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FEKETE-SZEGO INEQUALITIES FOR CERTAIN SUBCLASSES
OF STARLIKE AND CONVEX FUNCTIONS OF COMPLEX
ORDER ASSOCIATED WITH QUASI-SUBORDINATION
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ABSTRACT. In this paper, we find Fekete-Szegd bounds for a generalized class
MS’A(% ©). Also, we discuss some remarkable results.

1. INTRODUCTION

Let A denote the class of functions of the form
) =2+ an2" (1.1)
n=2

which are analytic in the open unit disc U = {z : z € C and |2| < 1}. Further,
by S we shall denote the class of all functions in A which are univalent in U.

For two functions f and g, analytic in U, we say that the function f(z) is
subordinate to ¢g(z) in U, and write

f(z) <g(z)  (2€0)

if there exists a Schwarz function w(z), analytic in U, with
w(0) =0 and |w(z)| <1 (z € U)

such that
f(z) =g(w(z))  (2€0).
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In particular, if the function ¢ is univalent in U, the above subordination is
equivalent to

f(0) =g(0) and f(U) C g(U).

An analytic function f(z) is quasi-subordinate to an analytic function g(z) in
the open unit disc U if there exist analytic function h with |h(z)| < 1, such that

Wi) is analytic in U and

f(2)
h(z)

We also denote the above expression by

f(z) <49(2)  (2€0)

< 9(2) (z € V).

and this is equivalent to

f(z) = h(z)g(w(z))  (2€T)

where w, is analytic with w(0) = 0 and |w(z)| < 1.

If h(z ) = 1, then f(2) = g(w(z)), which implies that f(z) < ¢g(z) in U. Further,
if w(z) = z, then f(z) = h(2)g(z) and denoted by f(z) < g(z) in U (see [3, 13,
14]).

]IZet ©(z) be an analytic function with positive real part on U with ¢(0) = 1,
¢'(0) > 0 which maps the unit disk U onto the region starlike with respect to 1,
©(U) is symmetric with respect to the real axis. The Taylor’s series expansion of
such function is

o(z) =1+ ¢12 + ¢o2” + ¢32° + ..., (1.2)
where all coefficients are real and ¢; > 0.

Recently, El-Ashwah and Kanas [5] introduced and studied the following two
subclasses:

‘ _ 1 (2f'(2) ,
Sy (v, 0) = {f :feA and 5 < 75 —1) <q9(2)—1; z€el, ’yE(C\{O}}
(1.3)
and
Kq(v, @) == {f :feAand ’YZJJ:’/;,(:)) <gp(2)—1; zeU, veC\ {0}} . (1.4

We note that, when h(z) = 1, the classes S;(7,¢) and Ky(7,¢) reduce respectively,
to the familiar classes S*(7, ¢) and (7, ¢) of Ma-Minda starlike and convex functions
of complex order v (v € C\{0}) in U (see [12]). For v = 1, the classes $*(v,¢) and
K (7, ¢) reduce respectively to the unified classes S*(¢) and KC(¢) of starlike and convex
functions of Ma-Minda type (see [10]). For v = 1, the classes S;(v, ) and Ky(v, ¢)
reduce to the classes S;(¢) and Ky(p), respectively, introduced by Haji Mohd and
Darus [8]. Further, Gurusamy et al. [7] discussed these classes S;(¢) and KCy(p) by
using the k—*" root transformation.

Motivated by the works of Haji Mohd and Darus [8], in this paper we define the
following subclass:
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Definition 1.1. Let the class Mg’)‘(*y, ), 0 #£~v€C, 0 >0, consist of functions f € A
satisfying the quasi-subordination

1 2HA\(2) 2HY (2)
7<u—®?ﬂb)+5<L%H§@)-q><qw@—1, (1.5)

where

Ha(z) = (1= Nf(2) + A2f'(2), (0<A<1).
Example 1.2. A function f : U — C defined by the following;:

1 ZH\ (2) ZHY (2) B
S <(1 —9) ”HA/\(z) +4 <1 + H,:(Z) > — 1) = 2(p(2) — 1), (1.6)

belongs to the class Mg’k('y, ¢0),0£v€C,§>0.

Throughout this work, we assume ¢(z) is an analytic function with ¢(0) = 1.

