Journal of Lie Theory Volume 15 (2005) 249–260 © 2005 Heldermann Verlag

Nilpotent Lie algebras of Maximal Rank

and of Kac-Moody Type D^{(3)}_4

D. Fernández-Ternero

Communicated by J. Ludwig

Abstract. Let g be the Kac-Moody algebra associated with the twisted affine Cartan matrix D^{(3)}_4 . Each nilpotent Lie algebra of maximal rank and of type D^{(3)}_4 is isomorphic to a quotient of the positive part of g. We determine the isomorphism classes of nilpotent Lie algebras of maximal rank and of type D^{(3)}_4 . Mathematics Subject Classification: 17B30, 17B67.

Key Words and Phrases: Nilpotent, maximal rank, Kac-Moody algebras.

1. Introduction

In [12] Santharoubane associated canonically a Kac-Moody algebra g(A) with each nilpotent Lie algebra L of maximal rank, where A is a generalized Cartan matrix.

There are 3 families of Kac-Moody algebras: finite, affine and indefinite, and the second family is divided in two subfamilies: non-twisted affine and twisted affine.

The study of nilpotent Lie algebras of maximal rank associated with the finite Kac-Moody algebras (i.e. the finite-dimensional simple Lie algebras) was already done (see [3], [5] and [4]).

At present, several authors are studying the nilpotent Lie algebras of maximal rank associated with non-twisted affine Kac-Moody algebras (see [1, 2], [6, 7], [10] and [11]).

In this paper we study the nilpotent Lie algebras associated with the twisted affine Kac-Moody algebra g(D^{(3)}_4 ). The main result we get is the following: there are exactly 88 infinite series (up to isomorphism) with discrete parameters and 1 infinite series with continuous parameter of nilpotent Lie algebras of maximal rank and of Kac-Moody type D^{(3)}_4 .

I thank the referee for pointing out an error which caused me to miss in the original version of this paper the 5 infinite series in the last 2 lines of Theorem 4.1a below. This same mistake appears also in [6], [7], [1], [2] and [10]. The corrections to [6] and [7] will be given elsewhere.

ISSN 0949–5932 / $2.50 © Heldermann Verlag

250 Fernández-Ternero

2. The Classification Method for nilpotent Lie algebras of maximal rank

Let L be a finite-dimensional nilpotent Lie algebra, DerL its derivation algebra, AutL its automorphism group. A torus on L is a commutative subalgebra of DerL whose elements are semi-simple. All maximal (for the inclusion) tori on L have the same dimension called the rank of L. The rank r of L is less than the dimension ℓ of L/[L, L] ; one says that L is of maximal rank if r = ℓ.

A matrix A = (a_{ij})^ℓ_{i,j=1} with entries in Z is called a generalized Cartan matrix if it satisfies the following conditions:

1. a_{ii} = 2 for i = 1, . . . , ℓ;

2. a_{ij} ≤ 0 for i ≠ j ;

3. a_{ij} = 0 ⇐⇒ a_{ji} = 0.

If L is of maximal rank ℓ, then we can associate a generalized Cartan matrix A = (a_{ij})_{1≤i,j≤ℓ} with L (see 3.2. of [11]), we say that L is of Kac-Moody type A.

Let A = (a_{ij} )_{1≤i,j≤ℓ} be a generalized Cartan matrix, g(A) be the Kac- Moody algebra associated with A, n_+ be the positive part of g(A), Δ_+ the positive root system, g_α be the root subspace associated with α ∈ Δ_+ , G = S_ℓ(A) be the automorphism group of the Dynkin diagram of A and α_1, . . . , α_ℓ the simple roots. Let n_{++} be the ideal of n_+ defined by

n_+ = ( ⨁ 1≤i≠j≤ℓ 0≤k≤−a_{ji} g_{αi+kαj} ) ⊕ n_{++}.

Let I(n_{++}) be the set of ideals of n_+ included in n_{++} and stable under the action of the Cartan subalgebra h of g(A). The group G acts on n_+ as an automorphism group by σe_i = e_{σi} (i = 0, . . . , ℓ) where e_0, · · · , e_ℓ are the Chevalley generators of n_+ . The group G acts on I(n_{++}).

According to previous definitions and 6.3 of [11], the mapping G.a → n_+/a is a bijection from the set of G-orbits of I(n_{++}) onto a set of representatives of the isomorphism classes of nilpotent Lie algebras of maximal rank and of Kac-Moody type A.

By the above result, our main problem of finding all nilpotent Lie algebras of maximal rank and of Kac-Moody type A is equivalent to the concrete problem of finding some ideals of the positive part of the Kac-Moody algebra g(A), up to the action of the automorphism group G.

3. The Kac-Moody algebra associated with D^{(3)}_4

We consider the generalized Cartan matrix D^{(3)}_4 (see table Aff3, p.55 of [9]). Let g^′ = g(D_4), where D_4 is a finite Cartan matrix and its Dynkin diagram is:

Fernández-Ternero 251

Figure 1: Dynkin diagram of D_4

Let μ be an automorphism of the Dynkin diagram of D_4 of order 3. Since there are two such automorphism which are equivalent, we choose one of them:

μ(α^′_1) = α^′_3, μ(α^′_2) = α^′_2, μ(α^′_3) = α^′_4, μ(α^′_4) = α^′_1.

