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Abstract

We study generalizations of the sequence of the n-anacci constants that are con-

structed from the ratio limits generated by linear recurrences of an arbitrary order

n with equal integer weights m. We derive the analytic representation of the class

C∞ of these ratio limits and prove that, for a fixed m, the ratio limits form a strictly

1

mailto:igor.szczyrba@unco.edu
mailto:rafals@funiosoft.com
mailto:burtscher@txstate.edu


increasing sequence converging to m+1. We also show that the generalized n-anacci

constants form a totally ordered set.

1 Introduction

We study properties of the ratio limits Φ(n)(m), m,n∈N, of the successive terms of the integer

sequences
(

F
(n)
k (m)

)

∞

k=1
with the signatures (m, . . . ,m) generated by the linear recurrences

F
(n)
k (m) of an arbitrary order n with equal weights m, i.e.,

F
(n)
k (m)≡m

(

F
(n)
k−1(m)+· · ·+F

(n)
k−n(m)

)

, n≤k, and F
(n)
k (m)=ak∈N, 0≤k<n, (1)

Φ(n)(m)≡ lim
k→∞

F
(n)
k+1(m)/F

(n)
k (m), k > k0, (2)

where k0 is the largest index for which F
(n)
k0

(m)=0.

The linear recurrences (1) generate, in particular, the following sequences:

1. The n-step Fibonacci sequences, with the signatures (1, . . . , 1), introduced in 1960 by
Miles [10] as the n-generalized Fibonacci sequences, and further investigated by Flores
[6] and Dubeau [3], as well as more recently by Zhu and Grossman [17].

2. The n-step Lucas sequences, with the signatures (1, . . . , 1), introduced in 1967 by
Fiedler [5], and recently studied by Catalani [2], Benjamin and Quin [1], as well as by
Noe and Post [11].

3. The 2-step sequences with the signatures (m,m) that are a special case of the Horadam
sequences [7, 8].

Sloane [14] and Khovanova [9] catalog numerous sequences with the signatures (1, . . . , 1),
2≤n≤ 13, and a large variety of initial conditions; the Horadam sequences with the signa-
tures (m,m), 2≤m≤10, and various initial conditions; as well as several sequences with the
signatures (m, . . . ,m), n>2, generated by the linear recurrences (1).

Following the terminology that refers to the elements of the sequence
(

Φ(n)(1)
)

∞

n=1
as the

n-anacci constants [12], we call the elements of the set
{

Φ(n)(m) |m,n∈N
}

the (m,n)-anacci
constants.

In 1966, Ostrowski showed that polynomials

P (n)(λ)≡λn−b1λ
n−1−· · ·−bn, bi∈R+, (3)

with the gcd of the indices i of coefficients bi 6= 0 equal to 1, are asymptotically simple [13,
Theorem 12.2]. Thus, for any given p∈R+ and n, the characteristic polynomial

P (n)
p (λ)≡λn−p (λn−1+· · ·+1) (4)
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of the linear recurrence

F
(n)
k (p)≡p

(

F
(n)
k−1(p) +· · ·+F

(n)
k−n(p)

)

, n≤k, and F
(n)
k (p)=ak∈R, 0≤k<n, (5)

has the unique simple positive dominant zero λ(n)(p), i.e., all other zeros of polynomial (4)
have moduli strictly smaller than |λ(n)(p)|.

In 1997, Dubeau et al. [4] proved that, if the characteristic polynomial of an arbitrary
linear recurrence is asymptotically simple, the limit of the ratios of the successive terms of
the (not necessarily integer) sequence generated by the recurrence exists for at least one set
of the initial conditions

{

an−1 =1, ak =0 | 0≤k<n−1
}

. Moreover, they showed that, if this
limit exists for a given set of initial conditions, the limit coincides with the dominant zero
of the characteristic polynomial, i.e., for a given p, n, and

{

ak∈R | 0≤k<n
}

,

Φ(n)(p)≡ lim
k→∞

F
(n)
k+1(p)/F

(n)
k (p)=λ(n)(p), k > k0. (6)

In particular, for a given m and n, the (m,n)-anacci constant Φ(n)(m) is equal to the

dominant zero λ(n)(m) of the polynomial P
(n)
m (λ)≡λn−m(λn−1+· · ·+1).

