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Abstract

In this paper, we consider univalent log-harmonic mappings of the form f =
zhg defined on the unit disk U which are starlike of order « . Representation
theorems and distortion theorem are obtained.
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Let H(U) be the linear space of all analytic functions defined on the unit disk
U = {z : |z| < 1}. A log-harmonic mapping is a solution of the nonlinear
elliptic partial differential equation

(1.1) f:Z = aé,
f f
where the second dilation functiene H(U) is such thata(z)| < 1 for all Sl S Emee VERpings
z € U. It has been shown that ff is a non-vanishing log-harmonic mapping,
thenf can be expressed as Z. AbdulHadi and Y. Abu Muhanna
f(z) = h(2)g(2), Title Page
whereh andg are analytic functions /. On the other hand, if vanishes at Contents
z = 0 but is not identically zero, theji admits the following representation « NS
f(2) = 2[2[*"h(2)g(2), < >
whereRe § > —1/2, andh andg are analytic functions i@/, ¢(0) = 1 and GoBack
h(0) # 0 (see E]). Univalent log-harmonic mappings have been studied exten- Close
sively (for details seel] — [5]). Quit
Let f = z|2|*’hg be a univalent log-harmonic mapping. We say that a
starlike log-harmonic mapping of orderif Page 3 of 13
(9 i z__E . Ineq. Pure an . Math. rt. .
1.2) M = Re M >a, 0<a<] . f?tt;://jip;mA‘.]Cle.'\:ledtZ.;(S)A[ e
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forall z € U. Denote by ST, («) the set of all starlike log-harmonic map-
pings of order. If a = 0, we get the class of starlike log-harmonic mappings.
Also, let ST(a) = {f € STpp(e) and f € HU)}. If f e ST,(0) then
F(¢) = log(f(e%)) is univalent and harmonic on the half plade : Re{¢} <
0}. Itis known that £ is closely related with the theory of nonparametric mini-
mal surfaces over domains of the forro < u < ug(v), up(v + 21) = up(v),
(see []).

In Section2 we include two representation theorems which establish the
linkage between the class&97,(«) and ST(a). In Section3 we obtain a
sharp distortion theorem for the claS%},(«).
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In this section, we obtain two representation theorems for functiofigin(«).
In the first one we establish the connection between the cldsbgg«) and
ST(a). The second one is an integral representation theorem.

Theorem 2.1. Let f(z) = zh(z)g(2) be a log-harmonic mapping oli, 0 ¢
hg(U). Then f € STyu(a) if and only if o(z) = &) € ST(a).

g

Proof. Let f(z) = zh(z)g(z) € STpu(), then it follows that Starlike log-harmonic Mappings
of Order «
darg f(re?) ~ Re z2f. —Zfz Z. AbdulHadi and Y. Abu Muhanna
00 f
= Re (1 + Z_h/ — E_g’) Title Page
3 =
B g/ Contents
B z zg
Re<1+7—7)>04. < b
Setting 4 d
o(z) = zh(z) Go Back
g(z) Close
we obtain / —
— s f ui
Re 22 g L
f ¥ Page 5 of 13

Since f is univalent, we know thadt ¢ f.(U). Furthermore,
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is locally univalent onf(U).

Indeed, we havé% = (1—a(2))%= #0forall z € U. From Lemma 2.3
in [4] we conclude thap is univalent onJ. Hencep € ST («).

Conversely, letp € ST(«) and a € H(U) such that|a(z)| < 1 for all
z € U be given. We consider

~ex Tals)els)

@D o =on ([ oot ®)
where 222 = (1 — a)p(z) + o, andp € H(U) such that p(0) = 1 and
Re(p) > 0.

Also, let

h(z) = p(2)g(2)

and )
(2.2) f(2) = 2h(2)g(2) = (2)lg(2)]*.

Thenh andg are non-vanishing analytic functions definedldmormalized by
h(0) = ¢g(0) = 1 andf is a solution of {.1) with respect tau.
Simple calculations give that
Zfz - Zf? ZQO/Z)

darg f(re?) B _
20 = Re 7 = Re 202)

Using the same argument we conclude that

fop ™ (w) =q(w) =w|gop " (w)]

Starlike log-harmonic Mappings
of Order «

Z. AbdulHadi and Y. Abu Muhanna

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 6 of 13

J. Ineq. Pure and Appl. Math. 7(4) Art. 123, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:zahadi@aus.ac.ae
mailto:
mailto:ymuhanna@aus.ac.ae
http://jipam.vu.edu.au/

is locally univalent onp(U) and thatf is univalent from Lemma 2.3 ir/]. It
follows thatf € ST, (a), which completes the proof of Theoretrl O

The next result is an integral representation fore ST, («) for the case
a(0) = 0. Foryp € ST(«), we have

z2¢'2)

o(2)

where p € H(U) is such thatp(0) = 1 and Re(p) > 0. Hence, there is a
probability measure defined on the Boret—algebra ofoU such that

2¢'z) B 14¢z
(2.3) T -a) [ a0+

= (1= a)p(z) +a,

and therefore,
@4 o) =se (20 -a) [ s ).

