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ABSTRACT. In this paper generalizations of Steffensen’s inequality using Abel-
Gontscharoff interpolating polynomial are obtained. Moreover, in a special
case generalizations by Abel-Gontscharoff polynomial reduce to known weaker
conditions for Steffensen’s inequality. Furthermore, Ostrowski type inequalities
related to obtained generalizations are given.

1. INTRODUCTION

Let —co<a<b<ooandlet a <a; <ag < ... <a, <bbe the given points.
For f € C"[a,b] Abel-Gontscharoff interpolating polynomial Pag of degree (n—1)
satisfying Abel-Gontscharoff conditions

P,Exi();(aiﬂ) = f(i)(ai-i-l)a 0<:<n-1

exists uniquely ([7], [12]).
This conditions in particular include two-point right focal conditions

Pilo(a) = fP(ar), 0<i<a,
Pzglgz(a2):f(i)<a2)a at+l<i<n-—1,a<a <ay <b

First, we give representations of Abel-Gontscharoff interpolating polynomial.
For details and proofs see [1].
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Theorem 1.1. Abel-Gontscharoff interpolating polynomial Pag of the function

f can be expressed as
n—1

Pac(t) = > Ti(t) fP(airr),
i=0
where To(t) = 1 and T;, 1 < i < n — 1 is the unique polynomial of degree i
satisfying

and it can be written as

1 a a? ai™?t ay
) 0 1 2a (i —1)ab? day

L) =g lr 0 : :
0 0 0 ... (@G- g

1 ¢ 2 ti—l tz

/ / / dtydt;_y - dly, (to =1t). (1)

In particular, we have
To(t) =
T1 (t) =t — ay
1
Tg(t) = 5 [tQ — 2a2t + a1(2a2 — a,1>] .

Corollary 1.2. The two-point right focal interpolating polynomial Pago of the
function f can be written as

Pacalt) = 3= ()

=0
n—a—2

(t —a)* ™ (ar — a2l ™| L oniis
Y [ e,

(a+1+d)(j—)!

1=

The associated error e Ag(t) = f(t) — Pag(t) can be represented in terms of the
Green’s function gag(t,s) of the boundary value problem
2 =0, 29(a; 1) =0, 0<i<n-—1
and appears as (see [1]):

" ne 1
> (n—i— 1)1(az+1 — s ap < s <t
1=0

gac(t,s) =4 "Z

Ti t ——
(n,i(,)l)g(ai-&-l - S)n ’ 1a 1< s < agp

k=0,1,...,n (ap = a,ap41 = b)
(2)
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Corresponding to the two-point right focal conditions Green’s function gags (2, $)
of the boundary value problem

Z(n) :O, Z(i)(al)zov OSZSOZ, Z(l)(a2) :0,()é+1 SZSn_l

is given by (see [1]):

1 > (Tt —ar) (@ — )", a<s<t:
gaa2(ts) = oy | | (3)
(=D - > ("Zl) (t—a1)(ap —s)" 7L t<s<bh
i=a+1

Further, for a; < s, t < as the following inequalities hold
—a10"gaca(t, s)

-1 n—a—1 ‘ ’
(1) — o
_i0'gaca(t,s)

_1 n— .

()" =
Theorem 1.3. Let f € C"[a,b], and let Pag be its Abel-Gontscharoff interpolat-

ing polynomial. Then

f(t) = PA(;(t) + GAg(t)

>0, 0<i<a«

>0, a+1<1<n—1.

n— b

= Y T + [ gaclt o) s)ds (4)

7

—

I
o

where T; is defined by (1) and gac(t,s) is defined by (2).
Theorem 1.4. Let f € C™[a,b], and let Pags be its two-point right focal Abel-
Gontscharoff interpolating polynomial. Then

f(t) = Paca2(t) + eaca(t)

o i n—a=2[ J a 1+z j—1
o (t=m) (g (t —a)*"(ay — ag)’ (at14)
L e 2 | e

T / gaca(t, $) ) (s)ds (5)

where gaga(t,s) is defined by (3).
Finally, we recall the well-known Steffensen inequality which reads, [18]:

