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A classical inequality, which is known for families of monotone functions, is
generalized to a larger class of families of measurable functions. Moreover we
characterize all the families of functions for which the equality holds. We give
two applications of this result, one of them to a problem arising from probability
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1. Introduction

The aim of this paper is to generalize an inequality, originally due to Chebyshev and
then rediscovered by Stein id][ Usually this result is stated for monotonic real
functions: the classical inequality is

(b—a) /  f)g(e)de > / ’ f(a)de / gl

where f and g are monotonic (in the same sense) real functions (see for instance
[4], [3] and [2] for a more general version). Hf = b — 1 then this inequality has

a probabilistic interpretation, nameB/fg] — E[f]E[g] > 0 (whereE denotes the
expectation), that is, the covariancefoindg is nonnegative.

Our approach allows us to prove the inequality for functions defined on a general
measurable space, hence we go beyond the usual ordefRddetre precisely, we
prove an analogous result for general families of measurable functions that we call
correlated functions (see Definitianl for details). In particular, we characterize all
the families of functions for which the equality holds.

Here is the outline of the paper. In Sectidnve introduce the terminology and
the main tools needed in the sequel. In particular, Seciochsnd?.2 are devoted to
the construction of an order relation and-algebra on a particular quotient space.

In Section3 we state and prove our main result (Theoren) which involvesk
correlated functions; the special cdse- 2 requires weaker assumptions (see also
Remark?). We give two applications of this inequality in Sectiénthe first one
involves a particular class of power series, while the second one comes from proba-
bility theory.
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2. Preliminaries and Basic Constructions

We start from a very general setting. Let us consider aXsea partially ordered
spaceY, >y) and a familyN" = {f; }ier (whereT is an arbitrary set) of functions
in Y. We consider the equivalence relation &n

v~y <= filz) = fily), VieTl

and we denote by /.. the quotient space, by:| the equivalence class af € X
and byr the natural projection ok onto X'/... Roughly speaking, by means of this
procedure, we identify points i which are not separated by the family.

To the family A/ corresponds a natural counterpaft = {¢y, };cr of functions
in YX/~, where, by definitiong;([z]) := f(z), for allz € X and for everyf € Y
satisfying

(2.1) Ve,ye X tx~y = f(z) = f(y)

(this holds in particular for all the functions ). It is clear that the familyV.
separates the points &f/....

Given any functiory defined onX/.. we denote by, the functiongo; observe that
¢r, = gforallg e Yy X/~ andr,, = f for every f satisfying equation.1). Clearly
g — m, is a bijection fromY*/~ onto the subset of a function ¥ satisfying
equation £.1).

Note that givenf, fi € YX which satisfy equation(1) (resp.g, g1 € Y*/~) then
[ =y fi(resp.g >y gi) implies¢; > ¢y, (resp.my > my,).

2.1. Induced order

In order to prove Theorem.1 we cannot take advantage, as in the classical formu-
lation, of an order relation on the s&t. Under some reasonable assumptions (see
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Definition 2.1 below) we can transfer the order relation frémto X/.. where we
already defined a familyv. related to the originalN". This will be enough for our
purposes.

Definition 2.1. The functions in\ are correlated if, foralli € T and x,y € X,

(2.2) filz) >y fily) = fi(x) >y fiy), VjeT.

We note that the definition above can be equivalently stated as follows: for all
i,j € 'andz € X,

fi (=00, fi(@))) C f; (=00, fi(x)]).

Besides, ifY = R with its natural order, then the functions.M are correlated if
and only if for alli, j € T"andx,y € X,

(2.3) (filz) = i) (fi(z) = fi(y)) = 0.

In particular if X is a totally ordered set and all the functions\ihare nondecreasing
(or nonincreasing) then they are correlated.

A family of correlated functions induces a natural order relation on the quotient
spaceX/ ..