Let μ be the corresponding automorphism of g^′ . Set ϵ = exp^{2πi}_3 . Then each eigenvalue of μ has the form ϵ^j , j ∈ Z/3Z, and since μ is diagonalizable, we have the decomposition g^′ = ⨁ j∈Z/3Z g^′_j, (1)

where g^′_j is the eigenspace of μ for the eigenvalue ϵ^j .

Fix a non-degenerate invariant symmetric bilinear C -valued form (·|·) on g^′ . Let L = C [t, t^{−1} ] be the algebra of Laurent polynomials in t. We consider the following Lie algebra: L(g^′, μ) = ⨁ j∈Z L(g^′, μ)_j, where L(g^′, μ)_j = t^j ⊗ g^′_{jmod 3}.

The Kac-Moody algebra associated with the affine matrix D^{(3)}_4 is a twisted affine algebra and is defined by (see Chap. 8 of [9]): ^L(g^′, μ) = L(g^′, μ) ⊕ C c^′ ⊕ C d^′ with the bracket defined as follows:

[t^k ⊗ x ⊕ λc^′ ⊕ μd^′, t^{k1} ⊗ y ⊕ λ_1c^′ ⊕ μ_1d^′] = (t^{k+k1} ⊗ [x, y] + μk_1t^{k1} ⊗ y − μ_1kt^k ⊗ x) ⊕ kδ_{k,−k1} (x|y)c^′ where x, y ∈ g^′; λ, μ, λ_1, μ_1 ∈ C .

Let h^′ be the Cartan subalgebra of g^′ , Δ^′ the root system, {α^′_1, α^′_2, α^′_3, α^′_4} the root basis, {α^{′∨}_1 , α^{′∨}_2 , α^{′∨}_3 , α^{′∨}_4 } the coroot basis, E^′_1, E^′_2, E^′_3, E^′_4 , F^′_1, F^′_2, F^′_3, F^′_4 the Chevalley generators. Let g^′ = ⊕_α′_{∈Δ}′ g^′_α′ be the root subspace decomposition of g^′ . We have dimh^′ = 4, the coroot basis is a basis of h^′ , and the root subspaces are unidimensional, g^′_α′ = C E^′_α′ . The positive root system is:

Δ^′_+ = { α^′_1, α^′_2, α^′_3, α^′_4, α^′_1 + α^′_2, α^′_2 + α^′_3, α^′_2 + α^′_4, α^′_1 + α^′_2 + α^′_3, α^′_1 + α^′_2 + α^′_4, α^′_2 + α^′_3 + α^′_4, α^′_1 + α^′_2 + α^′_3 + α^′_4, α^′_1 + 2α^′_2 + α^′_3 + α^′_4}.

We introduce the following elements of g^′ :

θ_0 = α^′_1 + α^′_2 + α^′_3, H_0 = −2(α^{′∨}_1 + α^{′∨}_3 + α^{′∨}_4 ) − 3α^{′∨}_2 , H_1 = α^{′∨}_2 , H_2 = α^{′∨}_1 + α^{′∨}_3 + α^{′∨}_4 , E_0 = E^′_{−θ0} + ϵ^2E^′_{−μ(θ0)} + ϵE^′_{−μ 2(θ0)}, E_1 = E^′_2, E_2 = E^′_1 + E^′_3 + E^′_4, F_0 = −E^′_{θ0} − ϵE^′_{μ(θ0)} − ϵ^2E^′_{μ 2(θ0)}, F_1 = F^′_2, F_2 = F^′_1 + F^′_3 + F^′_4.

252 Fernández-Ternero

The Z/3Z-gradation of g^′ described in (1) is g^′ = g^′_0 ⊕ g^′_1 ⊕ g^′_2, h^′_s = h^′ ∩ g_s and g^′_s = h^′_s ⊕ (⨁ α∈Δ_s g ′ s,α ) for s = 0, 1, 2, where Δ_s = Δ_{s,+} ∪ Δ_{s,−} , Δ_{s,−} = {−α / α ∈ Δ_{s,+}} and Δ_{0,+} = {α_1, α_2, α_1 + α_2, α_1 + 2α_2, α_1 + 3α_2, 2α_1 + 3α_2} Δ_{1,+} = {α_2, α_1 + α_2, α_1 + 2α_2} = Δ_{2,+}

with α_1 = α^′_2 and α_2 =^1_3 (α^′_1 + α^′_3 + α^′_4).

Set h = h^′_0 ⊕ C c^′ ⊕ C d^′ and define δ ∈ h^∗ by δ|_h′_{0⊕C c}′ = 0, δ(d^′) = 1. Set e_0 = t ⊗ E_0 , f_0 = t^{−1} ⊗ F_0 , e_i = 1 ⊗ E_i , f_i = 1 ⊗ F_i, (i = 1, 2). Then we have:

[e_i, f_i] = 1 ⊗ H_i (i = 1, 2); [e_0, f_0] = 3c^′ + 1 ⊗ H_0.