We derive the analytic representation of the set
{

Φ(n)(m) |m,n∈N
}

of the (m,n)-anacci

constants by proving there exist a continuous function R
2

+∋(p, q)→λ(p, q)∈R+ such that:

a. for any p and n, λ(p, n)=λ(n)(p), i.e., in particular, λ(m,n)=Φ(n)(m);

b. for any (p, q)∈R
2
+ such that p · q 6=1, λ(p, q) is of class C∞;

c. the restriction λ(p, q)|ℓ of λ(p, q) to any half-line ℓ⊂R
2
+ is strictly increasing;

d. for any p>0 and q≥1, p≤λ(p, q)<p+1, in particular, m≤Φ(n)(m)<m+1;

e. for any p∈R+, limq→∞ λ(p, q)=p+1, in particular, limn→∞ Φ(n)(m)=m+1.

The latter result generalizes the well-known fact regarding the limit of the n-anacci
constants sequence: limn→∞ Φ(n)(1)=2, cf., e.g., [3, 6].

Moreover, the result stated in (d) implies that the set of the (m,n)-anacci constants is
totally ordered as follows: if n2>n1, then Φ(n2)(m2)>Φ(n1)(m1) for any m2 and m1, whereas
Φ(n)(m2)>Φ(n)(m1) if m2>m1.

We have shown [15] how to construct geometric representations of the (m,n)-anacci
constants correlated with this order using dilations of convex compact sets in n-dimensional
Euclidean spaces.

2 Analytic representation of the (m,n)-anacci constants

The limits Φ(n)(p), p∈R+, are also zeros of the polynomials

Q(n)
p (λ)≡λn+1−(p+1)λn+p=(λ− 1)P (n)

p (λ). (7)
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We derive the analytic representation of the set
{

Φ(n)(p) | p∈R+, n∈N
}

using the function

Q(λ, p, q)≡λq+1−(p+1)λq+p, λ, p, q∈R+. (8)

The function Q(λ, p, q) equals 0 at the plane λ= 1 and at the zeros λ(n)(p). In particular,
the restriction Q(λ, 1, q) of Q(λ, p, q) to the plane p=1 includes the sequence of the n-anacci
constants

(

Φ(n)(1)
)

∞

n=1
.

Figure 1 depicts the restriction Q(λ, 1, q) and the zero function O(λ, q)≡0. The functions
intersect along the zero line O(1, q) and the zero curve, say λ1(q)=0, that is defined implicitly
by the equation Q(λ, 1, q)=0 and that includes the sequence

(

Φ(n)(1)
)

∞

k=1
.

Figure 1: The restriction Q(λ, 1, q) of the function Q(λ, p, q) and the function O(λ, q) ≡ 0,
0<λ≤2 and 0< q≤4, intersecting along the zero line O(1, q) and the zero curve λ1(q). The
locations of n-anacci constants Φ(n)(1) with 1≤n≤4 are marked by white ovals.

The equation Q(λ, a, q) = 0, a∈R+, defines the zero curve λa(q). If a=m∈N, the zero
curve λm(q) contains the sequence of the (m,n)-anacci constants

(

Φ(n)(m)
)

∞

n=1
.

The next two theorems establish the analytic representation of the set of the (m,n)-anacci
constants

{

Φ(n)(m) |m,n∈N
}

as well as of all roots of the function Q(λ, p, q).