Theorem 1.5. Suppose that f is decreasing and g is integrable on [a,b] with
0<g<1 (md/\—f g(t)dt. Then we have

a+A
d d dt.
Hf t</f t</a F(t)dt (6)

The inequalities are reversed for f increasing.
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Since its appearance in 1918 Steffensen’s inequality has been the subject of
investigation by many mathematicians. Various papers have been devoted to
generalizations and refinements of Steffensen’s inequality and its connection to
other important inequalities. In the following theorem we recall weaker conditions
on the function g obtained by Milovanovi¢ and Pecari¢ in [14].

Theorem 1.6. Let f and g be integrable functions on [a,b] such that f is de-
creasing and let A = f; g(t)dt.

a) If
T b
/ g(t)dt <x—a and / g(t)dt >0  for every x € [a,b], (7)
then the second inequality in (6) holds.
b) If
b T
/ gt)ydt <b—=z and / g(t)dt >0  for every x € [a,b], (8)

then the first inequality in (6) holds.

Steffensen’s inequality is important not only in the theory of inequalities but
also in many applications such as statistics, functional equations, special func-
tions, time scales etc. Some of these applications can be found in [2], [5], [6], [9],
[10], [11], and [17].

The aim of this paper is to obtain new generalizations of Steffensen’s inequality
using Abel-Gontscharoff interpolating polynomial. Our new generalizations in-
volve n— convex function f instead of restricting it to be a decreasing function as
in Steffensen’s inequality. As a special case of these generalizations (for n = 1) we
obtain weaker conditions for Steffensen’s inequality given in Theorem 1.6. These
new generalizations in the end enable us to construct linear functionals whose
action on particularly chosen families of functions give us exponentially convex
functions. However, there is lack of examples of this functions since there are no
operative criteria to recognize this type of functions, so our constructed examples
are valuable addition to the theory of that functions. We also get additional
results about Ostrowski type inequalities.

2. DIFFERENCE OF INTEGRALS ON TWO INTERVALS

If [a,b] N [e,d] # O we have four possible cases for two intervals [a, b] and [c, d].
We observe cases [c,d] C [a,b] and [a,b] N [c,d] = [c, b] since other two cases are
obtained by changing a <> ¢ and b <+ d.

In this paper by T we denote

n—1 b
T =" fP(ai) / w(t)Ty(t)dt
=0 .

where T} is defined by (1).
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Theorem 2.1. Let f : [a,b] U [c,d] — R be of class C™ on [a,b] U [c,d] for some
n>1. Letw:[a,b] - R and u: [c,d] = R. Then if [a,b] N [c,d] # O we have

b d max{b,d}
/ﬁwwwﬁ—/uwNWWmeﬁwz/ K, (3) £ () ds,

(9)
where in case [c,d] C |a,b],
Sl w(t)gac (t,s) dt, s € la,c],
Ko (s) =3 [Pw(t)gac (t,s)dt — [Tu(t)gac (t,s)dt, s € (c,d], (10)
S w(t)gac () dt, s € (d,b],
and in case [a,b] N [c,d] = [c,b],
f;w(t)gAG (t,s)dt s € la,d,
Ko (s) =< [Pw(t)gac (t,s)dt — [Tu(t)gac (t,5)dt, s € (1], (11)
—f (t)gac (L, s) dt, s € (b,d].

