriented geodesics on H. All of these geodesics are G,-equivalent; this means
that if v1,7, € H are two lifts of v € M,, then there exists g € G, such that
M =972

Let T'H = U, ey TIH and T' M, = Uzenm,, T2 M, be the unit tangent bundles
of H and M, respectively. The projection map = : T'H — T'M, projects
the vectors tangent to equivalent geodesics on H to the vectors tangent to the
corresponding geodesic on M,,.

The geodesic flow ! : T'H — T'H is defined as ©'(v) = w, where v, w € T*H
are tangent to a geodesic and hyperbolic distance of their base points equals .
Also, piys = 1 0 ps.

In Section 2, we give the Rosen algorithm to compute the a-minus continued
fraction of real numbers |7] with a little adjustment via a function H,. Then in
Section 3 using the notion of reduced geodesics and the orbit of the point % under
H,, we will introduce an appropriate phase space for the cross section of geodesic
flows on a Hecke surface. In Section 4, we give a coding which is a useful tool to
verify the dynamical properties of geodesic flows on this surface. The obtained
code space is topologically Markov chain.

2. a-MINUS CONTINUED FRACTION

There are different ways to find the a-minus continued fraction (a-MCF) ex-
pansion for a given z € R, but when the algorithm of finding the coefficients
of the fraction is given by a function, then x can be uniquely expressed by an
a-MCF expansion. Here we define such a function as follows.

For x € R, let

1 . o
Ho(x) = T+ if v € R—{aZ}
0 if x € aZ,

where |.| is the floor function. This function is simply the composition of a
reflection function =* and a translation function z — | £ + 1]a, which are similar
to the action of the elements of G, with generators S(z) = =% and T,(2) = 2+«
Note that if Z2-1a <z < 22tlq, then | £+ 1] = k. Here we give an algorithm to
find a-MCF expansion of x € R.

Definition 2.1. Let 2 = o € R and ag = | £ + 3|. Define

-1 z; 1
= d a =124+ =1,
i T —aj and 4 La + 2J
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If z; € aZ, then the algorithm stops. For z € R, we obtain a finite or infinite

sequence of non-zero integers ag, a, as, - --. So, x can be expressed by
1
T = ag, a1, o = €@gg — ——5—. (2.1)
aayp —

aas— 1

Definition 2.2. Define ¢ : R — {Z — {0}}"V to be the forward code map as
ct(x) = [ag, a1, -]o whose entries are the coefficients of the a-MCF expansion
of z obtained in (2.1).

Remark 2.3. 1) If x = [ag, a1, ,an)a, then z = aag — ﬁ as in

1

(2.1). Using the generators of G,, we have z = TgOSTng~--a§HT§"(O).

If © = [ag,a1, -+ ,an, - ]o has an infinite a-MCF expansion, then z =
lim,, oo 790STS1S - - - ST (0) which is a limit point for G,.
2) Two points © = & = [ag, a1, - |o and y = x = [by, by, - - - ] are equivalent

if they have the same tail i.e., there exist ig, jo > 1 such that for all £ > 0
y Aig+k = bjo-‘rk'

Let A = Z — {0} be the set of alphabets. Any finite sequence of non-zero
integers a;, - -+, a;1, is called a block. Let

Zi:{(aovala"')a: x = ag, a1, ]o,x € R — aZ} Q.AZ,

Define the shift map o : X7 — X1 as o(a;) = a1, ¢ € N. The pair (3}, 0) is
called symbolic dynamics.

Remark 2.4. The forward code map is a conjugacy between the maps H, and o.
That is, ¢t (Hy(z)) = o(ct(x)).

3. PHASE SPACE

Recall that M, = H/G,. A fundamental region D, corresponds to M, or
equivalently to the group G,. For any side s; of D,, there exist a generator
g € G, and a side s; of D, such that s; = g(s;) or s; = g~'(s;). The closure of
the region D,, for the Hecke group G, is the region

Do={zeH: |2|<1, |m|§%}.

Since G, is a discrete group, it acts discontinuously on H; that is for any g; € G,
and z € H, lim, .o, g1 0 g2 0 -+ 0 g,(2) does not have any accumulation point
inside ‘H. Therefore, | J 4eCo gD, will tile H. Let N, be the net of the sides of the
regions ¢D,,, for all g € G,.