Lemma 2.2. If the functions in\/ are correlated then the relation oK/ ..
[z] >+ [yl <= fi(x) >y fily), Viel

is a partial order. If(Y,>y) is a totally ordered space then the same holds for
(X/~,>~). MoreoverN_ is a family of nondecreasing functions (hence they are
correlated).
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Proof. It is straightforward to show that . is a well-defined partial order (clearly it
does not depend on the choicezofandy) within an equivalence class). We prove
that, if >y is a total order, the same holds fer.. Indeed if[x] # [y] then there exists

i € I" such thatf;(x) # fi(y); suppose thaf;(x) > fi(y) then, by equationA 2),

[z] >~ [y]. Itis trivial to prove thatp, is nondecreasing for evesyc I', whence

they are correlated since the spddg'.., >..) is totally ordered. O
. . . . | lity for C |lated
A subset! of an ordered set, say, is called an interval if and only if for all ”M‘*SZZJZ;.’; FS;L‘i.i;Z
x,y € I andz € Y thenx >y 2z >y y impliesz € I. Note that given an interval Fabio Zucca
ICY thengb;il(l ) is an interval ofX /.. for everyi € I. vol. 9, iss. 1, art, 3, 2008

Givenz,y € X such thatz] >. [y] we define the intervdly], [z]) := {[z] €
X/o : [y] < [2] < [z]}; the intervals|[y], [z]], ([y], [z]] and ([y], [z]) are defined

analogously. In particular, for any € X, we denote by[z], +o0) and(—oo, [z]] WS (PR
the intervals{[y] € X/. : [y] >~ [z]} and{[y] € X/~ : [x] >~ [y]} respectively. Contents
« 13

2.2. Induced o-algebra and measure

. . : : : < »
This construction can be carried on under general assumptions. Let us consider a

measurable space with a positive meagwe> x, 1) and an equivalence relation Page 6 of 18
on X such that foral € X andA € Xy,

Go Back
(2.4) reA=[r]CA Full Screen
There is a natural way to construct-ealgebra onX/.., namely define Close
Yo={m(A): A€ Xx} journal of inequalities
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projection mapr is measurable. Observe that— 7(A) is a bijection fromX x
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ontoX.. Itis natural to define a measuie= p,. by
i(m(A)) = p(A), VA€ Iy

It is well known that a functiory : X/. — R is measurable if and only if,
is measurable. Moreovey, is integrable (with respect tp) if and only if 7, is
integrable (with respect tp) and

(2.5) /ﬂgdu:/ gdp.
X X/n

We say that a functio is integrable if at least one of the integrals of the two
nonnegative functiong™ := max(g,0) andg~ := —min(g, 0) is finite; hence the
integral of g can be unambiguously defined as the difference of the two integrals
(wheret+oo + z := +oo for all z € R and0 - +o0 := 0). This notion is slightly
weaker than the usual one: to remark the difference, when the integrgisaofd g~

are both finite the function is calledsummable.

Itis a simple exercise to check that the equivalence relation defined in S&ction
satisfies equatior?(4) if Xx = o(f; : i € I') (that is,Xx is the minimalo-algebra
such that all the functions iV are measurable); this equivalence relation along with
its inducedr-algebra and measure will play a key role in the next section.

Remarkl. Itis easy to show that i, : X — R are two integrable functions such
that the suny', hdu+ [, rdu is notambiguous (i.e., itis not true thAt hdp = +oo
and [, rdyp = Foo), thenh + r is integrable and
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(both sides possibly being equaH@o). This will be useful in the proof of Lemma 3.
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3. Main Result

Throughout this section we consider a measurable space with finite positive measure
(X, Xx, 1) and a family of correlated function§” = {f;};cr, whereXx = o(Jf; :
i € I'). Let us considet” = R with its natural ordee>. The equivalence relation
~, the (total) order>. and the spacé¢X/.,>.,7) are introduced according to
Sections?.1and2.2. Itis clear that... contains ther-algebra generated by the set
of intervals{gb;il(l) :i € I')1 C Risaninterval. More precisely, it is easy to
see that, by construction, all the intervals of the totally ordereds¢t., >..) are
measurable sinc&’_ separates points.

The main result is the following.

Theorem 3.1.Let u(X) < +o0.

1. If f, g are two integrabley-a.e. correlated functions such thAy is integrable
then

(3.1) u) [ godnz [ gan [ g

Moreover, iff, g are summable, then in the previous equation the equality holds
if and only if at least one of the functions;isa.e constant.

2. If {f;}¥_, is a family of measurable functions ahwhich are nonnegative and
u-a.e. correlated, then

k k
(3.2) uCor [ TLhan=T] [ fidn

Moreover, if [, f;dp € (0,+00) forall i = 1,..., k, then in the previous equa-
tion the equality holds if and only if at leakt- 1 functions areu-a.e. constant.
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Before proving this theorem, let us warm up with the following lemma; though it
will not be used in the proof of Theorefl, nevertheless it sheds some light on the
next step.