Proof. Multiplying identity (4) by w(t), then integrating from a to b and using
Fubini’s theorem we obtain
b i b

/ w(t) f()dt =Y fD(ain) / t)dt + / £ (s) / ()gac(t, s)dt | ds.

w 1=0

(12)

Furthermore, multiplying identity (4) by u(t), then integrating from ¢ to d and us-
ing Fubini’s theorem we obtain similar identity to identity (12). Now subtracting
these two identities we obtain (9). O]

Remark 2.2. Using two-point right focal Abel-Gontscharoff polynomial, i.e. us-
ing (5), inequality (9) becomes

b d max{b,d}
[wws@a- [u@soa-il+ul = [ K6 10 (5)ds

where gag(t,s) is replaced by gaga(t, s) in definition of K,(s) and by Qltl we
denote
b
Q[“ X / w(t)(t —ap)’

j—i

b
+ Z FEe) ay) ; (a Jfallj:]q;!)(j — ) /W(t)(t — ay)* Tt

a
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Theorem 2.3. Let f : [a,b] U [c,d] — R be n—convex on [a,b] U [c,d] and let
w:la,b] > R and u : [¢,d] = R. Then if [a,b] N [c,d] # ) and
Ky (s) 20, (13)
we have , 4
[wwsa-it > [Cuns@a - (1)

where in case [c,d] C [a,b], K,(s) is defined by (10) and in case [a,b] N [c,d] =
le,b], Kn(s) is defined by (11).

Proof. Since f is n-convex, without loss of generality we can assume that f is
n—times differentiable and f™ > 0 see [17, p. 16 and p. 293]. Now we can apply
Theorem 2.1 to obtain (14). O

Remark 2.4. As in Remark 2.2, using two-point right focal Abel-Gontscharoff
polynomial, inequality (14) becomes

b d
/wuwamwwMﬁz/uwfwﬁ—le

3. GENERALIZATION OF STEFFENSEN’S INEQUALITY BY
ABEL-GONTSCHAROFF POLYNOMIAL

For a special choice of weights and intervals in results from previous section we
obtain generalizations of Steffensen’s inequality.

Theorem 3.1. Let f : [a,b]U[a,a + A\] = R be n—convez on [a,b]U[a,a+ ] for
somen > 1 and let w : [a,b] — R. Then if

K,(s) >0, (15)
we have

b at+\
/w@f®w—mwz/ £ (t) dt — Tl (16

where in case a < a+ X < b,

Sl w(t)gac (ts)dt — [ gag (t.5)dt, s € [a,a+ )],
Ky (s) = (17)
[Pw(t)gac (t,s) dt, s € (a+ b,
and in case a < b < a+ A,

fab w(t)gac (t,s)dt — faa—M gac (t,s)dt, s € [a,b],
Knls) = (18)
— [ gac (t. s) dt, se€ (b,a+ ).

Proof. We take ¢ =a, d =a+ X and u(t) = 1 in Theorem 2.3. O

Remark 3.2. For n =1 and A < b — a, K;(s) becomes
— [Pwt)dt+s—a, s€la,a+ A,

[P w(t)dt, se(a+ 0.
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So, if
/sw(t)dtgs—a fora<s<a+ A (19)
and ’ ,
/w(t)dt20 fora+XA<s<b (20)

and f is increasing, from Theorem 3.1 we have
b b at+A
/ w(t)f(t)dt—f(a+)\)/ w(t)dtZ/ f@)ydt — Xf(a+ N).

Furthermore, for A = f:w(t)dt we obtain the right-hand side of Steffensen’s in-
equality for an increasing function f. In [14] Milovanovié¢ and Pecari¢ showed that
conditions (19) and (20) are equivalent to condition (7), so for n = 1 Theorem 3.1
reduces to Theorem 1.6 a).

Theorem 3.3. Let f:[a,b]U[b— A\ b] = R be n—convez on [a,b] U [b— X, b] for
somen > 1 and let w : [a,b] — R. Then if

K,(s) >0, (21)
we have , ,
fya -1 2 [ 7 @i -1l (22)
where in case a §bI;A— A< b, ’
—fabw(t)gAG (t,s)dt, s € [a,b— A,
Ky (s) = (23)

[2 . gac (t,s)dt — [Pw(t)gac (t,s)dt, s € (b— D],
and in case b — X < a < b,
fbl:AgAG (t,s)dt, s € [b— A\ al,
K, (s) = (24)
[P\ gac (t,s)dt — [Pw(t)gac (t,s)dt, s € (a,b].