We describe the root system and the root space decomposition of ^L(g^′, μ) with respect to h: Δ = {jδ + γ ; j ∈ Z, γ ∈ Δ_s, j ≡ s mod 3, s = 0, 1, 2} ∪ {jδ ; j ∈ Z − {0}};

^L(g^′, μ) = h ⊕ ( ⨁ α∈Δ L(g^′, μ)_α ) , where L(g^′, μ)_{jδ+γ} = t^j ⊗ g^′_{s,γ} , L(g^′, μ)_{jδ} = t^j ⊗ h^′_s.

We set Π = {α_0 = δ − θ_0, α_1, α_2} and Π^∨ = {α^∨_0 = 3c^′ + 1 ⊗ H_0, α^∨_i = 1 ⊗ H_i (i = 1, 2)}.

h is the Cartan subalgebra, e_0, e_1, e_2 , f_0, f_1, f_2 are the Chevalley generators and Π and Π^∨ are, respectively, the root basis and the coroot basis of ^L(g^′, μ), which we denote by g from now on.

The positive part n_+ of g is

n_+ = ⨁ α∈Δ_+ ^L(g^′, μ)_α = ⨁ α∈Δ_+ g_α

and the positive root system of g is

Δ_+ = Δ_{0,+} ∪ {jδ + γ ; j ≥ 1, γ ∈ Δ_s ∪ {0}, j ≡ s mod 3}.

If we set

Δ^0 = Δ_{0,+} ∪ {δ + γ ; γ ∈ Δ_1} ∪ {2δ + γ ; γ ∈ Δ_2} ∪ {3δ + γ ; γ ∈ Δ_{0,+}} ∪ {δ, 2δ, 3δ}

Fernández-Ternero 253

we have Δ_+ = ⨆ j≥0 Δ^j , where Δ^j = {3jδ + γ ; γ ∈ Δ^0} if j ≥ 1.

Since δ = α_0 + α_1 + 2α_2 we have Δ^0 = {α_0, α_1, . . . , α_{26}}, with α_3 = α_0 + α_2, α_4 = α_1 + α_2, α_5 = α_0 + α_1 + α_2, α_6 = α_1 + 2α_2, α_7 = δ = α_0 + α_1 + 2α_2, α_8 = α_1 + 3α_2, α_9 = 2α_0 + α_1 + 2α_2, α_{10} = α_0 + α_1 + 3α_2, α_{11} = 2α_1 + 3α_2, α_{12} = 2α_0 + α_1 + 3α_2, α_{13} = α_0 + 2α_1 + 3α_2, α_{14} = 3α_0 + α_1 + 3α_2, α_{15} = 2α_0 + 2α_1 + 3α_2, α_{16} = α_0 + 2α_1 + 4α_2, α_{17} = 3α_0 + 2α_1 + 3α_2, α_{18} = 2δ = 2α_0 + 2α_1 + 4α_2, α_{19} = 3α_0 + 2α_1 + 4α_2, α_{20} = 2α_0 + 2α_1 + 5α_2, α_{21} = 3α_0 + 2α_1 + 5α_2, α_{22} = 2α_0 + 3α_1 + 5α_2, α_{23} = 3α_0 + 3α_1 + 5α_2, α_{24} = 3α_0 + 2α_1 + 6α_2, α_{25} = 2α_0 + 3α_1 + 6α_2, α_{26} = 3δ = 3α_0 + 3α_1 + 6α_2.

Figure 2: Positive roots of D^{(3)}_4

where α^j_i = 3jδ + α_i , with j ≥ 1 and α_i ∈ Δ^0 .

We order these roots by α^j_i < α^l_k iff j < l or j = l and i < k .

4. The nilpotent Lie algebras of maximal rank and of Kac-Moody type D^{(3)}_4 We have to obtain all G-orbits of ideals of the positive part of the Kac-Moody algebra g(D^{(3)}_4 ) included in n_{++} .

The Dynkin diagram of D^{(3)}_4 is:

Figure 3: Dynkin diagram of D^{(3)}_4

Then the automorphism group G of the Dynkin diagram is {id} and each G-orbit has an unique ideal. Therefore we can identify the sets I(n_{++}) and I(n_{++})/G.

254 Fernández-Ternero

Let Δ_{++} be defined by :

Δ_+ = {α_i + kα_j ; 0 ≤ i ≠ j ≤ ℓ, 0 ≤ k ≤ −a_{ji}} ∪ Δ_{++}

Since

D^{(3)}_4 =

2 0 −1 0 2 −1 −1 −3 2 we have:

Δ_{++} = ~Δ^0 ⊔ Δ^1 ⊔ Δ^2 ⊔ · · · with ~Δ^0 = {α_5, α_7, α_9, α_{10}, . . . , α_{26}}.

If I ⊆ Δ_{++} then one can write: I = ⨆ j∈N I^j

with I^0 = I ∩ ~Δ^0 and I^j = I ∩ Δ^j if j ≥ 1. We say that I^j is an ideal of Δ^j iff

(α ∈ I^j , α + α_i ∈ Δ^j ) =⇒ α + α_i ∈ I^j ∀i = 0, 1, 2

We set I(Δ_{++}) = {I ⊆ Δ_{++} ; I^j is an ideal of Δ^j , ∀j ∈ N}.

