A Multidimensional Cesáro Type Identity and Applications

Olivier Bordellès 2, allée de la Combe 43000 Aiguilhe France

borde43@wanadoo.fr

Abstract

We generalize a well-known identity due to Cesáro and get some asymptotics on some multivariate gcd-sum functions. Several examples when the functions are completely multiplicative are given.

1 Introduction

In 1885, Cesáro [2] proved the following identity.

Lemma 1. Let f be an arithmetic function and φ denote Euler’s totient function. For every positive integer n, we have_n ∑ i=1 f(gcd(i, n)) = (f ⋆ φ)(n).

This follows from n∑ i=1 f(gcd(i, n)) = ∑ d|n f(d) ∑ k⩽n/d gcd(k,n/d)=1 1 = ∑ d|n f(d)φ (n d ) = (f ⋆ φ)(n)

where (f ⋆ g)(n) = ∑ d|n f(d)g(n/d) is the usual Dirichlet convolution product. It should be mentioned that such an identity also occurs with some other convolution products where the summation is over some subset of the set of the divisors of n. For instance, Tóth [3] showed that ∑

i∈Reg(n)

f(gcd(i, n)) = (f ⊙ φ)(n)

where f ⊙ g is the unitary convolution product and where the notation i ∈ Reg(n) means that 1 ⩽ i ⩽ n and there exists an integer x such that i^2x ≡ i (mod n).

In this work, we intend to generalize Lemma 1 to higher dimensions and present some applications to various common number-theoretic functions.

The following result is easily deduced in a similar fashion to Lemma 1. Proposition 2. Let r ∈ Z_{⩾1} and f : (Z_{⩾1})^r −→ C be an arithmetic function of r variables. For any n ∈ Z_{⩾1} n∑ i_1=1

· · · n∑ i_r =1

f (gcd(i_1, n), . . . , gcd(i_r, n)) = ∑ d_1|n

· · · ∑ d_r |n

f (d_1, . . . , d_r) φ(n/d_1) · · · φ(n/d_r).

Proof. Similarly as in Lemma 1, we have n∑ i_1=1

· · · n∑ i_r =1

f (gcd(i_1, n), . . . , gcd(i_r, n)) = ∑ d_1|n

· · · ∑ d_r |n

f (d_1, . . . , d_r) ∑ k_1≤n/d_1 gcd(k_1,n/d_1)=1

· · · ∑ k_r ≤n/d_r gcd(k_r ,n/d_r )=1 1

= ∑ d_1|n

· · · ∑ d_r |n

f (d_1, . . . , d_r) φ(n/d_1) · · · φ(n/d_r)

as announced.

2 Applications

2.1 Main result

Theorem 3. Let r ∈ Z_{⩾1} and f : Z_{⩾1} −→ C be a completely multiplicative function such that, for any prime number p, |f(p)| ⩽ 1. Set θ := max_{p prime} |1 − f(p)| and assume θr ⩾ 1. Then, for any x sufficiently large ∑ n⩽x n∑ i_1=1

· · · n∑ i_r =1

f (gcd(i_1, n)) · · · f (gcd(i_r, n)) = C_r(f) x^{r+1} + O (( x log^θ x

)_r)

where

C_r(f) := 1 r + 1 ∏ p ( 1 − 1 p ) ( 1 + ∞∑ α=1 1 p^α ( 1 − ( 1 − ( f(p) p )_α) 1 − f(p) p − f(p)

)_r) . (1)

This result immediately yields the following examples.

Corollary 4. Let r ∈ Z_{⩾1}.