Proof. First we change a <+ ¢, b <+ d and w <> u in Theorem 2.3 and consider
cases |a,b] C [¢,d] and [a,b] N [¢,d] = [¢,b]. Then we take ¢ = b — A\, d = b and

u(t) =1 to finish the proof. O
Remark 3.4. For n =1 and A < b — a, K;(s) becomes
[Zw(t)dt, s € [a,b— Al
Ky (s) = ,
b—s— [Jw(t)dt, se(b—A0b.
So, if
/w(t)dtzo fora<s<b-—\ (25)
and

b
/w(t)dtgb—s forb—A<s<b (26)
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and f is increasing from Theorem 3.3 we have
b b b
FOdt— (b= A) > / w(t) F(H)dt — F(b— )\)/ w(t)dt.
b—A a a

Furthermore, for A\ = fabw(t)dt we obtain the left-hand side of Steffensen’s in-
equality for an increasing function f. Similar as in [14] we can show that condi-
tions (25) and (26) are equivalent to condition (8). Hence, for n = 1 Theorem 3.3
reduces to Theorem 1.6 b).

4. ESTIMATION OF THE DIFFERENCE

In this section we give Ostrowski type inequalities related to results from pre-
vious sections.

Theorem 4.1. Suppose that all assumptions of Theorem 2.1 hold. Assume (p, q)
is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let
}f(")‘p . [a,b] U [e,d] — R be an R-integrable function for some n > 1. Then we
have

b d
/ wlt)f (t)dt — / w(t) f (£)di — T 4 7ot
¢ ‘ 1 (27)

max{b,d} a
<[, ( / e <s>|qu) :

max 1/q . . . .
The constant (fa (b} | Ky, (8)]? ds) in the inequality (27) is sharp for 1 <
p < 0o and the best possible for p = 1.

Proof. Using inequality (9) and applying Holder’s inequality we obtain

b d
/ w(t)f (t)dt — / w(t) f(£) dt — T 4+ Tied

max{b,d} %
<[5, ( A st) -

1

For the proof of the sharpness of the constant (famax{b’d} | K, (s)|* ds) " we will

find a function f for which the equality in (27) is obtained.
For 1 < p < oo take f to be such that

max{b,d}
/ Ko (s)f™) (s)ds

F(s) = sgn Kn(s) | Kn(s)|77 .
For p = oo take f(™(s) = sgn K,,(s).

For p = 1 we will prove that
max{b,d} max{b,d}
/ K, (s) f™(s)ds| < : ma)%b " | Kn(s)] / ‘f(n)(s)’ ds | (28)
a s€|a,maxq0, a
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is the best possible inequality. Suppose that |K,(s)| attains its maximum at
So € [a,max{b,d}]. First we assume that K, (so) > 0. For £ small enough we
define f.(s) b

07 a S S S S0,
fe(s) = ¢ (s —s0)",  so<s<so+e,
n!(s —50)""Y, so+¢e < s < max{b,d}.

Then for £ small enough

max{b,d}
/ Ko(s) £ (s)ds

so+€ 1 1 so+¢€

S0

Now from inequality (28) we have

1 so+e so+e 1
- K,(s)ds < Kn(s())/ —ds = K, (s0)-
€ S0 S0
Since,
1 so+e
lim — K,(s)ds = K,(s0)
e—=0 &

the statement follows. In case K, (s¢) < 0 we define

L(s—so—e)"h,, a<s< s,

fe(s) = ¢ ——5(s—so—e)", so<s<sp+e,
0, So + ¢ < s < max{b,d},
and the rest of the proof is the same as above. O

Theorem 4.2. Suppose that all assumptions of Theorem 2.1 for ¢ = a and d =
a+ A hold. Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,
1/p+1/qg=1. Let | f™|": [a,b] U [a,a + A] = R be an R-integrable function for
somen > 1. Let K, (s) be defined by (17) in case a < a+ XA < b and by (18) in
case a < b <a+ \. Then we have

dt / f a b] + T[‘l a+)|
1 (29)

max{b,a+\} q
st“Wp<L |Kz@nﬂk) .

max a l/q . . . .
The constant <fa {bhata) | K, (s)|qu> in the inequality (29) is sharp for 1 <
p < oo and the best possible for p = 1.

