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ABSTRACT. In this paper, we introduce the subclassRλ
b (A,B, α, µ) which is defined by con-

cept of subordination. According to this, we obtain a necessary and sufficient condition which is
equivalent to this class. Further, we apply to theδ− neighborhoods for belonging toRλ

b (A,B, α, µ)
to this condition.
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1. I NTRODUCTION AND DEFINITIONS

Let U= {z : z ∈ C and |z| < 1} andH (U) be the set of all functions analytic inU, and let

A := {f ∈ H (U) : f (0) = f ′ (0)− 1 = 0} .

Given two functionsf andg, which are analytic inU. The functionf is said to besubordinate
to g, written

f ≺ g and f (z) ≺ g (z) (z ∈ U) ,

if there exists a Schwarz functionω analytic inU, with

ω (0) = 0 and |ω (z)| < 1 (z ∈ U) ,

and such that
f (z) = g (ω (z)) (z ∈ U) .
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2 ÖZNUR ÖZKAN AND OSMAN ALTINTAŞ

In particular, ifg is univalent inU, thenf ≺ g if and only if f (0) = g (0) andf (U) ⊂ g (U)
in [7].

Next, for the functionsfj (j = 1, 2) given by

fj (z) = z +
∞∑

k=2

ak,jz
k (j = 1, 2) .

Let f1 ∗ f2 denote theHadamardproduct(or convolution)of f1 andf2 , defined by

(1.1) (f1 ∗ f2) (z) := z +
∞∑

k=2

ak,1ak,2z
k =: (f2 ∗ f1) (z) .

(a)v denotes thePochhammersymbol(or the shifted factorial), since

(1)n = n! for n ∈ N0 := N ∪ {0} ,

defined (fora, v ∈ C and in terms of the Gamma function) by

(a)v :=
Γ (a + v)

Γ (a)
=

{
1; (v = 0, a ∈ C\ {0}) ,

a (a + 1) . . . (a + n− 1) ; (v = n ∈ N; a ∈ C) .

The earlier investigations by Goodman [1] and Ruscheweyh [9], we define theδ− neighbor-
hood of a functionf ∈ A by

Nδ (f) :=

{
g ∈ A : f (z) = z +

∞∑
k=2

akz
k ,

g (z) = z +
∞∑

k=2

bkz
k and

∞∑
k=2

k |ak − bk| ≤ δ

}
so that, obviously,

Nδ (e) :=

{
g ∈ A : g (z) = z +

∞∑
k=2

bkz
k and

∞∑
k=2

k |bk| ≤ δ

}
,

wheree (z) := z.
Ruscheweyh [8] introduced an linear operatorDλ : A −→ A, defined by the Hadamard

product as follows:

Dλf (z) :=
z

(1− z)λ+1
∗ f (z) (λ > −1; z ∈ U),

which implies that

Dnf (z) =
z (zn−1f (z))

(n)

n!
(n ∈ N0 := N∪{0}).

Clearly, we have
D0f (z) = f (z) , D1f (z) = zf ′ (z)

and

Dnf (z) =
∞∑

k=0

(λ + 1)k

(1)k

ak+1z
k+1 =

(
∞∑

k=0

(λ + 1)k

(1)k

zk+1 ∗ f

)
(z) ,

wheref ∈ A.
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Therefore, we can write the following equality, the easily verified result from the above defi-
nitions:

(1.2)

[
(1− µ)

Dλf (z)

z
+ µ

(
Dλf (z)

)′] ∗ 1

(1− z)2 =
(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′
,

where f ∈ A, λ (λ > −1) , µ (µ ≥ 0) and for allz ∈ U.
For eachA andB such that−1 ≤ B < A ≤ 1 and for all real numbersα such that0 ≤ α < 1,

we define the function

h (A, B, α; z) :=
1 + {(1− α) A + αB} z

1 + Bz
(z ∈ U) .

Also, let h (α) denote the extremal function of functions with positive real part of orderα
(0 ≤ α < 1), defined by

h (α) := h (1,−1, α; z) =
1 + (1− 2α) z

1− z
(z ∈ U) .

The classRb (A, B) is studied by Premabai in [3]. According to this, we introduce the
subclassRλ

b (A, B, α, µ) which is a generalization of this class, as follows:

(1.3) 1 +
1

b

[(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
]
≺ h (A, B, α; z) ,

where f ∈ A, b ∈ C/ {0}, for some real numbersA, B (−1 ≤ B < A ≤ 1) , λ (λ > −1) ,
α (0 ≤ α < 1) , µ (µ ≥ 0) and for all z ∈ U with Rb (A, B, α, µ) := R0

b (A, B, α, µ) and
Rb (A, B) := Rb (A, B, 0, 0) .

We note that the classRb (µ) := Rb (1,−1, 0, µ) is studied by Altıntaş and Özkan in [4].
ThereforeC (b) := Rb (1,−1, 0, 0) is the class of close-to-convex functions of complex order b.
C (α) := R1−α (1,−1, 0, 0) is the class of close-to-convex functions of orderα (0 ≤ α < 1).