Theorem 1. For any given p, q∈R+, p · q 6=1, the function Q(λ, p, q) of one variable λ∈R+

has the unique root λ(p, q) 6=1, whereas if p · q=1, its unique root λ(p, 1/p)=1. Moreover,

1<(p + 1) q/(q + 1) <λ(p, q) iff p · q>1, (9)

0<λ(p, q)<(p + 1) q/(q + 1)<1 iff p · q<1, (10)

and λ(p, q)<p+1 for any q∈R+. (11)
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Proof. The partial derivative of function (8) with respect to λ is given by

∂Q(λ, p, q)/∂λ=λq−1
(

λ(q+1)−(p+1)q
)

. (12)

Thus, for any p, q∈R+, the function Q(λ, p, q) of the variable λ∈R+ has one local minimum
at the point

λmin(p, q)=(p+1)q/(q+1). (13)

Formula (13) implies that the minimum is assumed at λmin =1 iff p ·q=1. Because, function
(8) equals zero at λ=1, therefore, if p · q=1, 1 is the only root of the function Q(λ, p, q) of
the variable λ, cf. the left most white oval Φ(1)(1)=1 in Figure 1.

If p · q 6=1, there exists a second positive root λ(p, q) of Q(λ, p, q) besides 1 (if λmin<1,
the existence of the positive root is implied by the fact that Q(0, p, q)= p>0), cf. Figure 1.

Moreover, for any p and q, the following holds:

1<λmin(p, q)<λ(p, q) iff p · q>1, (14)

and if p · q>1, Q(λ, p, q)<0 iff 1<λ <λ(p, q); (15)

0<λ(p, q)<λmin(p, q)<1 iff p · q<1, (16)

and if p · q<1, Q(λ, p, q)<0 iff λ(p, q)<λ<1; (17)

λ(p, q)=λmin(p, q)=1 iff p · q=1, (18)

and if p · q=1, Q(λ, p, q)>0 iff λ 6=1. (19)

Since we have Q(p+1, p, q) = p> 0, formulas (14)–(19) imply that λ(p, q)<p+1 for any
q∈R+.

Theorem 2. (i) The assignment R2
+∋(p, q) → λ(p, q)∈R+ defines a continuous function

such that, for any (p, n)∈R+×N, λ(p, n)=λ(n)(p) holds, i.e., λ(m,n)=Φ(n)(m);

(ii) if p · q 6=1, the function λ(p, q) is of class C∞;

(iii) the restriction λ(p, q)|ℓ of λ(p, q) to any half-line ℓ⊂R
2
+ is strictly increasing;

(iv) for any p>0 and q≥1, p≤λ(p, q), i.e., m≤Φ(n)(m)<m+1;

(v) for any p∈R+, limq→∞ λ(p, q) = p + 1, i.e., limn→∞ Φ(n)(m)=m+1;
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(vi) the plane R
2
+∋ (p, q)→P(p, q)≡p+1 majorizes the function λ(p, q) from above and is

the asymptotic plane for λ(p, q);

(vii) for any p0∈R+, lim(p,q)→(p0,0)λ(p, q) = 0, and for any q0∈R+, lim(p,q)→(0,q0)λ(p, q) = 0,

i.e., the open domain R
2
+ of λ(p, q) can be extended to the closed domain R

2

+.

Proof. (i) It follows from Theorem 1 that the assignment defines a function. If, for (p0, q0)
with p0 · q0 = 1, lim(p,q)→(p0,q0)λ(p, q) 6= 1 = λ(p0, q0), then we have a contradiction with (19)
due to the continuity of the function Q(λ, p, q) and the fact that Q

(

λ(p, q), p, q
)

=0.
Thus, λ(p, q) is continuous at (p0, q0) with p0 · q0 =1. The continuity of λ(p, q) at (p0, q0)

with p0 · q0 6=1 is implied by part (ii). The definition of λ(p, q) assures that λ(p, n)=λ(n)(p).

(ii) The equation Q
(

λ(p, q), p, q
)

=0 defines the function λ(p, q) implicitly. It follows from
formulas (12) and (13) that the partial derivative ∂Q(λ, p, q)/∂λ is continuous and equals 0
iff λ(p, q)=λmin(p, q), i.e., according to (19) iff p · q=1.

