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1. Introduction

We consider the problem when the Lagrangean and quasi-arithmetic means coincide.
The Lagrangean means are related to the basic mean value theorem. The family of
guasi-arithmetic means naturally generalizes all the classical means. Thus these two
types of means, coming from different roots, are not closely related. On the other

hand they enjoy a common property, namely, each of them is generated by a single Lagrangean and

variable function. With this background, the questidhen do these two types of Quasi-arithmetic Means

means coincide®eems to be interesting. Justyna Jarczyk
To present the main results we recall some definitions. vol. 8, iss. 3, art. 71, 2007

Let/ C Rbearealintervaland : I — R be a continuous and strictly monotonic
function. The functionL,; : I? — R, defined by
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is a strict symmetric mean, and it is called.agrangearone (cf. P.S. Bullen, D.S.
Mitrinovi¢, P.M. Vast [3], Chap. VII, p. 343; L. R. Berrone, J. Mor@], and the S ¢
references therein). The functigly : /2 — R, given by Page 3 of 11
R —1 f (:U) + f (y) Go Back
is called aquasi-arithmetic mealfcf., for instance, J. Aczéll], Chap. VI, p. 276; Full Screen
P. S. Bullen, D. S. Mitrinowd, P. M. Vast [3], Chap. IV, p. 215; M. Kuczma4], Close
Chap. VIII, p. 189). In both cases, we say tlfas thegeneratorof the mean. . _ »
In Section3 we give a complete solution of the equatibp = Q. We show that journal of inequalities
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general problemvhenL; = @, turns out to be much more difficult. We solve it in

Section, imposing some conditions on the generatbrandg. issni 1483-57sk
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2. Some Definitions and Auxiliary Results

Let / C R be an interval. A functiord/ : 1> — R is said to be anean on/ if
min(z, y) < M(z, y) < max(zx, y), x,y€l.

If, in addition, these inequalities are sharp whenevef y, the mean\/ is called
strict,and M is calledsymmetridf M (x, y) = M(y,z) forall z, y € I.

Note that if M/ : 12 — R is a mean, then for every intervdl C I we have
M(J?) = J;in particular,M (I?) = I. Moreover, M is reflexive that isM (z, z) =
zforallz € I.

By A we denote the restriction of trithmeticmean to the sef?, i.e.

Tty

Az, y) : 5

x,y € 1.

We shall need the following basic result about the Jensen functional equation (cf.

[4], Th. XII1.2.2).

Theorem 2.1.Let/ C R be an interval. A functiorf : I — R is a continuous
solution of the equation

2.1) f<l”+y) @+ f)

2 2
if and only if
f(x) =ax+b, x,y €l

with someu, b € R.
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3. The Case of Common Generators

It is well known thatQ); = Q,, i.e., f andg are equivalent generators of the quasi-
arithmetic mean if and only if = af + b for somea,b € R, a # 0 (cf. [1], Sec.
6.4.3, Th. 2; 8], Chap. VI, p. 344). Similarly.; = L, ifand only ifg = cf +d

for somec,d € R, ¢ # 0 (cf. [2], Cor. 7; [3], Chap. VI, p. 344).

The main result of this section gives a complete characterization of funcfions
such thatL; = @);. Two different proofs are presented. The first is based on an
elementary theory of differential equations; in the second one we apply Theorem
2.1

Theorem 3.1.Let/ C R be an interval andf : I — R be a continuous strictly
monotonic function. Then the following conditions are pairwise equivalent:

() Ly = Qy;
(ii) there area,b € R, a # 0, such that

f(x) =ax+b, x el

(i) Ly =Q;=A.
First Proof. We only show the implication (i}=(ii), as the remaining are obvious.
Assume that (i) holds true. From the definitionlof and@; we have

pr(P ) o (L [r@d). wet oz

or, equivalently,

f(x);rf(y):yix/zf(g)d,g, v, yel, x#y.
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Let /' : I — R be any primitive function off. Then the condition above can be
written in the form
flo)+ /) _ Fly) — F(x)

(3.1) = : r,yel, x#y.
2 Yy—

This implies thatf is differentiable and, consequently,is twice differentiable. Fix
an arbitraryy € I. Differentiating both sides of this equality with respectitove
obtain

)  F'(x) (@ —y) - F(x) + F(y)

= ) ZL‘,yEI, l’7£y
2 (z—y)°

Hence, using the relatioff = F”, we get

F"(z)(z —y)® =2F (x) (x —y) — 2F () + 2F (y), rel.