1. For any x sufficiently large ∑ n⩽x n∑ i_1=1

· · · n∑ i_r=1 1 gcd(i_1, n) · · · gcd(i_r, n)

= C_rx^{r+1} + O ((x log x)^r) ,

where C_r = 1 r + 1 ∏ p ( 1 − 1 p ) ( 1 + ∞∑ α=1 1 p^α ( 1 − 1 − p^{−2α} p + 1

)_r) . 2. Let λ be the Liouville function. Then for any x sufficiently large ∑ n⩽x n∑ i_1=1

· · · n∑ i_r =1

λ (gcd(i_1, n)) · · · λ (gcd(i_r, n)) = C_rx^{r+1} + O ( x^r(log x)^{2r} ) , where

C_r = 1 r + 1 ∏ p ( 1 − 1 p ) ( 1 + ∞∑ α=1 1 p^α ( 1 − 2 (1 − (−1)^αp^{−α}) p + 1

)_r) .

3. Let ℓ be an odd prime number, (·/ℓ) be the Legendre symbol modulo ℓ and define [1]

Ω_ℓ(n) := ∑ p|n (p/ℓ)=−1

1 and λ_ℓ(n) := (−1)^{Ωℓ(n)}.

Then for any x sufficiently large ∑ n⩽x n∑ i_1=1

· · · n∑ i_r =1

λ_ℓ (gcd(i_1, n)) · · · λ_ℓ (gcd(i_r, n)) = C_rx^{r+1} + O ( x^r(log x)^{2r} ) , where

C_r = 1 r + 1 ∏ (p/ℓ)=−1 ( 1 − 1 p ) ( 1 + ∞∑ α=1 1 p^α ( 1 − 2 (1 − (−1)^αp^{−α}) p + 1

)_r) .

4. Let q > 1 be an integer and χ be a real non-principal Dirichlet character modulo q.

Then for any x sufficiently large ∑ n⩽x n∑ i_1=1

· · · n∑ i_r =1

χ (gcd(i_1, n)) · · · χ (gcd(i_r, n)) = C_rx^{r+1} + O ( x^r(log x)^{2r} ) , where

C_r = 1 r + 1 ∏ χ(p)=−1 ( 1 − 1 p ) ( 1 + ∞∑ α=1 1 p^α ( 1 − 2 (1 − (−1)^αp^{−α}) p + 1

)_r)

× ∏ χ(p)=0 ( 1 − 1 p ) ( 1 + 1 p ( 1 − 1 p )_{r−1}) . 2.2 Average order of certain multiplicative functions

The proof of Theorem 3 uses the following tool, which is of independent interest. Proposition 5. Let F be a multiplicative function for which there exists κ ⩾ 1 such that, for all prime powers p^α |(F ⋆ μ)(p^α)| ⩽ κp^{−α}.

Then ∑ n⩽x F (n) = x ∏ p ( 1 − 1 p ) ( 1 + ∞∑ α=1 F (p^α)

p^α ) + O ((log x)^κ) .

Proof. Let G := F ⋆ μ. The function G is multiplicative and satisfies

|G(n)| ⩽ κ^{ω(n)} n (n ∈ Z_{⩾1}) .

For all x ⩾ 1, we then have ∑ d⩽x |G(d)| d ⩽ ∑ d⩽x κ^{ω(d)} d^2

≪ 1,

so that the series ∑ d⩾1 G(d)/d is absolutely convergent and one may check that 1 + ∞∑ α=1 G(p^α) p^α = ( 1 − 1 p ) ( 1 + ∞∑ α=1 F (p^α) p^α ) (p prime) .

Hence ∑ n⩽x F (n) = ∑ n⩽x (G ⋆ 1)(n) = ∑ d⩽x G(d) ⌊x d ⌋

= x ∑ d⩽x G(d) d + O ( ∑ d⩽x |G(d)| )

= x ∞∑ d=1 G(d) d + O ( ∑ d⩽x |G(d)| + x ∑ d>x |G(d)| d )

= x ∏ p ( 1 − 1 p ) ( 1 + ∞∑ α=1 f(p^α) p^α ) + O (R(x)) say, and by partial summation, we finally get

R(x) ≪ ∑ d⩽x |G(d)| + x

∫_∞ x ( ∑ d⩽t |G(d)| ) dt t^2 ≪ ∑ d⩽x κ^{ω(d)} d + x ∫_∞ x ( ∑ d⩽t κ^{ω(d)} d ) dt t^2

≪ (log x)^κ + x

∫_∞ x (log t)^κ dt t^2

≪ (log x)^κ

as required.