Lemma 3.2. Let N := {{z;(j)}ien}s_, be a family of nonnegative and nonde-
creasing sequences afd; };,cn be a family of strictly positive real numbers. If
> i ti < 4oothen

k—1 k k
@3 (m) St =TT S i

i =1 i

Moreover, if for everyj we haved < ). z;(j) < 400, then the equality holds if and
only if at leastk — 1 sequences are constant.

Proof. We prove the first part of the claim for two finite sequenges}” , and
{y:},, since the general case follows easily by inductiort @md using the Mono-
tone Convergence Theoremsasends to infinity.

It is easy to prove that

(3.4) Z i Z TilYilbi — Z i i Z Yilli = Z (zi — ) (yi — yj) 1t
i=1 =1 i=1 i=1

ijii>j
= (@ — ) (i — vty
1,J:0>]
Indeed,

Z Hi Z Tilifhi = Z (@i + 25y )it + Z Ty
=1 =1

ij:1>5 =1

Inequality for Correlated
Measurable Functions

Fabio Zucca

vol. 9, iss. 1, art. 3, 2008

Title Page
Contents
44 44
< >
Page 9 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:fabio.zucca@polimi.it
http://jipam.vu.edu.au

and

Z Tifhi Z Yiphi = Z (Tiy; + @5y gty + Z Tilifts -

INE>YI =1

This implies easny that

n n n n
E |27 E ;Y i — E gy g Yilki 2 0. Inequality for Correlated
i=1 i=1 i=1 i=1

Measurable Functions

Fabio Zucca

If either at leastt — 1 sequences are constant or one sequence is eqoal to
then we have an equality. The same is tru@ Jfz;(j)u; = -+oo for some; and
> xi(j)pu; > 0 for all j, since both sides of equatiofi.) are equal to+-co. On
the other hand, by using the first part of the theorem and by taking the limit in Title Page
equation 8.4) asn tends to infinity, for alll < j; < j, <k,

vol. 9, iss. 1, art. 3, 2008

Contents
k—1 k k
@5) (z m) SO [I3 et «
7 i j=1 =1 1 4 >
k

(Z m) Zw GG [T Do wilim — T wili)m PagE eETE

J#ige i =1 1 Go Back

- ( 11 Z%(i)ﬂi) Y @) = 2o () (i(G2) — iy (a) gt - Full Sereen

JE1,j2 G 1,81:0>11 Close

If both {x;(j1)}; and{z;(jo)}; are nonconstant, then there exist [ andr; < I3 . ; »
such thatr,(j1) < z;(j1) and,, (j2) < 1, (j2). This implies thatmaxi) (j1) — feulirelen gequollllmgs
Tamin(rr)(J1) > 0 @NA Tnax i) (J2) — Tmingrr) (J2) > 0, thus the right hand side ::;ﬁfn?;icgpp e
of equation 8.5) is strictly positive (just consider the summation oyeéri, : i > ceons 1uuaoench
max(l,l;),4 < min(r,r)}) and we have a strict inequality in equatichd). [
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The proof of the previous lemma clearly suggests a second lemma which will be
needed in the proof of Theoretnl

Lemma 3.3.Let\ := {f, g} wheref, g : X — R are two summable functions such
that fg is integrable (for instance if andg are p-a.e. correlated). Ifu(X) < +o00
then

(3.6) u(X) /X f(@)g(x)du(z) = /X f(2)dp(z) /X o(z)du(x)
3 ] (@)= 50 o)~ o)ete)duto)

Proof. Note that
(B.7) f(x)g(x)+ f(y)g(y) = f(x)g(y) + f(y)g(x) + (f(x) — f(¥)(g(x) — g(¥));

wheref(z)g(y) andf(y)g(x) are summable oX x X, sincef, g are summable. If
we defineh(z,y) := f(x)g(y)+f(y)g(x) andr(z,y) == (f(z)—f(y))(9(z)—g(y))
then, according to Remark we just need to prove thatandr are integrable (since
h + r is integrable by hypothesis).

If f, g are summable then, by equatiof (), fg is integrable if and only if
(f(x) — f(y))(g(x) — g(y)) is integrable onX x X (since the sum of a summable
function and an integrable function is an integrable function) and equationfol-
lows. Clearly, if f andg are correlated, thefy (x) — f(y))(g(x) — g(y)) is nonneg-
ative thus integrable. O
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Proof of Theoren3. L
1. By equation £.5) it is enough to prove that

A [ R / ot / o

If fandg are summable then the claim follows from equatidr) of Lemma3s.3.