On the other hand, let € H(U) be such thaja(z)| < 1 forall z € U and
a(0) = 0. Then there is a probability measurelefined on the Boret—algebra
of U such that

a(z) £z
(2.5) oo = /aU G

Substituting 2.3), (2.4), and €.5), into (2.1) and €.2) we get

1) = zexp (-201- ) [ tou(1 = au(0)) + £(2)
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0 ] e o028 oo

Integrating and simplifying implies the following theorem:

Theorem 2.2. f = zhg € ST,(«) witha(0) = 0 if and only if there are two
probability measureg and v such that

Starlike log-harmonic Mappings

f(z) = zexp ( /a B c,@cm(c)dv(é)) , of Order a

Z. AbdulHadi and Y. Abu Muhanna

where
K(z,(,¢) = (1—a)10g(1+gz) +T(2,¢,&); Title Page
Contents
(2.6) T(z,¢,¢) 44 >
([ —2(1 —a)Im <§+5> arg( i) ) < >
—2alog |1 — &z if || =6 =1,(#¢ Go Back
- Close
(1 —a)Re (ff—é) ou
\ —2arlog |1 — Cz; if|¢] =15l =1,=¢) page & of 13
Remark 1. Theorem2.2 can be used in order to solve extremal problems for
the classSTy, () with a(0) = 0. For example see Theoresnl 3. Ineg. Pure and Appl. Math. 7(4) Art. 123, 2006
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The following is a distortion theorem for the claS%’., («) with a(0) = 0.

Theorem 3.1. Let f(z) = zh(2)g9(z) € STrn(a) with a(0) = 0. Then for
z € U we have

2] 4l
G e o (“ ~Ty |z|>

Lex -« 4
g\f(z)|§(1_|z|)2a p((l )1_|Z|>.

The equalities occur if and only if (z) = (f,(¢2), [¢| = 1, where

(3.2)  folz) ==z G :j) a _15)2a exp ((1 — a)Re 14_22) .

Proof. Let f(z) = 2h(2)g(z) € STpn(a) with a(0) = 0. It follows from (2.1)
and @.2) that f admits the representation

(3.3 f(z) = p(2) exp (2 Re /Oz SD(Z)(il)gi/(j()s))dS) ;

wherep € ST («) anda € H(U) such thata(z)| < 1 forall z € U.
For|z| = r, the well known facts
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a(z) 1
z2(1 —a(2)) 1—r’
and
< T
lp(2)] RESECE
imply that
F(2)] € —— 55 exp (2/ % ((1 - a)% +a) dt)
(1 - T’) 0 o o Starlike log-harmonic Mappings
r 4r of Order «
=——exp|(l—a) : _
(1 — 7“)20‘ 1—r Z. AbdulHadi and Y. Abu Muhanna
Equality occurs if and only ifg(z) = (z andy(z) = T || = 1, which _
leads to f(z) = Cfo(C2). Title Page
For the left-hand side, we have Contents
44 42
1@ =cen ([ KECOWOME),
oUzoU <4 3
where o Go Back
K69 = (1= a)log (1 ) +7(:.6.6) Close
— (<
Quit
¢+€ 1-¢2
_2(1 B a) fm <Q> a8 (@) Page 10 of 13
—2alog|1 — £z]; it =le| =1,¢ #¢ -
T(2,¢¢) = ’ ’
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For |z| = r we have

og P8 —me ([ i coanianto))

> min {min Re (/ K(%Caf)d/ﬁ(od’/(f))}
v | |zl=r AU zdU
1 ] ¢+¢
ZlOg|1+7‘| M [gllinr (/<9UxaU_2(1_a)I (C f)

2a L
1—
carg (1= ) du(@du(f))]
1 1+ 23l
= log —— JEeEn +m |:0£I|%1£17r [Iﬂlln ( 2(1 — a)Im (1_—222‘1)

1 — e2iy —4r
e\t )¢ 1_Q)1+7’ ’

where e = (€.
Let

(1) — Ig‘ll:nr <—2(1 —a)Im (1—5—2221) arg (%)) Lifo<<z
1-)rs if 1=0

Then, (() is a continuous and even function gh< 7. Hence

1
min ¢, (1) =log ——— + inf &,.(1).

f(2)
log | 22 -
°8 |1+ 7|2 i 0<|l<Z |14 r[?>  o<i<z

‘Zlog
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Since

(1—62“2) ( rsin(l) )
maxarg | — | = 2arctan (| ———— | ,

|2|=r 1—=2 1 4 rcos(l)
we get

f(2) 1 rsin(l)
log |—=| > log ———— f|—4(1— t(1 t —_—
og‘ P e |1+ 7|2 +0gll<f (1 = o) cot(l) axctan 14+rcos(l) /]’

and using the fact thatrctan(x)| <

Starlike log-harmonic Mappings
of Order «

f(2) 1 , rcos(l)
log ‘ > log |1 + 7‘|20‘ + Ogl<f£ _4(1 o a) 1+7r COS(l) Z. AbdulHadi and Y. Abu Muhanna
1 :
= log 11+ r|2 N ogl<fg [_4(1 —a) 1+ 7’} ' Title Page
_ Contents
The case of equality is attained by the functidits) = ( fo((z), [¢| =1. O
44 44
The next application is a consequence of Theofein p >
Theorem 3.2.Let f(2) = zh(2)g(z) € STyu(a). Then
Go Back
arg /) ‘ < 2(1 — o) arcsin(]z]). Close
z
Quit
Proof. Let f(z) = zh(2)g(z) € STin(a). Theng(z) = ZE € ST(a) by Page 12 of 13
Theorem2.1 The result follows immediately fromrg f(j) = arg £~ Z) and
from [ , p 142]. Il J. Ineq. Pure and Appl. Math. 7(4) Art. 123, 2006
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