Proof. We take ¢ =a,d=a+ X and u(t) = 1 in Theorem 4.1. O

Theorem 4.3. Suppose that all assumptions of Theorem 2.1 for ¢ =b— X and
d =b hold. Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,
1/p+1/q=1. Let |f® ‘p :[a,b] U [b— A, b] = R be an R-integrable function for
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somen > 1. Let K,(s) be defined by (23) in case a < b— X < b and by (2/) in
case b— )\ < a <b. Then we have

b b
f(t)dt - / w(t)f (t) dt — T 4 e
b—\ a

b :
<7, ( /m oy <s>|qu)

1/
The constant (fbin{a b2} | K, (s)|qd3> " in the inequality (30) is sharp for 1 <

(30)

m.

p < 0o and the best possible for p = 1.

Proof. First we change a <+ ¢, b <> d and w < u in Theorem 2.1 and then we
take ¢ = b— A, d = b and u(t) = 1. The rest of the proof is similar to the proof
of Theorem 4.1. O

5. n— EXPONETIAL CONVEXITY AND EXPONENTIAL CONVEXITY

We begin this section by giving some definitions and notions which are used
frequently in the results. For more details see e.g. [4], [13] and [16].

Definition 5.1. A function ¢ : I — R is n-exponentially convex in the Jensen

sense on [ if
= T, + T
Z L& <T]) >0,

ij=1
hold for all choices &;,...,&, € R and all choices z1,...,z, € [I. A function

¥ I — R is n-exponentially convex if it is n-exponentially convex in the Jensen
sense and continuous on I.

Remark 5.2. It is clear from the definition that 1-exponentially convex function
in the Jensen sense is in fact a nonnegative function. Also, n-exponentially convex
function in the Jensen sense is k-exponentially convex in the Jensen sense for every

kEeN k<n.

Definition 5.3. A function ¢ : I — R is exponentially convex in the Jensen
sense on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¢ : I — R is exponentially convex if it is exponentially convex in
the Jensen sense and continuous.

Remark 5.4. It is known that ¢ : I — R is log-convex in the Jensen sense if
and only if

o) + 2080 (T3 ) + Pul) 2 0

holds for every o, € R and z,y € I. It follows that a positive function is
log-convex in the Jensen sense if and only if it is 2-exponentially convex in the
Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.
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Proposition 5.5. If f is a convex function on I and if 1 < y1, xo < yo, 1 #
To, Y1 7 Y, then the following inequality is valid

flxa) = flan) _ fyo) = F(y)
Ty — X1 o Yo—y1

If the function f is concave, the inequality is reversed.

Definition 5.6. Let f be a real-valued function defined on the segment [a, b]. The
n—th order divided difference of the function f at distinct points xo, ..., z,, € [a, b],
is defined recursively (see [3], [17]) by

flzil = f(zy), (i=0,...,n)

and
flzo, .. xn] = flea, ] — f[xo,...,xnfl]'
Tn — X
The value f[zo,...,x,] is independent of the order of the points xy,. .., z,.

Previous definition may be extended to include the case in which some or all of
the points coincide. Assuming that U=V (z) exists, we define

fU 1)
flo.a) = ]_i d (31)

j—times

Motivated by inequalities (14),(16) and (22), under assumptions of Theorems
2.3, 3.1 and 3.3 we define following linear functionals:

Li(f) = / w(t) f(£)dt - / u(t)f (t) dt — o0 4 Tled (32)
Lo(f) = / t) dt — / F(t)dt — Tt it (33)

L= [ rud- / OF @ - LT )
b—X a
Also, we define I = [a,b|U]c,d], Iy = [a,b]U[a,a+A] and I3 = [a,b]U[b— A, D].