Inequality for Correlated

Otherwise, without loss of generality, we may suppose j}gﬂt ordi = [ fdpu = BN —
+oo. If fX/N dqdfi = [ gdp < 0, then there is nothing to prove. ft gdu > Fabio Zucca
0, then eitherg = 0 p-a.e., in this case, both sides of equatiéri) are equal vol. 9, iss. 1, art. 3, 2008

to 0, or there exists: € X/. such thati([z,+00)) > 0 and¢y, ¢, > 0 on
[z, 4+00) (since¢; and ¢, are nondecreasing). Clearlj}[k oo) ¢pdfi = +o0

Title P
andor(y)o,(y) > o5(y)o,(x) for all y € [z, +00), hence both sides of equa- e
tion (3.1) are equal totoc. Contents
If one of the two functions is constant, then the equality holdsf #nd g <« >
are nonconstant (that i8, and¢, are nonconstant), then there existy,
X/~ suchthatry >~ yo, ¢r(x0) > dr(Yo), g(T0) > d4(Yo), B((—00,Yo]) > ¢ >
0 and7i([xg, +00)) > 0 (this can be done as in Lemn#a3). Hence, using Page 12 of 18
equation 8.6), we have that,

Go Back

ﬁ(X/N) / ¢f¢gdﬁ - (bfdﬁ ¢gdﬁ Full Screen
X/ X/~ X/~
Close

> / (9r(x) — @1 (Y)(Bg(x) — ¢g(y))dp(x)di(y)
[0,+00) X (—00,310] journal of inequalities

> i((—00, yo) ([0, +00)) (¢4 (20) — @1 (Y0))(Pg(x0) — Bg(y0)) > 0. in pure and applied
mathematics

2. Let us suppose thgt is summable for alf = 1,..., k. Itis enough to prove ,
issn: 1443-575k

that
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k k
pOc) [ Tlonan=T1 [ s
~ =1 =1 ~

In the previous part of the theorem, we proved the claim for two funciigns
andg,; as in Lemmés.2, the general case follows by induction bn
If at least two functions are nonconstant, gy, ¢;,, then as before we may

find zo,yo € X/~ such thatey > yo, ¢7,(x0) > &5 (v0), O (x0) > D1, (yo),
(=00, yo]) > 0andg([zo, +o00)) > 0 (this can be done as in Lemri&l). By
applying the first part of the claim to the family (bf-1 functions)¢,, , ¢+,, ¢4,

.., ¢5. (which are clearly still correlated since they are nondecreasing) and
using equation3.6) we have that,

k k
X/ )R /X lenan-1I /X ond
~ =1 =1 ~

k
= (M(X/~) /X / br, p, AT — /X / ¢, dfi - » ¢f2dﬁ)H ¢r, T

i—3 Y X/~

7oo7yo]

k
> /[ o <¢f1<x>—¢fl<y>><¢f2<x>—¢f2<y>>dn<x>dn<y>) 11 / ond

> (00, yo]) [0, +00)) (65, (20) =01, (o)) (D1 (w0) =0 (wo)) [ | | ordm

i=3 7/ X/~
>0
sincel < fX/N ¢pdn < +ooforalls = 1,..., k, thus the second part of the
claim is proved.
O
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Note that if [, fidu = +oo for somei and [, f;du > 0 for all j (otherwise
both sides of equatiorn3(2) are equal td)) then both sides of equatios.¢) are
equal to+oo; indeed, apply the first part of the theorem to the family of correlated
bounded functiongmin(f;,n)}%_, (wheren € N) and take the limit of both sides
of equation .2) asn tends tofoc.

Remark2. According to Theoren3.1, there is a difference between the case 2
andk > 2; indeed, in the latter case the inequality cannot be proved for integrable
(or even summable)-a.e. correlated functions which are not nonnegative. Some-
thing happens in the inductive process, namelyfit*_, are correlated this may not
be true for{ f, f2, f3, ..., fx} (if the functions are not positive). Here is a counterex-
ample: takeX = [—1,1] endowed with the Lebesgue measufgx) = fa(x) :=
r1_10(z) and fi(z) ;== x — fi(x) forall i > 3.