Thus, the implicit function theorem implies that, if p · q 6= 1, the function λ(p, q) is
continuously differentiable and the following holds:

∂λ(p, q)

∂p
=

−1

∂Q

(

λ(p,q),p,q
)

∂λ

·
∂Q

(

λ(p, q), p, q
)

∂p
=

1 −
(

λ(p, q)
)q

[λ(p, q)(q+1)−(p+1)q]
(

λ(p, q)
)q−1 , (20)

∂λ(p, q)

∂q
=

−1

∂Q

(

λ(p,q),p,q
)

∂λ

·
∂Q

(

λ(p, q), p, q
)

∂q
=

[p + 1 − λ(p, q)]
(

λ(p, q)
)q

ln q

[λ(p, q)(q+1)−(p+1)q]
(

λ(p, q)
)q−1 . (21)

Since the function λ(p, q) is continuously differentiable if p · q 6=1, it follows from formulas (20)
and (21) that all partial derivatives of λ(p, q) of an arbitrary order exist and are continuous.
Consequently, the function λ(p, q) is of class C∞ if p · q 6=1.

(iii) If p·q>1 (respectively p·q<1), the denominator and, according to formulas (9)–(11),
both numerators in (20) and (21) are positive (respectively negative). Thus, the directional
derivative of λ(p, q) along ℓ is positive, i.e., λ(p, q)|ℓ is strictly increasing if p ·q 6=1. It follows
from Theorem 1 that λ(p, q)|ℓ is also strictly increasing at p · q=1.

(iv) Formula (4) implies that λ(p, 1)=p, which is smaller than λ(p, q), q>1, since for a
fixed p, λ(p, q) is strictly increasing.

(v) The convergence of λ(p, q) to p+1 follows from (9) and (11).

(vi) The assertion follows from part (v).

(vii) The first limit equals 0 due to formulas (13) and (16). Definition (8) implies that
the second limit is equal to either 0 or 1. The latter is impossible due to (13) and (16).
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The lower bound (p+1) q/(q+1) for λ(p, q) in (9) predicts, e.g., that the golden ratio
Φ ≡ λ(1, 2) is just greater than 4/3. In the case where p = 1 and q = n ∈ N, Wofram [16]
showed that 2(1−1/2n)<λ(1, n), which implies that the n-anacci constants Φ(n)(1)=λ(1, n)
are close to the limit 2 already when n is small.

The next lemma provides a lower bound for λ(p, q) that is independent of q, which
shows that, for progressively larger values of p, the roots λ(p, q) are closer and closer to the
limit p+1. Consequently, when the weight m increases, the (m,n)-anacci constants Φ(n)(m)
become closer and closer to the limit m+1.

Lemma 3. For any q≥2 and p>1/Φ, the following holds:

p +1−1/(p +1)<λ(p, q). (22)

Moreover, the lower bounds (9) and (22) satisfy

(p +1) q/(q +1)≤p +1−1/(p +1) iff q≤(p + 1)2−1. (23)

Proof. Since Q
(2)
p

(

p+1−1/(p+1)
)

=−p (p2+p−1)/(p+1)2<0 if p>1/Φ, formula (14) implies
that p+1−1/(p+1)<λ(p, 2). For q>2, λ(p, 2)<λ(p, q) since λ(p, q) is strictly increasing for
a fixed p, cf. part (iii) of Theorem 2. Formula (23) follows from a simple calculation.

Figure 2 shows the restrictions λ(a, q) of λ(p, q) to the lines p = a, which are the same
as the zero curves λa(q) introduced above. Each restriction starts at λ(a, 1) = a, increases
asymptotically to a+1, and is less than 1/(a+1) from a+1 in the region to the right of the
line q=2. The restrictions λ(m, q), m∈N, include the (m,n)-anacci constants Φ(n)(m).