If a ∈ I(n_{++}) then one can write : a = ⨁ α∈Δ_a a ∩ g_α

where Δ_a = {α ∈ Δ_{++}; a ∩ g_α ≠ (0)}. Then, as any root in Δ^j \ {α^j_{26}} has multiplicity one, Δ_a ∈ I(Δ_{++}).

We can define the map I(n_{++})^φ→ I(Δ_{++}) by setting φ(a) = Δ_a . But this is not onto. There exists j_a ∈ N such that 3j_aδ /∈ φ(a) and 3(j_a + 1)δ ∈ φ(a). Then φ(a) = ⨆ j∈N φ(a)^j

with φ(a)^{ja} any ideal of Δ^{ja} , φ(a)^{ja+1} an ideal of Δ^{ja+1} that depends on φ(a)^{ja} and φ(a)^j = Δ^j if j > j_a +1 (this results from the calculation in 4.2 of the different possibilities for φ(a)^{ja+1} associated to a φ(a)^{ja} ).

The map φ is not injective either. Since dimg_α = 1 if α ≠ 3jδ , we have a_α = g_α if α ∈ φ(a) and α ≠ 3jδ . But if α ∈ φ(a) and α = 3jδ , it may be a_α ≠ g_α since dimg_{3jδ} = 2.

The first step for obtaining the nilpotent Lie algebras of maximal rank and of Kac-Moody type D^{(3)}_4 is to determine Im φ. The next step consists of determining φ^{−1}(I) for each I ∈ Im φ ⊂ I(Δ_{++}).

4.1. The image of φ.

If I ∈ Im φ there exists j_I ∈ N such that 3j_I δ /∈ I and 3(j_I + 1)δ ∈ I . We have I = I^{jI} ⊔ I^{jI +1} ⊔ Δ^{jI +2} ⊔ Δ^{jI +3} ⊔ Δ^{jI +4} ⊔ · · · where I^{jI} and I^{jI +1} are ideals of Δ^{jI} and Δ^{jI +1} , respectively. Then we have to determine all ideals of Δ^j , ∀j ∈ N .

Fernández-Ternero 255

The map J → J + 3(j − 1)δ , j ≥ 1, is a bijection between the sets of ideals of Δ^1 and Δ^j . Therefore it is sufficient to determine all ideals of ~Δ^0 and all ideals of Δ^j for j ≠ 0.

There are 80 series of ideals, we have 56 ideals of ~Δ^0 and 80 ideals of Δ^j , ∀j ≥ 1. For j ≥ 1 the ideals are: (we denote by ⟨γ_1, γ_2, . . .⟩ the ideal generated by γ_1 + 3jδ, γ_2 + 3jδ, . . .)

I^j_1 = ⟨α_0⟩, I^j_2 = ⟨α_1⟩, I^j_3 = ⟨α_2⟩, I^j_4 = ⟨α_3⟩, I^j_5 = ⟨α_4⟩, I^j_6 = ⟨α_5⟩, I^j_7 = ⟨α_6⟩, I^j_8 = ⟨α_7⟩, I^j_9 = ⟨α_8⟩, I^j_{10} = ⟨α_9⟩, I^j_{11} = ⟨α_{10}⟩, I^j_{12} = ⟨α_{11}⟩, I^j_{13} = ⟨α_{12}⟩, I^j_{14} = ⟨α_{13}⟩, I^j_{15} = ⟨α_{14}⟩, I^j_{16} = ⟨α_{15}⟩, I^j_{17} = ⟨α_{16}⟩, I^j_{18} = ⟨α_{17}⟩, I^j_{19} = ⟨α_{18}⟩, I^j_{20} = ⟨α_{19}⟩, I^j_{21} = ⟨α_{20}⟩, I^j_{22} = ⟨α_{21}⟩, I^j_{23} = ⟨α_{22}⟩, I^j_{24} = ⟨α_{23}⟩, I^j_{25} = ⟨α_{24}⟩, I^j_{26} = ⟨α_{25}⟩, I^j_{27} = ⟨α_{26}⟩, I^j_{28} = ⟨α_0, α_1⟩, I^j_{29} = ⟨α_0, α_2⟩, I^j_{30} = ⟨α_0, α_4⟩, I^j_{31} = ⟨α_0, α_6⟩, I^j_{32} = ⟨α_0, α_8⟩, I^j_{33} = ⟨α_0, α_{11}⟩, I^j_{34} = ⟨α_1, α_2⟩, I^j_{35} = ⟨α_1, α_3⟩, I^j_{36} = ⟨α_3, α_4⟩, I^j_{37} = ⟨α_3, α_6⟩, I^j_{38} = ⟨α_3, α_8⟩, I^j_{39} = ⟨α_3, α_{11}⟩, I^j_{40} = ⟨α_5, α_6⟩, I^j_{41} = ⟨α_5, α_8⟩, I^j_{42} = ⟨α_5, α_{11}⟩, I^j_{43} = ⟨α_7, α_8⟩, I^j_{44} = ⟨α_7, α_{11}⟩, I^j_{45} = ⟨α_8, α_9⟩, I^j_{46} = ⟨α_9, α_{10}⟩, I^j_{47} = ⟨α_9, α_{11}⟩, I^j_{48} = ⟨α_9, α_{13}⟩, I^j_{49} = ⟨α_9, α_{16}⟩, I^j_{50} = ⟨α_{10}, α_{11}⟩, I^j_{51} = ⟨α_{11}, α_{12}⟩,