Also, let Tb (A, B, α) denote the class of functionsφ normalized by

(1.4) φ (z) :=
1 + 1

b

{
1

(1−z)2
− 1
}
− 1+{(1−α)A+αB}eit

1+Beit

1− 1+{(1−α)A+αB}eit

1+Beit

(t ∈ (0, 2π)) ,

whereb ∈ C/ {0} , for some real numbersA, B (−1 ≤ B < A ≤ 1) , for all α (0 ≤ α < 1) and
for all z ∈ U with Tb (A, B) := Tb (A, B, 0) andT (b) := Tb (1,−1, 0) .

2. THE M AIN RESULTS

A theorem that contains the relationship between the above classes is given as follows:

Theorem 2.1.f ∈ Rλ
b (A, B, α, µ) if and only if[

(1− µ)
Dλf (z)

z
+ µ

(
Dλf (z)

)′] ∗ φ (z) 6= 0

for all φ ∈ Tb (A, B, α) and for all f ∈ A.

Proof. Firstly, let

zλ (f, µ; z) := (1− µ)
Dλf (z)

z
+ µ

(
Dλf (z)

)′
and we suppose that

(2.1) zλ (f, µ; z) ∗ φ (z) 6= 0
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for all f ∈ A and for allφ ∈ Tb (A, B, α) . In view of (1.4) , we have

zλ (f, µ; z) ∗ φ (z) =
1 + 1

b

{
zλ (f, µ; z) ∗ 1

(1−z)2
− 1
}
− 1+{(1−α)A+αB}eit

1+Beit

1− 1+{(1−α)A+αB}eit

1+Beit

=
1 + 1

b

{(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
}
− 1+{(1−α)A+αB}eit

1+Beit

1− 1+{(1−α)A+αB}eit

1+Beit

6= 0.

From this inequality we find that

1 +
1

b

{(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
}
6= h

(
A, B, α; eit

)
,

wheret ∈ (0, 2π) .

This means that1+ 1
b

{(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
}

does not take any value on the im-

age of underh (A, B, α; z) function of the boundary ofU. Therefore we note that

1 + 1
b

{(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
}

takes the value1 for z = 0. Since0 ≤ α < 1

andB < A, 1 is contained by the image underh (A, B, α; z) function ofU.Thus, we can write

1 +
1

b

{(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
}
≺ h (A, B, α; z) .

Hence f ∈ Rλ
b (A, B, α, µ) .

Conversely, assume the functionf is in the classRλ
b (A, B, α, µ) . From the definition of

subordination, we can write the following inequality:

1 +
1

b

{(
Dλf (z)

)′
+ µz

(
Dλf (z)

)′′ − 1
}
6= h

(
A, B, α; eit

)
,

wheret ∈ (0, 2π) . From(1.2) we can write

1 +
1

b

{
zλ (f, µ; z) ∗ 1

(1− z)2 − 1

}
6= h

(
A, B, α; eit

)
or equivalently,

zλ (f, µ; z) ∗

1 + 1
b

(
1

(1−z)2
− 1
)
− h (A, B, α; eit)

1− h (A, B, α; eit)

 .

Thus, from the definition of the functionφ, we can write[
(1− µ)

Dλf (z)

z
+ µ

(
Dλf (z)

)′] ∗ φ (z) 6= 0

for all φ ∈ Tb (A, B, α) and for all f ∈ A. �

Corollary 2.2. f ∈ Rb (A, B, α, µ) if and only if
[
(1− µ) f(z)

z
+ µf ′ (z)

]
∗ φ (z) 6= 0 for all

φ ∈ Tb (A, B, α) and for allf ∈ A.

Proof. By puttingλ = 0 in Theorem 2.1. �

Corollary 2.3. f ∈ Rb (A, B) if and only if f(z)
z
∗ φ (z) 6= 0 for all φ ∈ Tb (A, B) and for all

f ∈ A.
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Proof. By puttingα = 0, µ = 0 in Corollary 2.2. And, we obtain the result of Theorem 1 in
[3]. �

Corollary 2.4. f ∈ C (b) if and only if f(z)
z
∗ φ (z) 6= 0 for all φ ∈ T (b) and for allf ∈ A.

Proof. By puttingA = 1, B = −1 in Corollary 2.3. �

Theorem 2.5.Letzε (z) = f(z)+εz
1+ε

for ε ∈ C andf ∈ A. If zε ∈ Rλ
b (A, B, α, µ) for |ε| < δ∗,

then

(2.2)

∣∣∣∣[(1− µ)
Dλf (z)

z
+ µ

(
Dλf (z)

)′] ∗ φ (z)

∣∣∣∣ ≥ δ∗ (z ∈ U) ,

whereφ ∈ Tb (A, B, α) and for allf ∈ A.

