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Abstract

A completely elementary proof of a known upper bound for the deviations from
the mean value is given. Related inequalities are also discussed. Applications
to triangle inequalities provide characterizations of isosceles triangles.
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For positive real numbers,, xo, ..., z,, n > 2, one denotes by their arith-
metic mean and by the arithmetic mean of their squares (also known as the
square meawf the given numbers). Inl], V. Nicula proves the inequalities

(11) |xk_a|§\/(n_1)(b_a2)7 k:17277n7

which are equivalent to

(1-2) maX{ |xk - CL‘ 1<k < n} < \/(n - 1)<b B CL2) ) O_n an Upper Bound for the
The proof uses calculus and the author asks for an elementary proof. The ajm Pe¥i2iens from the Mean Value

of this paper is to provide such an approach. Our proof uses nothing more than Aurelia Cipu

the Cauchy-Schwarz-Buniakovski (CSB for short) inequality and is therefore
accessible to pupils acquainted with polynomials of degree two. This approach

has an additional advantage—it makes it very easy to determine the necessary J0E Fege
and sufficient conditions under which equality holdsir?). Contents
In the next section we shall prove the result below. <« >
Theorem 1.1.Letn > 1 be an integer and:, xo, ..., =, be positive real < >
numbers. Denote = (xy + zo + -+ +x,)/nandb = (23 + 23+ - -+ 22) /n.
Then Go Back
max{ |z —al 1 1<k <n}</(n—1)(b—a?). Close
The equality holds in this relation if and only if either= 2 or n > 3 andn — 1 Quit
of the given numbers are equal.
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Section3 contains several consequences of this result or of its proof. In the
final section we give applications to triangle inequalities. In addition to being
R . R . . J. Ineq. Pure and Appl. Math. 7(4) Art. 126, 2006
new, these results provide characterizations for isosceles triangles. http://jipam.vu.edu.au
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Let us denote by, := =z, —a, k =1, 2, ..., n, the deviations from the mean
value. Then we have

(2.1) Zyk:Zxk—na:O,
k=1 k=1

(2.2) yr :in—QaZxk—i—naQ =n(b— a?).
k=1 k=1 k=1

From equationZ.2) it follows thatb > a2, so the square root in the statement
of Theoreml.1is real.
We have
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Hence,
(2.3) Yo < (n=1)(b—a®).

Taking the square root results in relatigh 1) written for & = n. A similar
reasoning yields the inequalities for=1, 2, ..., n — 1.

Let us determine when equality holds in relatidn?j. It is easily seen that
for n = 2 we have

1
|x1—a|:|x2—a\:§|x1—x2 |= Vb — a?.

Forn > 3, the equality holds in relatior2(3) if and only if the CSB inequality

for y1, y9, ..., yn_1 turns into an equality. It is well-known that this is the case
if and only if all the involved numbers coincide. In terms of the given numbers,
the necessary and sufficient condition that

T, —a=(n—1)(b—a?

ST =29 =+ = Tp_1.
Theoreml.1is proved.

On an Upper Bound for the
Deviations from the Mean Value

Aurelia Cipu

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 5 of 9

J. Ineq. Pure and Appl. Math. 7(4) Art. 126, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:aureliacipu@netscape.net
http://jipam.vu.edu.au/

The reasoning used to characterize the equality in relafic?) (mmediately
yields:

Corollary 3.1. If equality holds in relation(1.1) for two values of the indek,
then all numbers are equal.

Inequality (L.2) has a companion inequality, in which the maximal deviation
from the mean value is bounded frdrelow in terms ofa andb.

On an Upper Bound for the

Corollary 3.2. Using the same hypothesis and notation we have Deviations from the Mean Value
Aurelia Cipu
max{ |y —al : 1 <k<n}>vVb—ad?.
The equality holds in this relation if and onlyif = a2, that is, when allz;, Title Page
coincide.
Contents
A natural question is whether there are similar results fossthallestdevi- «“ b
ation from the mean value. From relatich?) one easily gets an upper bound.
< >
Corollary 3.3. min{ |2y —a| : 1 <k <n} <+vb—a?.
. . Go Back
However, in general there are no lower bounds for the smallest deviation
from the mean value better than the trivial one (being fulfilled by the absolute Close
value of any expression) Quit
min{ [z —al : 1<k <n}>0. Page 6 of 9

Indeed, the claim is clear if one considersiumbers, one of which is equal to | T s, 2006
the arithmetic mean of the others. http://jipam.vu.edu.au
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A final remark compares inequality.Q) to inequalities obtained by other
methods. Wherny, = k, k = 1, 2, ..., n, we havea = (n + 1)/2 and
b= (n+1)(2n +1)/6, and Theorem.1yields

max{’k—

On the other hand, since. are contained in an interval of length— 1, from
the geometric interpretation of the modulus one obtains the stronger inequality

max{‘k—

n+1 n—1

n+1

(3.1) ;

‘:1§k§n}§

n+1 n—1

':1§k§n}§
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The previous results allow us to characterize isosceles triangles. The idea is
to conveniently specialize the, in Theoreml.Ll The computations needed in
each case are simple and therefore omitted. Applying The@r&successively

for n = 3 andz,, the side lengths, altitudes, and radii of excircles, one obtains

Proposition 4.1. In any triangle with sides of length, b, ¢, one denotes by
s = (a+ b+ c)/2 its semiperimeter, by’ its area, and by and R the radius of

the in- and circumcircle, respectively. Then On an Upper Bound for the
Deviations from the Mean Value

max |b+ ¢ — 2a| < 2Va2 + b2+ 2 —ab — be — ca, Aurelia Cipu
max |ab + be — ca| < 2Va2b? + b2c2 + c2a? — 4sabe,
3F Title Page
max |1 + 4R — < 2/(r +4R)? — 2.
o Contents
In each relation the equality holds if and only if the triangle is isosceles. <44 >
These results have an additional interest due to the fact that there are com- < >
paratively few symmetrical inequalities in which equality holds not only when Go Back
all variables are equal.
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