I^j_{52} = ⟨α_{11}, α_{14}⟩, I^j_{53} = ⟨α_{12}, α_{13}⟩, I^j_{54} = ⟨α_{12}, α_{16}⟩, I^j_{55} = ⟨α_{13}, α_{14}⟩, I^j_{56} = ⟨α_{14}, α_{15}⟩, I^j_{57} = ⟨α_{14}, α_{16}⟩, I^j_{58} = ⟨α_{14}, α_{18}⟩, I^j_{59} = ⟨α_{14}, α_{20}⟩, I^j_{60} = ⟨α_{14}, α_{22}⟩, I^j_{61} = ⟨α_{14}, α_{25}⟩, I^j_{62} = ⟨α_{15}, α_{16}⟩, I^j_{63} = ⟨α_{16}, α_{17}⟩, I^j_{64} = ⟨α_{17}, α_{18}⟩, I^j_{65} = ⟨α_{17}, α_{20}⟩, I^j_{66} = ⟨α_{17}, α_{22}⟩, I^j_{67} = ⟨α_{17}, α_{25}⟩, I^j_{68} = ⟨α_{19}, α_{20}⟩, I^j_{69} = ⟨α_{19}, α_{22}⟩, I^j_{70} = ⟨α_{19}, α_{25}⟩, I^j_{71} = ⟨α_{21}, α_{22}⟩, I^j_{72} = ⟨α_{21}, α_{25}⟩, I^j_{73} = ⟨α_{22}, α_{24}⟩, I^j_{74} = ⟨α_{23}, α_{24}⟩, I^j_{75} = ⟨α_{23}, α_{25}⟩, I^j_{76} = ⟨α_{24}, α_{25}⟩, I^j_{77} = ⟨α_0, α_1, α_2⟩, I^j_{78} = ⟨α_9, α_{10}, α_{11}⟩, I^j_{79} = ⟨α_{14}, α_{15}, α_{16}⟩, I^j_{80} = ⟨α_{23}, α_{24}, α_{25}⟩.

Moreover, for j = 0 we have the ideals I^0_i with: i = 6, 8, 10, . . . , 27, 42, 44, 46, . . . , 76, 78, 79, 80.

We haven’t determined the image of φ yet. If I ∈ Im φ, although I^{jI} is any ideal of Δ^{jI} , I^{jI +1} is an ideal of Δ^{jI +1} that depends on I^{jI} and a_{3(jI +1)δ} . So, in order to obtain the ideals of n_+ included in n_{++} , we will realize a case-by-case study.

4.2. The ideals in n_+ .

Let I ∈ Im φ. Then there exists i such that I^j = I^j_i and 3jδ /∈ I , but 3(j + 1)δ ∈ I . We define: I^′_p = {α ∈ I^{j+p} ; | α |≤| 3(j + p + 1)δ | −2} I^{′′}_p = {α ∈ I^{j+p} ; | α |=| 3(j + p + 1)δ | −1} with p = 0, 1. Then we have the partition:

I = I^′_0 ⊔ I^{′′}_0 ⊔ {3(j + 1)δ} I^j ⊔ I^′_1 ⊔ I^{′′}_1 ⊔ {3(j + 2)δ} I^{j+1} ⊔ ( ⨆ k>j+1 Δ^k )

256 Fernández-Ternero

If a ∈ φ^{−1}(I), then we have a = ⊕_{α∈I} a_α with a_α = a ∩ g_α ≠ (0). The partition of I gives us a direct sum decomposition for a:

a = ⨁ α∈I^′_0 a_α ⊕ ⨁ α∈I^{′′}_0 a_α

⊕ a_{3(j+1)δ} ⊕ ⨁ α∈I^′_1 a_α ⊕ ⨁ α∈I^{′′}_1 a_α ⊕ a_{3(j+2)δ}⊕

⊕ ⨁ α>3(j+2)δ a_α

Since dimg_α = 1 if α ≠ 3kδ , we have a_α = g_α if α ∈ I and α ≠ 3kδ ; as we shall see below, I^{′′}_1 has cardinal 3, hence a_{3kδ−αm} = g_{3kδ−αm} for m = 0, 1, 2 and k ≥ j + 2, we have a_{3kδ} = g_{3kδ} for k ≥ j + 2; it follows that:

a = ⨁ α∈I^′_0 g_α ⊕ ⨁ α∈I^{′′}_0 g_α

⊕ a_{3(j+1)δ} ⊕ ( ⨁ α∈I^{j+1} g_α ) ⊕ b

where b = ⨁ α>3(j+2)δ g_α.