2.3 Proof of Theorem 3

Let f satisfy the hypotheses of Theorem 3 and define

F_r(n) := ( (φ ⋆ f)(n) n )_r

(n, r ∈ Z_{⩾1}) .

We start with the following lemma.

Lemma 6. Let r ∈ Z_{⩾1} and f : Z_{⩾1} −→ C be a completely multiplicative function such that, for any prime p, |f(p)| ⩽ 1. Set θ := max_{p prime} |1 − f(p)|. For any prime powers p^α and any r ∈ Z_{⩾1} |(F_r ⋆ μ) (p^α)| ⩽ θr p^α . Proof. We first note that | | |1 − ( 1 − ( f(p) p )_α ) 1 − f(p) p − f(p) | | | ⩽ 1 (p prime, α ∈ Z_{⩾0}) . (2)

Now for any prime powers p^α, straightforward computations show that

F_r (p^α) = ( 1 − ( 1 − ( f(p) p )_α) 1 − f(p) p − f(p)

)_r

so that

|(F_r ⋆ μ) (p^α)| = | | | | ( 1 − ( 1 − ( f(p) p )_α )

1 − f(p) p − f(p)

)_r − ( 1 − ( 1 − ( f(p) p )_{α−1}) 1 − f(p) p − f(p) )_r| | | | .

Note that

|(1 − a)^r − (1 − b)^r| = | | | | (b − a) r−1∑ k=0 (1 − a)^k(1 − b)^{r−k−1} | | | | ⩽ rρ^{r−1}|b − a|

whenever |1 − a|, |1 − b| ⩽ ρ (ρ > 0) so that, using (2)

|(F_r ⋆ μ) (p^α)| ⩽ r ( |f(p)| p )_α | |1 − 1 f(p) | | | ⩽ θr p^α

|f(p)|^{α−1} ⩽ θr p^α

as asserted.

We now are in a position to prove Theorem 3.

Proof of Theorem 3. From Lemma 6, we may apply Proposition 5 to the function F_r and get ∑ n⩽x F_r(n) = (r + 1) C_r(f) x + O ( (log x)^{θr} )

where C_r(f) is defined in (1). Now from Proposition 2, we get ∑ n⩽x n∑ i_1=1

· · · n∑ i_r =1

f (gcd(i_1, n)) · · · f (gcd(i_r, n)) = ∑ n⩽x (φ ⋆ f)^r (n) = ∑ n⩽x n^rF_r(n)

and we conclude the proof using partial summation.

3 Acknowledgments

I express my gratitude to the anonymous referee for his careful reading of the manuscript and the many valuable suggestions and corrections he made.

References

[1] P. Borwein, S. K. K. Choi, and M. Coons, Completely multiplicative functions taking values in {−1, 1}, Trans. Amer. Math. Soc. 362 (2010), 6279–6291.

[2] E. Cesáro, Étude moyenne du plus grand commun diviseur de deux nombres, Ann. Mat.

Pura Appl. 13 (1885), 235–250.

[3] L. Tóth, A gcd-sum function over regular integers modulo n, J. Integer Sequences 12 (2009), Article 09.2.5.

2010 Mathematics Subject Classification: Primary 11A25; Secondary 15A15, 15A18, 11C20. Keyword: Multivariate gcd-sum function, Cesáro’s identity. (Concerned with sequence A018804.)

Received November 30 2014; revised versions received January 29 2015; February 11 2015. Published in Journal of Integer Sequences, February 15 2015. Return to Journal of Integer Sequences home page.