Remark 5.7. Under the assumptions of Theorems 2.3, 3.1 and 3.3 respectively
it holds L;(f) > 0,4 =1,2,3 for all n— convex functions f.

Now we will show how to generate means for our list of linear functionals.

Theorem 5.8. Let f : [; — R (i = 1,2,3) be such that f € C™(I;). If inequalities
in (13) (i =1), (15) (i = 2) and (21) (i = 3) hold, then there exist & € I; such
that

Li(f) = f(n) (&)Li(p), 1=1,2,3 (35)

where p(z) =
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Proof. Let us denote m = min f™(z) and M = max f™ (). For a given function
f € C"™(1;) we define functions Fy, Fy : I; — R with

M z" max™

Fy(z) = — f(@) and Fy(z) = f(2) - —.
Now F(")( ) =M — f (x) > 0,z € L, so we conclude L;(F;) > 0 and then
Li(f) < M - Li(p). Similarly, from F ( ) = f0)(z) —m > 0 we conclude
m - Li(p) S i(f)-
If Li(p) = 0, (35) holds for all & € I;. Otherwise, m < 7 < M. Since
f(z) is continuous on I; there exist & € I; such that (35) holds and the proof
is complete. (]

Theorem 5.9. Let f,g : I; —» R (i = 1,2,3) be such that f,g € C"(I;) and
g™ () # 0 for every x € I,. If inequalities in (13) (i = 1), (15) (i = 2) and (21)
(1 = 3) hold, then there exist & € I; such that
L) _ f7(&)
Li(g)  g™(&)
Proof. We define functions ¢;(z) = f(x)L;(g) — g(z)L;(f), i = 1,2,3. Accord-
ing to Theorem 5.8 there exists & € I; such that L;(¢;) = ¢§”) (&)Li(g). Since
Li(¢;) = 0 it follows f™(&)Li(g) — g™ (&) Li(f) = 0 and (36) is proved. O
We will use previously defined functionals to construct exponentially convex
functions, a special type of convex functions that are invented by S. N. Bernstein
over eighty years ago in [4]. An elegant method of constructing n— exponentially
convex and exponentially convex functions is given in [13]. We use this method

to prove the n—exponential convexity for above defined functionals. In the sequel
the notion log denotes the natural logarithm function.

=1,2,3. (36)

Theorem 5.10. Let Q = {f, : p € J}, where J is an interval in R, be a family
of functions defined on an interval I;, © = 1,2,3 in R such that the function
p = folTo, ..., Tm] is n—exponentially convex in the Jensen sense on J for every
(m + 1) mutually different points xo,...,xm € I;; @ = 1,2,3. Let L;, i = 1,2,3
be linear functionals defined by (32) — (34). Then p — L;(f,) is n—exponentially
convex function in the Jensen sense on J.

If the function p — L;(f,) is continuous on J, then it is n—exponentially convex
on J.

Proof. For {; € R, j=1,...,nand p; € J, j =1,...,n, we define the function

D &5k S ritn. ().

J,k=1

Using the assumption that the function p — f,[zo,...,xn] is n-exponentially
convex in the Jensen sense, we have

Gl20s ] = 3 Efrin o am] 20,

jk=1
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which in turn implies that g is a m-convex function on J, so L;(¢g) > 0, i = 1,2, 3.

Hence
Z §i&kLi (fijrPk) > 0.

jk=1

We conclude that the function p — L;(f,) is n-exponentially convex on J in the
Jensen sense.