Therefore we have to determine a_{3(j+1)δ} ⊆ g_{3(j+1)δ} , that depends on I^{′′}_0 , and I^{j+1} , that depends on a_{3(j+1)δ} . We have

g_{3(j+1)δ} = t^{3(j+1)} ⊗ h^′_0 = C t^{3(j+1)} ⊗ H_1 ⊕ C t^{3(j+1)} ⊗ H_2.

We denote [λ_1, λ_2] = C ( λ_1t^{3(j+1)} ⊗ H_1 + λ_2t^{3(j+1)} ⊗ H_2 ) for (λ_1, λ_2) ∈ C^2 .

Let n = #I^{′′}_0 . Since

I^{′′}_0 ⊆ {3(j + 1)δ − α_m ; m = 0, 1, 2} = {3jδ + α_m ; m = 23, 24, 25},

we have 0 ≤ n ≤ 3. Then we have to consider 3 cases:

Case 1: n = 0. Then I^{′′}_0 = Ø and a = a_{3(j+1)δ} ⊕ (⊕_{α∈I}j+1 g_α) ⊕ b. There is only one ideal of Δ^j in this case: I^j = I^j_{27} = ⟨3(j +1)δ⟩ = {3(j +1)δ} with j ≥ 0. There are 2 possibilities:

(1.a) dim a_{3(j+1)δ} = 1. Then a_{3(j+1)δ} = [λ_1, λ_2] for (λ_1, λ_2) ∈ P^1 . In order to obtain I^{j+1} we will considerate some subcases:

(1.a.1) If (λ_1, λ_2) = (1, 0), i.e. a_{3(j+1)δ} = C t^{3(j+1)} ⊗ H_1 , then I^{j+1}_{34} = ⟨α^{j+1}_1 , α^{j+1}_2 ⟩ ⊆ I^{j+1} since [g_{α0} , a_{3(j+1)δ}] = 0, [g_{α1} , a_{3(j+1)δ}] ≠ 0 and [g_{α2} , a_{3(j+1)δ}] ≠ 0. Therefore I^{j+1} = I^{j+1}_{34} or I^{j+1} = Δ^{j+1} and

a = a^{j,(1,0)}_{27,1} = [1, 0] ⊕ ( ⊕_{α>α}j+1_0 g_α )

or a = a^{j,(1,0)}_{27} = [1, 0] ⊕ ( ⊕_{α>3(j+1)δ} g_α ) , respectively.

Fernández-Ternero 257

(1.a.2) If (λ_1, λ_2) = (3, 2), i.e. a_{3(j+1)δ} = C ( 3t^{3(j+1)} ⊗ H_1 + 2t^{3(j+1)} ⊗ H_2 ) , then I^{j+1}_{29} = ⟨α^{j+1}_0 , α^{j+1}_2 ⟩ ⊆ I^{j+1} since [g_{α0} , a_{3(j+1)δ}] ≠ 0, [g_{α1} , a_{3(j+1)δ}] = 0 and [g_{α2} , a_{3(j+1)δ}] ≠ 0. Therefore I^{j+1} = I^{j+1}_{29} or I^{j+1} = Δ^{j+1} and

a = a^{j,(3,2)}_{27,1} = [3, 2] ⊕ g_αj+1_0 ⊕ ( ⊕_{α>α}j+1_1 g_α )

or a = a^{j,(3,2)}_{27} = [3, 2] ⊕ ( ⊕_{α>3(j+1)δ} g_α ) , respectively.

(1.a.3) If (λ_1, λ_2) = (2, 1), i.e. a_{3(j+1)δ} = C ( 2t^{3(j+1)} ⊗ H_1 + t^{3(j+1)} ⊗ H_2 ) , then I^{j+1}_{28} = ⟨α^{j+1}_0 , α^{j+1}_1 ⟩ ⊆ I^{j+1} since [g_{α0} , a_{3(j+1)δ}] ≠ 0, [g_{α1} , a_{3(j+1)δ}] ≠ 0 and [g_{α2} , a_{3(j+1)δ}] = 0. Therefore I^{j+1} = I^{j+1}_{28} or I^{j+1} = Δ^{j+1} and

a = a^{j,(2,1)}_{27,1} = [2, 1] ⊕ g_αj+1_0 ⊕ g_αj+1_1 ⊕ ( ⊕_{α>α}j+1_2 g_α )

or a = a^{j,(2,1)}_{27} = [2, 1] ⊕ ( ⊕_{α>3(j+1)δ} g_α ) , respectively.

(1.a.4) For the remaining values of (λ_1, λ_2) ∈ P^1 , we have I^{j+1} = Δ^{j+1} since [g_{αi} , a_{3(j+1)δ}] ≠ 0 for i = 0, 1, 2. Then

a = a^{j,(λ1,λ2)}

27 = [λ_1, λ_2] ⊕ ( ⊕_{α>3(j+1)δ} g_α )

(1.b) dim a_{3(j+1)δ} = 2. Then a_{3(j+1)δ} = g_{3(j+1)δ} , I^{j+1} = Δ^{j+1} and

a = a^j_{27} = g_{3(j+1)δ} ⊕ ( ⊕_{α>3(j+1)δ} g_α ) = ⊕_{α≥3(j+1)δ} g_α.