Strictly speaking, Theore® 1 could be proved without the constructions of Sec-
tions2.1and2.2; one has just to use carefully equatichd and Lemma3.3. Our
approach simplifies the proof of Theoreimi and gives a better understanding of the
role of the correlation hypothesis (compared to the usual monotonicity).

We finally observe that if we consider two integralal@icorrelated functions
(meaning that f(z) — f(y))(g9(x) — g(y)) < 0for all z,y € X) such thatfg is
integrable then, clearly, we hay€X) [, fgdu < [y fdu [y gdp.
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4. Final Remarks and Examples

Let us apply Theorerfi to a class of power series. We considér) := 37 a,,2",
where{a, }, is a sequence of nonnegative real numbers and we suppoge'that
is nonincreasing (resp. nondecreasing) for spnseich thatd < p < R (whereR
is the radius of convergence). Then the functior (p — z) f(z) is nonincreasing
(resp. nondecreasing) oh p).

Indeed, if we suppose thdp™a,} is nonincreasing then, for all, v such that
0<z<7vy<p,we have

“+o00

> apt = Z anp"(2/7)" (v/p)"

n=0
Pl aw nP =
0 Z z/p)" Zanv ,
n= 0 n=0 p—=z
where, in the first inequality, we applled Theorém to the (correlated) functions
fi(n) = axp™ and fo(n) := (z/v)" defined onN endowed with the measure

w(A) == >, caly/p)". The case whefip"a,} is nondecreasing is analogous (ob-
serve that now the function§ and f, are anticorrelated). If < p < R, then f;
and f, are nonconstant functions, hence the function> (p — z)f(z) is strictly
monotone.

We draw our second application from probability theory. To emphasize this, we
denote the measure space(by 7, P) and we speak of random variables and events

instead of measurable functions and measurable sets respectively. We note that if
k = 2, then Theoren3.1says that correlated variables have nonnegative covariance,

thatis,E[f1 f2] — E[f1]E[f2] > 0 (whereE[f] := [, fdP is the usual expectation).
We call the (real) random variabldsXy, X, ..., X;} independent if and only
if, for every family of Borel set§ A¢, A, ..., Ay}, we haveP(Nf_{X; € A;}) =
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[T, P(X; € A;), whereP(X; € A,) is shorthand foP({w € 2 : X;(w) € A;}).

In order to make a specific example, let us think of the variahlé =1, ..., k)
as the (random) time made by th#h contestant in an individual time trial bicycle
race and letX, be our own (random) time; we suppose that each contestant is un-
aware of the results of the others (this is the independence hypothesis). If we know
the probability of winning a one-to-one race against each of our competitors we may
be interested, for instance, in estimating the probability of winning the race. Such Inequality for Correlated
estimates are possible as a consequence of Thebreindeed, we have that Measurable Functions
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k
PN {X; > Xo}) > HP(X,- > Xo),
i=1

k Title Page
k
]P)(mi:r{Xi < XO}) > HP(XZ' < Xo). Contents
44 44

Thus the event${X; > Xo}}r, (resp.{{X; < X,}}%_,) are positively correlated
(roughly speaking this means that knowing that > X,} makes, for instance, the < 4
event{ X, > X} more likely than before).

The proof of these inequalities is straightforward. If we defifd) := P(X, € e

A) for all Borel setsA C R, then, according to Fubini’'s Theorem, Go Back
k Full Screen
PO, > Xo) = [ B(X0 2 du(t), PIOL, (X2 X)) = [ TT20X 2 duce), —
R Ri=1
k
journal of inequalities
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Indeed,

P(X; > Xo) = / . >t}d v(s)du(t)

e

p(t)

_ / P(X; > £)du(t),

wherev(A) := P(X; € A) for all borel setsA C R and the first equality holds
since X; and X, are independent. The remaining cases are analogous. Note that
{P(X; > )} and{P(X; < t)}%_, are both families of monotone (thus correlated)
functions; Theorenﬁ% 1 yields the claim. This example can be easily extended to
a more interesting case: namely, whely, . ..
independently conditioned t&, (see Chapters 4 and 6 df][for details).

case one can prove that

k
P(NE_ {X; € A}) > H (X; € A),

The proof makes use of Theoréinl in its full generality but this example exceeds

the purpose of this paper.

VA C R Borel set

. X} have identical laws and are

In this
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