Figure 2: The restrictions λ(a, q), a = 2
3
, 1, . . . , 22

3
, 1 ≤ q ≤ 4, of the function λ(p, q). The

locations of the (m,n)-anacci constants Φ(n)(m), m= 1, 2, 1≤ n≤ 4, are marked by white
ovals. The lower bound (22) exceeds the lower bound (9) in the region above the white curve
q=(p+1)2−1 that goes through the points (3, 1) and (4, 2/Φ).
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The function λ(p, q) is also defined implicitly by the continuous function

p(λ, q)≡λq(λ−1)/(λq−1) if λ 6=1 and (24)

p(λ, q)≡1/q if λ=1, (25)

which is of class C∞ if λ 6=1. For q=n∈N, the function defined by (24)–(25) takes the form

p(λ, n) =
λn

Σn−1
k=0 λ

k
. (26)

Figure 3 depicts the asymptotic plane P(p, q)≡p+1 and the function λ(p, q) generated by
formulas (24) and (25). The thick curves going up the graph of the function λ(p, q) are the
restrictions λ(a, q) with a= 1

3
, 2
3
. . . , 22

3
, 3. They include the (m,n)-anacci constants Φ(n)(m),

1≤m≤3, 1≤n≤4. The thin curves increasing from left to right are the restrictions λ(p, q)|ℓ.
The horizontal thin curves are the level curves λ(p, q)=c with c= 1

2
, 1 . . . , 31

2
, 4.

Figure 3: The function λ(p, q) and the asymptotic plane P(p, q), 0≤p≤3, 0≤q≤4.1.

Theorems 1 and 2 together with formulas (22) and (26) imply the following properties of
the (m,n)-anacci constants Φ(n)(m).

Theorem 4. (i) The sequences
(

Φ(n)(m)
)

∞

n=1
with a fixed m∈N and

(

Φ(n)(m)
)

∞

m=1
with

a fixed n∈N, as well as the sequences
(

Φ(n)(kn)
)

∞

n=1
and

(

Φ(km)(m)
)

∞

m=1
with a fixed

k∈N are strictly increasing.

(ii) For any n∈N, the sequence
(

m+1
m

Φ(n)(m)
)

∞

m=1
is strictly increasing.

(iii) If n>1, the sequence
(

1
m

Φ(n)(m)
)

∞

m=1
is strictly decreasing to 1. If n=1, 1

m
Φ(1)(m)=1

for any m.

(iv) The triple
(

λ(p, q), p, q
)

∈N
3 iff

(

λ(p, q), p, q
)

=(m,m,1), m∈N, i.e., the (m,n)-anacci

constants Φ(n)(m) are integer iff n=1.
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(v) If the function λ(p, n)=m∈N for some 1<n∈N, then p is rational and (m−1)<p<m.

Proof. (i) The assertions follow from part (iii) of Theorem 2.

(ii) If n = 1, the sequence
(

m+1
m

Φ(1)(m)
)

∞

m=1
= m+1 since Φ(1)(m) = m according to

definitions (1) and (2). If n>1, formulas (11) and (22) imply that

m+1−1/(m+1)<Φ(n)(m)<m+1. (27)

Thus, if n>1,

m+1

m
Φ(n)(m)<

(m+1)2

m
≤
m +2

m+1

(

m+2−
1

(m+2)

)

<
m+2

m+1
Φ(n)(m+1) (28)

is true for any m, due to formula (27) and the fact that the middle inequality in formula
(28) reduces to m≥1.

(iii) If n>1, the following inequalities hold due to formula (27):

m+2

m+1
−

1

(m+2)(m+1)
<

Φ(n)(m+1)

m+1
<1+

1

m+1
<

Φ(n)(m)

m
<1+

1

m
. (29)

(iv) The only if part of the assertion follows from formula (27).

(v) The assertion is implied by formula (26) and the fact that p<λ(p, n)=m<p +1 for
n>1, due to formulas (11) and (22), cf. also Figure 2.
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