Proof. Let φ ∈ Tb (A, B, α) andzε ∈ Rλ
b (A, B, α, µ) . From Theorem 2.1, we can write[

(1− µ)
Dλzε (z)

z
+ µ

(
Dλzε (z)

)′] ∗ φ (z) 6= 0.

Using Dλ (εz) = εz, we find that the following inequality

1

1 + ε

{[
(1− µ)

Dλf (z)

z
+ µ

(
Dλf (z)

)′] ∗ φ (z) + ε

}
6= 0

that is, [
(1− µ)

Dλf (z)

z
+ µ

(
Dλf (z)

)′] ∗ φ (z) 6= −ε

or equivalently(2.2) . �

Lemma 2.6. If φ (z) = 1 +
∑∞

k=1 ckz
k ∈ Tb (A, B, α), then we have

(2.3) |ck| ≤
(k + 1) (1 + |B|)

(1− α) |b| |B − A|
(k = 1, 2, 3, . . .) .

Proof. We suppose thatφ (z) = 1 +
∑∞

k=1 ckz
k ∈ Tb (A, B, α) . From(1.4) , we have

1 +
∞∑

k=1

ckz
k =

1 + 1
b

{
1 +

∑∞
k=2 kzk−1 − 1

}
− 1+{(1−α)A+αB}eit

1+Beit

1− 1+{(1−α)A+αB}eit

1+Beit

(t ∈ (0, 2π)) .

We write the following equality result which is easily verified result from the above equality:

ck =
(k + 1)

b (1− α)
.
(1 + Beit)

(B − A) eit
.

Taking the modulus of both sides, we obtain inequality(2.3) . �

Theorem 2.7. If zε ∈ Rλ
b (A, B, α, µ) for |ε| < δ∗, then

Nδ (f)⊂ Rλ
b (A, B, α, µ) ,

whereδ := (1−α)|b||B−A|
(1+λ)(1+µ)(1+|B|)δ

∗.

Proof. Let g ∈ Nδ (f) for δ = (1−α)|b||B−A|
(1+λ)(1+µ)(1+|B|)δ

∗.

If we take

zλ (g, µ; z) := (1− µ)
Dλg (z)

z
+ µ

(
Dλg (z)

)′
,
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then ∣∣zλ (g, µ; z) ∗ φ (z)
∣∣

=

∣∣∣∣[(1− µ)
Dλ (f + g − f) (z)

z
+ µ

(
Dλ (f + g − f) (z)

)′] ∗ φ (z)

∣∣∣∣
≥
∣∣zλ (f, µ; z) ∗ φ (z)

∣∣− ∣∣zλ (g − f, µ; z) ∗ φ (z)
∣∣

and using Theorem 2.5 we can write

(2.4) ≥ δ∗ −

∣∣∣∣∣
∞∑

k=2

Ψ (k) (bk − ak) ck−1z
k−1

∣∣∣∣∣ ,
where

Ψ (k) =
(λ + 1)(k−1)

(1)k

(µk − µ + 1) .

We know thatΨ (k) is an increasing function ofk and

0 < Ψ (2) = (1 + λ) (1 + µ) ≤ Ψ (k)

(
µ ≥ 0; k ∈ N; λ ≥ −µk

(1 + µk)

)
.

Sincezε ∈ Rλ
b (A, B, α, µ) for |ε| < δ∗ and using Lemma 2.6 in(2.4) we have∣∣zλ (g, µ; z) ∗ φ (z)

∣∣ > δ∗ −Ψ (2) |z|
∞∑

k=2

|ak − bk|
k (1 + |B|)

(1− α) |b| |B − A|

> δ∗ − (1 + λ) (1 + µ) (1 + |B|)
(1− α) |b| |B − A|

∞∑
k=2

k |ak − bk|

> δ∗ − δ
(1 + λ) (1 + µ) (1 + |B|)

(1− α) |b| |B − A|
> 0.

That is, we can write[
(1− µ)

Dλg (z)

z
+ µ

(
Dλg (z)

)′] ∗ φ (z) 6= 0 (z ∈ U) .

Thus, from Theorem 2.1 we can find thatg ∈ Rλ
b (A, B, α, µ) . �

Corollary 2.8. If zε ∈ Rb (A, B, α, µ) for |ε| < δ∗, then

Nδ (f)⊂ Rb (A, B, α, µ) ,

whereδ := (1−α)|b||B−A|
(1+µ)(1+|B|) δ∗.

Proof. By puttingλ = 0 in Theorem 2.7. �

Corollary 2.9. If zε ∈ Rb (A, B) for |ε| < δ∗, then

Nδ (f)⊂ Rb (A, B)

whereδ := |b||B−A|
(1+|B|) δ∗.

Proof. By puttingα = 0, µ = 0 in Corollary 2.8. Thus, we obtain the result of Theorem 2.7 in
[3]. �
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Corollary 2.10. If zε ∈ C (b) for |ε| < δ∗, then

Nδ (f)⊂ C (b) ,

whereδ := |b| δ∗.

Proof. By puttingA = 1, B = −1 in Corollary 2.9. �
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