For special values of the parameters and ¢, the class ./\/lg”\(’y,cp) reduces to the
following well known and new subclasses:

Remark 1.3. When A = 0 in the above class, we have ./\/lg’o('y,@) = ./\/lg(’y, ¢). For
v = 1, we have Mg(l,go) = Mg(go) [8, Definition 1.7]. Also, for h(z) = 1 we get
Mi(p) == M(p) [2]. IE

M@:1+$_3@Z 0<a<l) (1.7)
in M%(y), we have M®(a), [11] and setting
A\ B

0= (152)  o<ssy (18)

in M%(y), we have M°(B), [16].

Remark 1.4. When A = 0 and § = 0 in ./\/(q A7, ¢), we have M (v, @) = S; (v, 0).
For v =1, §;(1,9) := S;(¢). For h(z) = 1, we have S;(v,¢) := S*(7,¢) [ ] Also,
for h(z) =1, we get S;‘(gp) :=S*(¢p). For cp(z) given by (1.7), we have §*(«).

Remark 1.5. When A =0 and 6 =1 in Mg’)‘(%gp), we get Mg%(v,¢) =K q¢(7, ). For
v =1, we get ICy(1,¢) := K4(p). For h(z) = 1, we have KCy(7, ¢) == K(v,¢) [12] and
Kq(p) == K(p). For ¢(z) given by (1.7), we have K(«).

~—

Remark 1.6. When 6 = 0, we get Mg’)‘(%@) = Py(7, A, ). For h(z) = 1, we get the
class Py(7, A, @) := P(7, A, @) of starlike and convex functions of Pascu type class.

Remark 1.7. When § = 1, we obtain ./\/lcll”\('y, ) = Kq(7, A, ¢). For v = 1, we have the
class ICq(A, ) [15].

Inspired by the aforecited works and from the literatures [1, 5, 7, 6, 8, 15], in this
paper we introduce an unified univalent function class Mg’)‘(’y, ¢) as defined above
and obtain the upper bounds for |as| and |ag| for f € ./\/lg”\(’y,go). Also, we obtain
lag — pa3|. Moreover, we obtain the upper bounds for different new subclasses which
are obtained from our defined unified class. To discuss main results we consider the
following lemmas.
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Lemma 1.8. [9] Let w be the analytic function in U, with w(0) = 0, |w(z)| < 1 and

w(z) = wiz + w2 + ..., then |wy — Tw?| < max[1;|7|], where 7 € C. The result is

sharp for the functions w(z) = 2% or w(z) = 2.

Lemma 1.9. [4] Let w be the analytic function in U, with w(0) = 0, |w(z)| < 1 and
let w(z) = wiz +wez?+.... Then

1 n=1;
< ) )
[on] < { 1—|w|?, n>2.

The result is sharp for the functions w(z) = 2" or w(z) = z.

Lemma 1.10. [9] Let h(z) be the analytic function in U, with |h(z)] < 1 and let
h(2) = ho+ h1z + hoz? +.... Then |ho| < 1 and |hy| <1 — |ho|? < 1, for n > 0.

Let f be of the form (1.1), p(2) = 1+¢12+d222+¢323+. .., h(2) = ho+hi12+ha2?+
. and w(z) = w1z + we2? + ..., throughout this article unless otherwise mentioned.
2. FEKETE-SZEGO RESULTS
Theorem 2.1. If f € Mg”\(’y, ©). Then
17|91
(1+0)(1+N)’

(1+39)
vl {¢1 + max {¢17 %

2(14+20)(142X)

las| <

¢2+!¢2\}}

|as| <

and for p € C

ol {d’l + max {¢1

1438) —2uy(1428) (1+2))
= ()1+§L)721+>\ "bQ + |2 }}

2(1+20)(1 + 2\)

|a3 - ,UGQ‘ <

Proof. Let f € A belongs to the class ./\/l ( ¢). Then there exist analytic functions
h and w with |h(z)| < 1, w(0) = 0 and \w( )| < 1 such that
Az

1 ~ AHA(R) ZHY(2) R (ol —
(1-0525 +a (1+ 575 ) 1) = rewEn -y e

~
and
h(2) (¢ (w(z)) — 1) = hoprwiz + [h1¢1’w1 + ho(prwa + qﬁgwf)] 224 (2.2)
From equations (2.1) and (2.2) we get
’1}/(1 + 5)(1 + )\)ag = h0¢1w1 (23)

and
1
N [2(1+26)(1 +2)\)as — (1 + 36)(1 + N\)?a3] = higrwi + hoprws + hogowi.  (2.4)

Equation (2.3) gives

Yhop1wi
(14+0)(1+N)
Subtracting equation (2.4) from equation (2.3) and applying equation (2.5) we get

a9 = (2.5)

gl
2(1+26)(1 + 2A)

2(1+ 36)
a5 = hidrwn + hodiws + <h0¢>2 1 60 > w } .