Solving this differential equation of the second order on two disjoint intefvate, y)N
I and(y,o0) N I, and then using the twice differentiability éf at the pointy, we
obtain

F(x):g:c2—|—ba:+p, xel,
with somea, b, p € R, a # 0. SincefF’ is a primitive function of f, we get
f(z) = F'(z) = ax +, rel,
which completes the proof . ]

Second ProofAgain, letF' be a primitive function off. In the same way, as is in the
previous proof, we show thaB (1) is satisfied. It follows that

2[F(y) — F(x)] = (y — =) [f(x) + f(y)], z,y €l
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and, consequently, since
2[F(y) = F(2)] + 2[F(2) = F(x)] = 2[F(y) — F(2)], z,y, 2z €1,
we get

(=2 )+ fW]+ (z=2) [f(2) + [(2)] = (v = 2) [f(2) + f(y)]

forall z, y, = € I. Setting here: = “¥, we have

() g s ()] < w- v s

forallx, y € I,i.e., f satisfies equatior?(1). In view of Theoren?.1, the continuity
of fimpliesthatf(z) = axz + b, = € I, for somea, b € R. Since f is strictly
monotonic we infer that # 0. ]
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4. Equality of Lagrangean and Quasi-arithmetic Means
Under Some Convexity Assumptions

In this section we examine the equatibp = (),, imposing some additional condi-
tions onf andg.

Theorem4.1.Let/ C R be aninterval, and, ¢ : I — R be continuous and strictly

monotonic functions. Assume that f~! and g are of the same type of convexity.

Then the following conditions are pairwise equivalent:
() Ly =Qy;
(i) there area,b,c,d € R, a # 0,c # 0, such that
f(x) =ax+0,
(i) Ly =Q,=A.

Proof. Assume, for instance, thag o f~! andg are convex. Lef” : I — R be any
primitive function of f. Then the conditiorl.; = @), can be written in the form

(4.1) fl(M>=gl(M), vyel, x#y,

g(x) =cr+d, x €I

y—x 2

or, equivalently,

Py - Fo) = fog (U5 20) o), ayer,
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we get

fog ! (g(x)-;g(y))@_x):fog_l (9(2)+9(y)> (y— 2)

+fogi<ggiiﬁgﬂ)@—ﬂﬂ

2
Lagrangean and
forall x, y, z € I. Putting here\ = g:; and z = \x + (1 — \) y, we have Quasi-arithmetic Means
Justyna Jarczyk
g(r)+gy _y—1 _ gAx+(1—=Ny)+g(y vol. 8, iss. 3, art. 71, 2007
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F(1- ) (fog_l) (g(x)+g()\2172+ (1_)‘)?/))> Title Page
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forall z, y € I and\ € [0, 1]. Using the convexity of f o g*l)_1 , We obtain « Y
M)+ 1 =Ngl) <ge+1-Ny), =z,yel, Ael01], p >
i.e, g is concave. On the other hand, by the assumptiosaconvex. Hence we infer Page 9 of 11
that there are:, d € R, ¢ # 0, such that
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forall x, y € I. In particular, we deduce thatis differentiable. Differentiating

both sides with respect toand then with respect tpwe get

)+

y_xf/

2

y_xfl

Tr+y
2

r+y

() = - (25
and
s =1 ("5

Theorem2.1, we complete the proof.

)+

for all z,y € I, which means thaf satisfies the Jensen equation.

2

(

2

)

)
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