If the function p — L,(f,) is also continuous on J, then p — L;(f,) is n-
exponentially convex by definition. O

The following corollaries are immediate consequences of the above theorem:

Corollary 5.11. Let Q@ = {f, : p € J}, where J is an interval in R, be a family
of functions defined on an interval I;, i = 1,2,3 in R, such that the function
p = folo, ..., Tm] is exponentially convex in the Jensen sense on J for every
(m + 1) mutually different points o, ..., x, € I;. Let L;, i = 1,2,3, be linear
functionals defined by (32)-(34). Then p — L;(f,) is an exponentially convex
function in the Jensen sense on J. If the function p — L;(f,) is continuous on
J, then it is exponentially convex on J.

Corollary 5.12. Let Q = {f, : p € J}, where J is an interval in R, be a family
of functions defined on an interval I;, i = 1,2,3 in R, such that the function
p = folTo, ..., T is 2-exponentially convex in the Jensen sense on J for every
(m + 1) mutually different points xq, ..., xy, € I;. Let L;; ¢ = 1,2,3 be linear
functionals defined by (32)-(34). Then the following statements hold:

(i) If the function p — L;(f,) is continuous on J, then it is 2-exponentially
convex function on J. If p— L;(f,) is additionally strictly positive, then
it 1s also log-convexr on J. Furthermore, the following inequality holds
true:

[Li( £ < [La(f) " [La( )]

for every choice r,s,t € J, such thatr < s <'t.
(i) If the function p — L;(f,) is strictly positive and differentiable on J, then
for every p,q,u,v € J, such that p < u and ¢ < v, we have

MP,Q(L“ Q) < /“LU,U(LZW Q)? (37)
where
L) | 7
(Li(fq)> , p#q,
MZMI(LZ'? Q) = LLi(fp) (38)
exp\ gy ) P=4G
for fp, fq € L.
Proof. (i) This is an immediate consequence of Theorem 5.10 and Remark
5.4.

(ii) Since p — L;(f,) is positive and continuous, by (i) we have that p — L;(f,)
is log-convex on J, that is, the function p — log L;(f,) is convex on J.
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Applying Proposition 5.5 we get
log Li(fp) —log Li(fq) _ log Li(fu) —log Li(f.)

39
o < )= , (39)
for p <wu,q <wv,p# q,u# v. Hence, we conclude that
tp.q(Lis ) < i (Li, 2).
Cases p = ¢ and u = v follow from (39) as limit cases.
O
Remark 5.13. Note that the results from the above theorem and corollaries still
hold when two of the points xg,...,x,, € I;, i = 1,2,3 coincide, say x; = x, for
a family of differentiable functions f, such that the function p — f,[zo, ..., xn] is

n-exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all
m + 1 points coincide for a family of m differentiable functions with the same
property. The proofs use (31) and suitable characterization of convexity.

6. APPLICATIONS TO STOLARSKY TYPE MEANS

In this section, we present several families of functions which fullfill the con-
ditions of Theorem 5.10, Corollary 5.11, Corollary 5.12 and Remark 5.13. This
enables us to construct a large families of functions which are exponentially con-
vex. For a discussion related to this problem see [3].

Example 6.1. Consider a family of functions

O ={f,:R>R:peR}

defined by
px
o PF#0,
o= 3
p( ) z, p= 0
Here, (Z}{f (x) = eP* > 0 which shows that f, is n-convex on R for every p € R and
dr f,

p+— #(x) is exponentially convex by definition. Using analogous arguing as in
the proof of Theorem 5.10 we also have that p — f,[zo, ..., %] is exponentially
convex (and so exponentially convex in the Jensen sense). Using Corollary 5.11
we conclude that p — L;(f,),7 = 1,2, 3, are exponentially convex in the Jensen
sense. It is easy to verify that this mapping is continuous (although mapping
p +— f, is not continuous for p = 0), so it is exponentially convex. For this family
of functions, p,,(L;, ), i = 1,2, 3, from (38), becomes

