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Abstract

In this paper, we introduce the subclass R;' (4, B, , 1) which is defined by con-
cept of subordination. According to this, we obtain a necessary and sufficient
condition which is equivalent to this class. Further, we apply to the §— neigh-
borhoods for belonging to R;} (A, B, a, 1) to this condition.
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LetU={z:z e Cand|z| < 1} andH (U) be the set of all functions analytic

in U, and let
A= {feH(U): f(0)= [ (0)—1=0}.

Given two functionsf andg, which are analytic ifU. The functionf is said
to besubordinateto g, written

f=g and [f(z)<g(2)
if there exists a Schwarz functiananalytic inU, with

(2 €l),

(z€U),

w(0)=0 and |w(z)| <1

and such that
fe)=gw(z) (2€0).
In particular, ifg is univalent inU, thenf < ¢ if and only if f (0) = ¢ (0)
andf (U) C ¢ (U)in[7].
Next, for the functionsf; (j = 1, 2) given by

i) =24 ay  (j=12).
k=2

Let f,x f, denote thedadamardproduct(or convolution)of f; andf, , defined
by

(1.1) (fixfa) (2) =2+ Z apar2z” =: (f2 % f1) (2).
k=2
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(a), denotes thePochhammesymbol(or the shifted factorial)since
(1), =n! for neNy:=NU{0},
defined (fora,v € C and in terms of the Gamma function) by
. __r<a+v>_{1; (v=0,a€C\{0}),
o T a(a+1)...(a+n-1); w=neNaeC).

The earlier investigations by Goodmai] pnd Ruscheweyh?], we define
thej— neighborhood of a functiori € A by

Ns (f) = {QEAif(Z)=Z+ZGk2k,
k=2

g(2) :z—i-Zbkzk and Zk!ak—bkl < (5}
k=2

k=2

so that, obviously,

Ng(e)::{geA:g(z):z—l—Zbkzk and Zk!bklgé},
k=2 k=2

wheree (2) := z.
Ruscheweyhd] introduced an linear operat®* : A — A, defined by the
Hadamard product as follows:

DM (2) =

T*f@)

a (A>—1; z € 1),
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which implies that

2 (1 ()™

n!

D'f(2) = (n € Ny := NU{0}).

Clearly, we have

Df(2)=f(2), Df(2)==2f(2)

and

D'f(z) = Z (A —i_):)kak+12k+l = <Z (A + 1)kzk+1 * f) (2),

=

wheref € A.
Therefore, we can write the following equality, the easily verified result from
the above definitions:

D f (2) 1

z (1-2)
= (DM () + = (Df (2)",
where f € A, A (A > —1), pu(p>0)andforallz € U.

For eachA and B such that-1 < B < A < 1 and for all real numbers
such that) < a < 1, we define the function

(1.2) [(1 — 1) +u (D (z))'] *

1+{(l—a)A+aB}z

h(A, B, a;z) = T B>

(z€U).
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Also, leth («) denote the extremal function of functions with positive real
part of ordera (0 < o < 1), defined by

14+ (1 —2a)z

ha):=h(1l,—1,0;2) = N
—z

(z €U).

The classR? (A, B) is studied by Premabai irs[. According to this, we
introduce the subclass; (A, B, a, 1) which is a generalization of this class, as
follows:

(1.3) 1+ E [(DAf (2)) + pz (DM (2)" - 1} < h(A,B,o;z2),

b
where f € A, b € C/ {0}, for some real numbed, B(-1 < B<A<1),A
A>—-1),a(0<a<1l),u(n>0)andforallz € Uwith Ry, (A, B, a, p) :=
RY (A, B,a, ) andR? (A, B) := Ry (A, B,0,0).

We note that the clasR® (1) := Ry (1, —1,0, 1) is studied by Altintag and
Ozkan in []. ThereforeC (b) := R, (1, —1,0,0) is the class of close-to-convex
functions of complex order It (o) := R, (1, —1,0,0) is the class of close-
to-convex functions of order (0 < o < 1).

Also, let 7, (A, B, «) denote the class of functiomsnormalized by
L { e — 1) - e

1— 1+{(1—a)A+aB}eit
1+ Beit

(1.4) (t € (0,2m)),

¢(2) =

whereb € C/ {0}, for some real numberd, B (-1 < B < A< 1), for all
a(0<a<1l)andforallz € Uwith 7, (A, B) := 7, (A, B,0) and7 (b) :=
7, (1,-1,0).
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A theorem that contains the relationship between the above classes is given as

follows:
Theorem 2.1. f € R} (A, B, , ) if and only if

1= ZLE @y o) £0

forall p € 7, (A, B,a) and for all f € A.

Proof. Firstly, let

/

FA(fop2) = (1—p)
and we suppose that
(1) FA(fm52) % ¢ (2) #0
forall f € Aandforallg € 7, (A, B,«). Inview of (1.4) , we have
FA(f p2) % 6 (2)
L+ {FA (fop2) % e — 1} _ 14+{(1-a)AtaBle'

PLO 01 ()

. 1_2)2 1+Beit
- 1— 1+{(1—a)A+aB}e
1+ Bett
/ " —a)A+aB}et
1+ 3 {(DF () + 2 (Df ()" — 1} — EEl0geat)

1— 1+{(1—a)A+aB}eit
1+ Bett

£ 0.
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From this inequality we find that

1+ % {(DAJC (Z))/+/Az (D f (z))" — 1} £ h (A B ase),

wheret € (0, 27) .