Let 4 be a geodesic on M,. This geodesic lifts to infinitely many geodesics
vi = (w;, u;) € H such that for any two geodesics v; and 7,, there exists g € G,
such that 7, = gv,. Let v be a vector tangent to ~ in the direction of the geodesic
with base point at p € 7. Let g(v) be the vector with base point g(p) € g(v) and
tangent to 7 in the direction of the geodesic. The vectors g(v) for all g € G,, are
equivalent and project to just one vector on M,. We use this property to find
an appropriate cross section for the set of geodesic flows.
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A natural cross section for geodesic flows usually called the geometric cross
section is the set of all vectors with base point on the sides of D, and pointing
inward D,,. These vectors have the property that they are tangent to the geodesic
v = (w, u) with |u| <1 and |w| > 1.

Since the geodesic flow moves the unit vectors tangent to the geodesics with
speed one, we can deal with the geodesic itself instead of the geodesic flow.

Any geodesic v = (w, u) corresponds to a unique point (w, u) in the wu-plane.
A simple calculation shows that the corresponding geodesics on wu-plane form
a curvilinear region [1], but since we aim to find the arithmetic codes of the
geodesics in which the code of w is independent from the code for u, we should
choose a rectangular region. Therefore, we will pick an equivalent fundamental
region R, instead of D, by considering the vector g(v) instead of v for an appro-
priate g € G, with base point on the boundary of g(D,). The region R, has the
property that the set of geodesics meeting it, forms a rectangular phase space in
uw-plane denoted by T,. Such a region R, is not unique.

Definition 3.1. A geodesic v = (w, u) € H with |u| <1 and |w| > 1 is called a
reduced geodesic, if it meets R,.

Let T, be the set of all reduced geodesics v = (w, u) for a fixed R,. Clearly,
R being a fundamental region, means that if v = (w, u) € T,, then Sy or
TFy ¢ T,, for k € Z — {0}. Since the geodesic flows on M, is ergodic [5], it
suffices to find the rectangular phase space T, such that for any v = (w, u) € T,,
ST *(v) € Ty, for some k € Z — {0}.

For a = 2 cos g, let

hq:{ % %fq%seven

= if ¢ is odd.
The orbits of the points =5 play an important rule to find the boundaries of the
phase space. In the following lemma, we obtain the orbit of these points and later

in Definitions 3.3 and 3.4, we use them to construct the phase space.

Lemma 3.2. The point % has the finite a-MCF expansion

—1,---,—1], if q is even
z o hq—1 times
o [\—1,---,—1,2,\—1,---,—1)1 if q is odd.

hqg—1 times hq—1 times

Proof. First, let ¢ = 2p. From U? = (ST,)? = Id, we have U?(x) = (U;')?(z).
Therefore,

This implies that
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FIGURE 1. The phase space T} together with S} for even g¢.

I

To obtain the orbit of z = =2, let A = T,,U?"!(z). Then (3.1) becomes & = a—
So, A = % and we are done.

For an odd ¢, a similar argument or using the relations in [7], gives the result.

Definition 3.3. For ¢ even, set
2

Ao = {wo = = w1 = Ha(wy), -+ ,wn, 1 = Hy'™ (wo), wp, = St
Define the step function
f(z) = ui:u;ll—i-oz it1<i<h;—1,and w1 <z < w
7 up, = o — 1 if w > w, .
See Figure 1.
For ¢ odd and hy = 52, let
2 -3 3
Ao = {wo = P wy = Ho(wy), -+, wg—3 = Hi > (wo), we—2 = 5047 b

Also, set uy = ST *(ug—2), u; = ST, (ui—1), 2 < i < hg+1, up 40 = ST *(up,+1)
and u; = ST, *(uj_1) for hy+3 < j > g—2. See Figure 2. In this case define the
step function as
fq(«x) = wi1 < < Withe( mod g—2)
Upg+1 i w>wy, .
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W2 W,

FIGURE 2. The phase space T together with ST for odd g.

Definition 3.4. For even ¢, let T{ be the region consisted of the union of rect-
angles R; whose vertical and horizontal sides are on © = w;_1, * = w;, y = —1
and y = u;, 1 <17 < hy, See Figure 1. Let T}, k > 2 be the square with vertices
on (Lo, a—1) and (2k+1a -1).

For an odd ¢, let T = nglgRZ U Ry—9, where R;’s are rectangles with sides on
W= Wi_1, W = With,( mod q—2)> U = Up,41— 0, U = U, 1 € {1,--+ ,¢—=2} —{hy+1}
and the sides of R, are on w = wy_3, W = Wg—2, U = Up,41 — @ and u =
u,_2. Let T3 be the union of two rectangles one of them has the vertices at

(320‘, Ug—2) and (wp,, up,41 — @) and the other one has vertices on (wp,, Un,+1)

and (ZHa, up, 41— ). For k > 3, T} is a square with vertices at (%=, up,+1),

(B0 w1 — a).