So we have obtained the following set of ideals in n_+ for n = 0: {a^{j,(λ1,λ2)} 27 ; (λ_1, λ_2) ∈ P^1} ∪ {a^{j,(1,0)}_{27,1} , a^{j,(3,2)}_{27,1} , a^{j,(2,1)}_{27,1} } ∪ {a^j_{27}}.

Case 2: n = 1. There are 3 ideals in this case: I^j_{24} , I^j_{25} , I^j_{26} with j ≥ 0.

If we call γ the unique element of I^{′′}_0 , then

a = g_γ ⊕ a_{3(j+1)δ} ⊕ (⊕_{α∈I}j+1 g_α) ⊕ b.

a contains the ideal generated by g_γ and ⟨g_γ ⟩ = g_γ ⊕ a_γ ⊕ ( ⊕_{α∈I}j+1_γ g_α ) ⊕ b with a_γ a subspace of dimension 1 in g_{3(j+1)δ} and I^{j+1}_γ an ideal in Δ^{j+1} contained in I^{j+1} .

There are three ideals in this case and some possibilities for each one:

258 Fernández-Ternero

(2.a) dim a_{3(j+1)δ} = 1. We have

a_γ =

[0, 1] for i = 24 [1, 0] for i = 25 [3, 2] for i = 26

since

γ = α^j_{23} = 3jδ + α_{23} = 3(j + 1)δ − α_2 for I = I^j_{24} α^j_{24} = 3jδ + α_{24} = 3(j + 1)δ − α_1 for I = I^j_{25} α^j_{25} = 3jδ + α_{25} = 3(j + 1)δ − α_0 for I = I^j_{26}

Now we will determine I^{j+1}_γ :

γ = α^j_{23} Since [g_{αi} , a_αj_{23} ] ≠ 0 for i = 0, 1, 2, we have I^{j+1}_{αj23} = Δ^{j+1} .

Therefore I^{j+1} = Δ^{j+1} and

a = a^j_{24,1} = g_αj_{23} ⊕ [0, 1] ⊕ ( ⊕_{α>3(j+1)δ} g_α ) . γ = α^j_{24} Since [g_{α0} , a_αj_{24} ] = 0, [g_{α1} , a_αj_{24} ] ≠ 0 and [g_{α2} , a_αj_{24} ] ≠ 0, we have I^{j+1}_{αj24} = I^{j+1}_{34} = ⟨α^{j+1}_1 , α^{j+1}_2 ⟩. Therefore I^{j+1} = Δ^{j+1} or I^{j+1} = I^{j+1}_{34} and

a = a^j_{25,1} = g_αj_{24} ⊕ [1, 0] ⊕ ( ⊕_{α>3(j+1)δ} g_α ) or a = a^j_{25,2} = g_αj_{24} ⊕ [1, 0] ⊕ ( ⊕_{α>α}j+1_0 g_α ) , respectively.

γ = α^j_{25} Since [g_{α0} , a_αj_{25} ] ≠ 0, [g_{α1} , a_αj_{25} ] = 0 and [g_{α2} , a_αj_{25} ] ≠ 0, we have I^{j+1}_{αj25} = I^{j+1}_{29} = ⟨α^{j+1}_0 , α^{j+1}_2 ⟩. Therefore I^{j+1} = Δ^{j+1} or I^{j+1} = I^{j+1}_{29} and

a = a^j_{26,1} = g_αj_{25} ⊕ [3, 2] ⊕ ( ⊕_{α>3(j+1)δ} g_α ) or a = a^j_{26,2} = g_αj_{25} ⊕ [3, 2] ⊕ g_αj+1_0 ⊕ ( ⊕_{α>α}j+1_1 g_α ) , respectively.

(2.b) dim a_{3(j+1)δ} = 2. Then a_{3(j+1)δ} = g_{3(j+1)δ} , I^{j+1} = Δ^{j+1} and

a = a^j_i = g_αj+1_{i−1} ⊕ ( ⊕_{α≥3(j+1)δ} g_α ) for i = 24, 25, 26.

So we have obtained the following set of ideals in n_+ for n = 1:

{a^j_{i,1} ; i = 24, 25, 26} ∪ {a^j_{i,2} ; i = 25, 26} ∪ {a^j_i ; i = 24, 25, 26}.

Fernández-Ternero 259

Case 3: n = 2, 3. The other ideals are in this case.

n = 2, 3 implies a_{3(j+1)δ} = g_{3(j+1)δ} and I^{j+1} = Δ^{j+1} . Therefore

a = a^j_i = ⊕_{α∈I} g_α.

So we have obtained an unique ideal in n_+ for n = 2, 3 and each possible I^j_i : a^j_i .

We have obtained the ideals of n_+ included in n_{++} . Since G = {id} we can identify the sets I(n_{++}) and I(n_{++})/G. Now we obtain a representative of each isomorphism class of nilpotent Lie algebras of maximal rank and of Kac-Moody type D^{(3)}_4 , building the quotient n_+/a for each above obtained ideal a.