This means thatl + 1 {(D*f (2)) 4+ pz (DM (2))" — 1} does not take
any value on the image of undgr( A, B, «; z) function of the boundary ofl.
Therefore we note thatt 1 {(DAf (2)) 4 pz (D (2))" — 1} takes the value

1forz =10. Sinced < a < 1andB < A, 1is contained by the image under
h (A, B, a; z) function of U.Thus, we can write

1+ % {(DAf (z))/—l—uz (D f (z))” — 1} <h(A B, «a;z).

Hence f € Ry (A, B,a, ).
Conversely, assume the functigris in the classR} (4, B, «, i) . From the
definition of subordination, we can write the following inequality:

L+ % (@) + 0z (D] ()" =1} # 0 (A Base"),

wheret € (0,27). From(1.2) we can write

1+1{F)‘(f,,u;z)>x<

2 —1}7&h(A,B,a;e”)

1
(1-2)°
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or equivalently,

1+ % (—(IEZ)Q — 1) —h(A, B, a;e")
1 —h(A, B, a;e)

FA(f 52) %

Thus, from the definition of the functiof, we can write

A
-0 L 0 )] o) 20
forall ¢ € 7, (A, B,«) and for all f € A. ]

Corollary 2.2. f € Ry (A, B,a, i) if and only if [(1 — 1) @ + pf! (z)] *
¢(z) #0forall ¢ € 7, (A, B,a) and for all f € A.

Proof. By putting A = 0 in Theorem2.1 O

Corollary 2.3. f € R"(A,B) if and only if {2 x ¢ (z) # 0 for all ¢ €
T, (A, B) andforall f € A.

Proof. By puttinga = 0, © = 0 in Corollary2.2. And, we obtain the result of

Theorem 1 in §]. O]

Corollary 2.4. f € C (b) if and only if@ x ¢ (z) # 0forall ¢ € 7T (b) and for
all f e A.

Proof. By puttingA = 1, B = —1in Corollary 2.3, O]
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Theorem 2.5.Letf . (z) = {95 fore € Candf € A.If F. € R) (A, B, o, p)

1+e
for |e| < 0%, then

e |[a-nZLE i@y @) o

where¢ € 7, (A, B,«) and for all f € A.

Proof. Let¢ € 7, (A, B, ) andF . € R} (A, B, a, i) . From Theoren®.1, we

can write
D (2)
z

- (@ )] o) 20

Using D* (ez) = ez, we find that the following inequality

{0 o] o)

that is,

(D ) | ro() 2 e
or equivalently(2.2) .
Lemma2.6.1f ¢ (z) =1+ > 2, ax2” € T, (A, B, «), then we have

(k+1)(1+]|B))
1—a)[b][B — A

(2.3) ol < ¢ (k=1,2,3,...).

> 5" (z€U),
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Proof. We suppose that () = 1+ > 1, c2" € T, (A, B,a). From (1.4),
we have

1+{(1—a)A+aB}e
1+ Be't (t

heo fe2t ! 1}

1— 1+{(1—a)A+aB}eit
1+ Be't

€ (0,2m)).

We write the following equality result which is easily verified result from the
above equality:

_ (k+1) (1+Be")
T b1 —a) (B—A)et
Taking the modulus of both sides, we obtain inequality) . O

Theorem 2.7.1f F . € R} (A, B, a, ) for |e| < 6%, then

Né (f)CRb)‘(A,B,oz,,u),

(1—)|b|| B—A] 5*

where) := (TN (A+p) 1+ B)

(—a)blB=A 5+
1+)\)(1+u) 1+[B])

Proof. Letg € N5 (f) foré =
If we take

(1—p) +u (D (2),

D g (2
FA g, p52) = Z( )
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then

|F (g, p32) % 6 (2)]

u (DM 4g— ) <z>>’] ‘o (2)
> [FA(f, s 2) l—\F g—fm2) %o (2)]

and using Theorer.5we can write

(2.4) Z b — ay) quzk*l )
k=2

where
B (A+1) g

), (pk —p+1).

We know thatV (k) is an increasing function df and

0<VU2)=10+N1+p <Yk (MEO;kEN;)\Zﬁ).

Sincef . € R (A, B, a, ) for |e| < 6* and using Lemma.6in (2.4) we have
2) |21 > lax — byl
k=2

., I+ +p)(1+|B)
S T T A B = 4] Z""‘“

k(1+]Bl)
(1—a)[p]|B — A]

|F (g, 132) % ¢ (2)] > 6% —
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(1+M0+p)(+][B)

>0 — > 0.
(1—a)[b]|B— A
That is, we can write
Drg (2
1-w P Dy @) <o 20 e,
Thus, from Theoren?.1we can find thay € R} (A, B, a, 1) . O

Corollary 2.8. If F. € R, (A, B, a, ) for |e| < 6*, then
N (f)CRb(A7B,Oé,/,L),

(1—a)[b||B—A] ¢«
whereé := T 0TED 0.
Proof. By putting A = 0 in Theorem2.7. O

Corollary 2.9. If F. € R, (A, B) for |e| < 6%, then
N§ (f) C Rb (A, B)

bl B—A] 5«
whered := ) 0.
Proof. By puttinga = 0, ¢ = 0 in Corollary2.8. Thus, we obtain the result of
Theorem2.7in [3]. O
Corollary 2.10. If F. € C (b) for |¢] < §*, then
whered := |b| *.
Proof. By puttingA = 1, B = —1 in Corollary2.9. m
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