For any region A* in the wu-plain, let A~ = —A* and T = —T, for k > 1.
For both cases ¢ even or odd, let T = U, T, T, = T, UTS, S} = T-*T;,
St = Ug>1S; and S, = S US;. The notion T means T} or T; for i > 0 or
1 < 0, respectively.

For k # 0, define the function T on T, U S, as

| T (w, u) = (w — ka, u— ka), on TF
Trlw, u) = { S(w, u) = (5, 21), on S,.

In the next theorem, we want to show that the region T, introduced in Definition
(3.4) is a phase space.

Theorem 3.5. The function Tx is invariant on T, US, i.e., Tr(To US,) =
T,US,.
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Proof. The boundaries of T, and S, are consisted of segments parallel to the
x and y axis and Tk maps them to another segments parallel to x and y axis,
respectively. To prove the theorem it suffices to show that the set of horizontal
boundary sides and the set of vertical boundary sides are closed under Tg.

By our construction, S, = Ui——ocT), ka. It suffices to show that T, =
k0

Uk?,OOST; kai. The regions TZ“ and T—, are symmetric. Hence without loss
of gf)lolerality, let £ > 1.

First, let ¢ be even. For k = 1, T has vertical boundaries on w = wy,
w = wy, "+, Wh—1 and wp, = 376” By Lemma 3.2 and the choice of w;’s by
Definition 3.3, we know that ST, 'w; = w;y1, 0 < i < hg — 2, Ty wy, -1 = 0 and
STo (2+k)whq+k = wy for £ > 0. In fact the union of the right vertical sides of
TT; for i > 2 and the union of the left vertical sides of T, *T; for i > 1 form
the left and right vertical sides of ST, respectively. The reflection of the left and
right vertical sides of S~ under S will map to the positive parts of left and right
vertical sides of T} and T, respectively.

On the other hand, since the height of T} for i > 2 equals «, one gets
ST, *(up,) = —(up, — «). This leads to u, = a — 1, because |u| < 1 and
1 < a < 2. According to the relations between w;’s, u;’s should be found such
that ST, ' (u;) = usyq for 1 <4 < h, — 1. This is equivalent to say u; = uzll + a,
1 <7 < hy,—1. Denote by @, the ith quadrant of the wu-plane. All of the above
arguments show that S(ST NQ3) =TI NQ; and S(SF NQ4) =T, NQs.

Now let ¢ be odd. Again Lemma 3.2 and the construction of w;’s in Definition
3.3 show that ST, 'w; = w1, @ € {1,---,q — 3} — {he}, ST, *wp, = Why 41,
T, 1wq,2 = 0. We need to show that there are values u;, 1 <1 < g — 2 satisfying
the rules between w;’s. We prove the existence of such wu;’s by induction on g.

According to Figure 2 for any odd ¢,
(STOjl)thTszuth = —(Upy41 — ). (3.2)

The value ¢ = 3 gives a rectangular region for T,. Let ¢ = 5. Then (3.2) gives

L —a=1 where A=B= up,+1 — o (For further use denote up, 11 — o with

(qui?ﬁ%rent syrﬁl;ols A and B in different side of the equation). Now
(Ao —a?> +1)B+A—a=0. (3.3)
By letting z = o, y = z — ax, z = 1 and w = —x, equation (3.3) can be written
as
(Az +y)B+ zA+w =0. (3.4)
Since A = B, we have A%z + (y + 2)A +w = 0. This equation has solution for A
and consequently for uy, 41, because w = —ux.

Now, suppose for an arbitrary odd ¢, the equation (3.4) holds for appropriate
Zg, Yq, Zg and wy. Consider the integer ¢+2. Then (3.2) and (3.4) gives (-2, +
Yq)B + z4(+=) + wy = 0 which is equal to

((zg —axy)A — x4 — (2 — axy)a) B+ Aw, — 24 + x40 = 0.
Now for ¢+ 2, we have 449 = 2, — axq = Yq, Ygr2 = —Tq — Tgr2Q = Zgi2 — QAT g4,
Zgro = —%g and Wgio = —Tgpo. Again letting A = B, A will have solution
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since wyys = —Tgto. Now, Finding wuy, from (3.2), and letting ST, (u;) = wiq1,
1 <i < hy, STJQ(uth) = Up,4+2 and ST H(u;) = wigr, hy +2 <1 < qg—3, we
will find the remaining u;’s.