As a consequence of this study we have the following result:

Theorem 4.1. Up to isomorphism there are exactly: (a) 88 infinite series with discrete parameters: D^{(3),j}_{4,i} { for i = 6, 8, 10, . . . , 27, 42, 44, 46, . . . , 76, 78, 79, 80; j ≥ 0 for the remaining values of i; j ≥ 1 D^{(3),j}_{4,i,1} { i = 24, 25, 26; j ≥ 0 D^{(3),j}_{4,i,2} { i = 25, 26; j ≥ 0 D^{(3),j,(λ1,λ2)} 4,27,1 { (λ_1, λ_2) = (1, 0), (3, 2), (2, 1); j ≥ 0

(b) 1 infinite series with continuous parameter: D^{(3),j,(λ1,λ2)} 4,27 for (λ1, λ2) ∈ P

1; j ≥ 0

of nilpotent Lie algebras of maximal rank and of Kac-Moody type D^{(3)}_4 .

5. An example In this section we give explicitly the Lie algebra D^{(3),0}_{4,42} , which is the nilpotent Lie algebra of maximal rank and of Kac-Moody type D^{(3)}_4 associated with the ideal a^0_{42} of n_+ . Then we have: D^{(3),0}_{4,42} = n_+/a^0_{42}

Since a^0_{42} = ⊕_{α∈⟨α5 ,α11⟩}g_α we can identify D^{(3),0}_{4,42} with the following Lie algebra: ⨁ α∈Δ_+\⟨α_5 ,α_{11}⟩

g_α = ⨁ α∈Δ_+\Δ_{++}

g_α = ( ⊕^4_{i=0}g_α ) ⊕ g_{α6} ⊕ g_{α8}

where the root subspaces are:

g_{α0} = t ⊗ g^′_{1,−α1−2α2} = C e_0 , g_{α1} = 1 ⊗ g^′_{0,α1} = C e_1 , g_{α2} = 1 ⊗ g^′_{0,α2} = C e_2 , g_{α3} = t ⊗ g^′_{1,−α1−α2} = C e_3 , g_{α4} = 1 ⊗ g^′_{0,α1+α2} = C e_4 , g_{α6} = 1 ⊗ g^′_{0,α1+2α2} = C e_6 , g_{α8} = 1 ⊗ g^′_{0,α1+3α2} = C e_8 .

260 Fernández-Ternero

We have D^{(3),0}_{4,42} = ( ⊕^4_{i=0}C e_i ) ⊕ C e_6 ⊕ C e_8 with brackets

[e_0, e_2] = (1 + ϵ^2)e_3 = −ϵe_3, [e_1, e_2] = −e_4, [e_2, e_4] = 2e_6, [e_2, e_6] = 3e_8.

This Lie algebra is the nilpotent Lie algebra of maximal rank and of Kac- Moody type D^{(3)}_4 of least dimension (up to isomorphism).

References [1] Agrafiotou, X., Nilpotent Lie algebras of maximal rank and of Kac-Moody type: D^{(1)}_4 , Comm. Algebra, to appear.

[2] —, Nilpotent Lie algebras of maximal rank and of Kac-Moody type: D^{(1)}_5 , Personal Manuscript.

[3] Agrafiotou, X., and G. Tsagas, Nilpotent Lie algebras of maximal rank and of type E_6, E_7 and E_8 , J. Pure Appl. Algebra, to appear.

[4] Favre, G., and L. J. Santharoubane, Nilpotent Lie algebras of classical simple type, J. Algebra 202 (1998), 589–610.

[5] Favre, G., and G. Tsagas, Nilpotent Lie algebras of maximal rank and of type F_4 , Personal Manuscript.

[6] Fernández-Ternero, D., and J. Núñez-Valdés, Nilpotent Lie algebras of maximal rank and of Kac-Moody type: F^{(1)}_4 , Comm. Algebra 29 (2001), 1551–1570.

[7] —, Nilpotent Lie algebras of maximal rank and of Kac-Moody type: E^{(1)}_6 , J. Algebra 250 (2002), 664–695.

[8] Jacobson, N., “Lie Algebras,” Dover Publications, Inc. New York, 1979. [9] Kac, V. G., “Infinite Dimensional Lie Algebras,” 3rd ed, Cambridge University Press, Cambridge, 1990.

[10] Kanagavel, S., Nilpotent Lie algebras of maximal rank and of affine Kac- Moody types A^{(1)}_2 , B^{(1)}_2 , G^{(1)}_2 , Algebras, Groups and Geometries, to appear.

[11] Santharoubane, L.J., Kac-Moody Lie algebras and the classification of nilpotent Lie algebras of maximal rank, Canad. J. Math. 34 (1982), 1215– 1239.

[12] —, Kac-Moody Lie algebras and the universal element for the category of nilpotent Lie algebras, Math. Ann. 263 (1983), 365–370.

D. Fernández-Ternero Dept. Geometría y Topología Facultad de Matemáticas Universidad de Sevilla, Aptdo 1160 41080-Sevilla, España desamfer@us.es

Received January 27, 2004 and in final form September 20, 2004