_1
L, =
(LEB) ’ p#q,
tna(Lis 1) = exp (B0 — ) | p—q 20,
exp %HLE%S)) , p=q=0,

where id is the identity function. Also, by Corollary 5.12 it is monotonic function
in parameters p and gq.
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d’VLf —
We observe here that ( < fp ) o (log ) = x so using Theorem 5.9 it follows that:

dxz™

M, ,(L;, ) =log pp 4(Li, 1), i =1,2,3
satisfies
min{a,c,b — A} < M, ,(L;, ;) < max{b,d,a+ A}, i =1,2,3.
So, M, ,(L;,€2) is a monotonic mean.
Example 6.2. Consider a family of functions
2 ={gp: (0,00) > R:peR}
defined by

P
_ z _n ’ p¢{0a177n_1}7
() :{ p(p—1)-(p—n+1)
(

s, p=7€{0,1,...,n—1}.

Here, Cg;gn” () = 2P~ > 0 which shows that g, is n—convex for x > 0 and
C{Z;‘(ff’ (x) is exponentially convex by definition. Arguing as in Example 6.1 we
get that the mappings p — L;(g,),? = 1, 2,3 are exponentially convex. For this

family of functions i, ,(Li, ), i = 1,2,3, from (38), is now equal to

(ﬁﬁgﬁ)piq p#q

n—1
exp ((1)n—1(n - 1)‘L£E%;Ig)l))) + Z k’ip) , P=4q ¢ {07 17 ceey 1}3

>
Il
o

MP,q(Liy QQ) =

_ L; €
exp | (—=1)" 1@-1)!#%)1;0@ , p=qe{0,1,...,n—1}.
k#p

Again, using Theorem 5.9 we conclude that

1

L 1

min{a,b — \, ¢} < ( (gp)) < max{a+ \,b,d}, i =1,2,3.
Lz(gq)

So, ppq(Li,Qs),7=1,2,3 is a mean.
Example 6.3. Consider a family of functions

— {6y (0,00) SR pe (0,00)}
defined by

su(@) = { Gl P71
%7 p_l

Since L2 () = p~" is the Laplace transform of a non-negative function (see |19
dx

it is exponentially convex. Obviously ¢, are n-convex functions for every p > 0.
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For this family of functions, g, ,(L;,23),7 = 1,2,3 from (38) is equal to

1
Li(¢p) \ P—¢
(u@) ; p# 4
_ L;(id- n
“p7Q(Li7Q3) - €xp 7 (Lz(i):)) - plogp) y P=4( 7é 17
1 Li(id-¢1) o

where id is the identity function. This is a monotone function in parameters p
and ¢ by (37). Using Theorem 5.9 it follows that

Mpq(Li, Q3) = —L(p, q) log pipq(Li, 23), i =1,2,3
satisfies
min{a,b — X\, ¢} < M, ,(L;,3) < max{a+ \,b,d}.
So M, ,(L;,€23) is a monotonic mean. L(p, ¢) is a logarithmic mean defined by

pP—q
L(p,q) = b”““’pfq
2 p=q.

Example 6.4. Consider a family of functions
Q= {wp : (0700) —>R:p€ (0,00)}

defined by
pla) = o
x) = ——.
! (=vP)"
Since d;:ff (x) = e *VP is the Laplace transform of a non-negative function (see

[19]) it is exponentially convex. Obviously ¢, are n-convex functions for every
p > 0. For this family of functions, p, (L;,24),7 = 1,2, 3 from (38) is equal to

1
Li(4p) \ P4
(m@) : p#q,
L;(id-vp) n .
‘“p(_%wﬂi>_zﬂ’ p=4q

where id is the identity function. This is monotone function in parameters p and
q by (37). Using Theorem 5.9 it follows that

MP,Q<L1'7 Q4) = _(\/2_9+ \/a) logﬂpyq(LhQ‘l)? 1= 17 273

satisfies min{a,b — A\, ¢} < M, ,(L;, ) < max{a + A\, b,d}, so M, ,(L;,§Y) is a
monotonic mean.

:up,q(Lia 94) =
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