(1+49)2
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From the hypothesis of the definition h(z) is analytic and bounded in U. Using the fact

ha| <1—1ho)* <1 (n>0),
and the well-known inequality (see Lemma 1.9)
|w1] S 1.

we have

[v[¢1

ag| < —— .
a2 (1401 +N)
Further, for 1% eC

hoor (1438
as — paj ZWM{h1w1+ho (wz-i— [@—i-%(é;r)

hoo1 (14268)(1+2X hoo1(1—21) (14+28) (142X
_2 0(115)2(11(/\) ) 4 2o 1((1+5;§g((1+/\))2( )} w%)}

Again using the inequalities |h1| < 1 and |wi| < 1, we get
— a2l < 7|91 1 =92

las = ool S5 aray U9 o
(1 436) — (1 +20)(1 +2)) + (1 —2p)(1 +20)(1 +2)

(1+0)2(1 + )2

In view of Lemma 1.8 we have

ol {¢1 + max {¢>1,

(1+8)2(1+1)2

h0¢1] i

¥(1+438)— 2#7(1+25 J(1+2X) ’¢2+ o] }}

2
- <
jas — pa3] < 2(1 + 20)(1 + 2\)

For 4 = 0, we obtain

(1+39)
ol {<Z51 + mazx {<Z51, m ¢t + !¢2|}}
2(14+26)(1 4 2)) ’
which completes the proof of Theorem 2.1.

lag| <

Theorem 2.2. If f € A satisfies
1 <(1 _5hlE) (1 + ZHX(Z)) - 1) < p(w(z) - 1,

v Ha(z) HA\(2)
then
17|91
< v
o] < 1+0)(1+N)
oo < MO | | 91 + 1ol }
5 2(1 + 20)(1 + 2\) ’
and for p € C

71 { g + |12 EEN | g2 4 (g}
2(1+ 20)(1 + 2\)

In light of Remarks 1.3 to 1.7, we have following corollaries.

‘ag —ua%‘ <

(2.7)

b

(2.8)
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Corollary 2.3. If f € S;(7,¢), then

|az| < |yl¢n,

sl < 20 [0+ maz {01, 11163 + 61}].
and for p € C
jas — 03] < 2L (o1 -+ maz {01,171 — 2017 + 10nl}]

Remark 2.4. For v =1, Corollary 2.3 reduces to [8, Theorem 2.1].
Corollary 2.5. If f € Ky(v, ), then
|’Y|¢1

|ag| <

sl < 2 o1 4 maz {61, 11 6% + 1)),
and for € C

2-3
|as —,an‘ < l [qb + max {¢17M¢1+ P2 |H

Remark 2.6. For v = 1, Corollary 2.5 reduces to [8, Theorem 2.4].
Corollary 2.7. If f € Mg(’y, ©), then

las] < |’Y|
lag| < 2(1‘_?25) [¢1 + mazx {¢ ))|7|¢1 + |¢2|H )
and for € C
1+36 2 1 25
|as *M%‘ < 2(1|j_|25) [¢1 +max{¢1, 1+ ()1+§ + '|’Y|¢1 + |¢2|H .

Remark 2.8. For v =1, Corollary 2.7 reduces to [8, Theorem 2.10].
Corollary 2.9. If f € Py(v, A\, @), then

+
7] Iy|67
|“|—2(1+2A [¢ +m“${ 1+ \)?2 +|¢Q|H’

and for p € C

1—2p(1 42X
|6L3 —,an‘ = 2(122)\) [Qf)l +max{¢1a | ({:(_ )\_;_2 ) |’Y’¢% + ’¢2|}] .

Corollary 2.10. If f € Ky(7, A, @), then

|a ‘ h/’(bl
=21+ A

] 7|61
laz| < m [¢1 —|—max{d>1, a +)\)2 + ‘¢2|}] )
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and for € C

—3u(1+2X)
‘ag—ua%’ < 6(147—|2)\) [¢1+max{¢1, ({LH\M |¢1+|¢2|H

Remark 2.11. For v = 1, Corollary 2.10 correct the results in [15, Theorem 2.1].
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