By an argument as in the previous case, we have T(T,US,) = T, US,. O

Corollary 3.6. Let a = 2 cos %. Then the reduced region is a rectangular region

with % or q — 2 steps for q being even or odd, respectively. The vertices of the

region is given by Definitions 3.3 and 3./.
4. CODING

In this section, we will verify the dynamical properties of geodesics on the
Hecke surface via the coding of the geodesics.

For a point (w, u) € T5, define ¢t : 71(T,) — Aa by w — kand ¢ : mo(T,) —
Ao by u s k') where TV S(w, u) € TF.

Since we are interested in bi-infinite sequences, we do not consider the points
aQ. These points are exactly the orbit of the point 0 under the elements of G,.
In other words, we do not consider the countable set of points G, (0) which has
the Lebesgue measure zero.

For (wp, ug) € Ty, wo,ug € aQ, let CF : m(T,) — AY be defined by wy
(no, n1, N2, )a, where n; = ¢* (1 (TE)) with (wy,, wn,) = ST~ (wy, ., tn,_,)
e Ty, ¢ > 0. Similarly, let C~ : m5(T,) — AY by ug — (n_1, n_s, -+ ), where
n; = ¢ (m(TE ) with (wy_,, un_,) = ST" (wy_,,,, Un_,,,) € Tr . Now de-
fine the code function C' : T, — A% as C(w, u) = C~(u) x CT(w). That is
C(w, u) = (-++ ,n_2, n_1, Ng, N1, Na, -+ )o where CT(w) = (ng, ny, na, -+ )o and
C_(u) - (n—27 N1, )Oé

Let X = {2 = (- ,n_9,n_1, Ny, N1, N, )o : © = Cl(w, u), (w, u) € Ty}.
Finite sequeces of elements in ¥, are called words or admissible blocks. Other
blocks of A% where do not appear in elements of ¥, and have minimal length are
called forbidden blocks and are denoted by F,. If all of the blocks in F, have
length less than a number M + 1, then X, is called a countable M-step Markov
chain.

Remark 4.1. 1) For (w, u) € T,, the following diagram commutes
ToUSy —% ToUS,
cl N

Yo = T
2) Since for any k € Z — {0}, ST*(m(TY)) = umTF, i € Z — {0}, the

7 )

intervals {m (T) :i € Z — {0}} form a Markov partition.
Theorem 4.2. X, is a countable hy-step and (q — 2)-step Markov chain for q

even and odd, respectively.
Proof. Let q be even. For [i| > 2, ST"T; N Tji #0,j€Z—{0}. If |i]] =1,
then (ST, )*(TF N Tf) # 0 only for 1 < k < h,. This shows that for ¢ even,

Fo={L1,---,1,m] [-1,-1,---, =1, —m], m € N}.

hg times hq times
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Let ¢ be odd. Then F, = {[\1,1,--- 1,211,001, ml, [\—1,—1,-~- ,—1, —2

—1

Y

—1

s,

hg times hg times hq times

—1,—m], m € N}.

-~

hq times
Therefore, in both cases the length of forbidden blocks is finite. Thus ¥, is a
countable h,-step or (¢ —2)-step Markov chain for ¢ even or odd, respectively. [

Remark 4.3. 1) In Theorem 3.5, T is an invariant function on T, U S, for

real numbers « such that G, is a Hecke group. In [2] and [3], Ahmadi
Dastjerdi and the author showed that the reduced region T, satisfying
Tr(T,US,) =T, US, is a rectangle if and only if a € {1, %g, V2, 2},

but a = %g and a = 2 do not generate a Hecke group. Also, for a = 1,
there are three types of rectangle regions T, where each of which induced
a special type of a-MCF expansion.

If a does not correspond to a Hecke group, M, is not defined but as in
the first part of this remark, T, may exist. Therefore, (T, US,, Tg) can
be considered as an abstract dynamical system not necessarily realizing
geodesics on M,. There is not known result showing that if there exist

real numbers other than {%g, 2, 2cos g} defining the region T, satisfying

TR(TQ U Sa) == Ta U Sa.

Such abstract systems give a wide variety of dynamical systems whose
code space Y, is defined by an infinite alphabet set. In all cases in this
paper and in 2] and [3], ¥, is an M-step Markov chain for an appropriate
M, but this may not be the case for ¥, if « is other than {%g, 2, 2cos %}
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