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ABSTRACT. We give a complete characterization of functighgenerating the same Lagrangean
meanL; and quasi-arithmetic meap;. We also solve the equatidiy = @), imposing some
additional conditions orf andg.
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1. INTRODUCTION

We consider the problem when the Lagrangean and quasi-arithmetic means coincide. The
Lagrangean means are related to the basic mean value theorem. The family of quasi-arithmetic
means naturally generalizes all the classical means. Thus these two types of means, coming
from different roots, are not closely related. On the other hand they enjoy a common property,
namely, each of them is generated by a single variable function. With this background, the
guestion:When do these two types of means coincslsdns to be interesting.

To present the main results we recall some definitions.

Let/ C R be arealinterval and : I — R be a continuous and strictly monotonic function.

The functionL, : I? — R, defined by

G ©de), it Ay,

X, if »= Y,

Lf(xa y) =

is a strict symmetric mean, and it is calletlagrangearone (cf. P.S. Bullen, D.S. Mitrino@j
P.M. Vast [3], Chap. VII, p. 343; L. R. Berrone, J. Moral [2], and the references therein). The
function@; : I? — R, given by

oyt - (L1
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is called aguasi-arithmetic meafcf., for instance, J. Aczél [1], Chap. VI, p. 276; P. S. Bullen,
D. S. Mitrinovic, P. M. Vast [3], Chap. 1V, p. 215; M. Kuczma [4], Chap. VIII, p. 189). In
both cases, we say thats thegeneratorof the mean.

In Sectiorj B we give a complete solution of the equafign= @ ;. We show that this happens
if and only if both the means are simply the arithmetic melariThe general problerwhen
Ly = Q4 turns out to be much more difficult. We solve itin Secfipn 4, imposing some conditions
on the generatorg andg.

2. SOME DEFINITIONS AND AUXILIARY RESULTS
Let I C R be an interval. A functio/ : I? — R is said to be anean on/ if
min(z, y) < M(z, y) < max(z, y), z,y €l

If, in addition, these inequalities are sharp whenevet i, the meanV/ is calledstrict, and M
is calledsymmetridf M(z, y) = M(y,x) forall z, y € I.

Note that if A/ : I — R is a mean, then for every intervdl C I we haveM (J?) = J;in
particular,M (I?) = I. Moreover, M is reflexive that isM (z,z) = z forall z € I.

By A we denote the restriction of tlgithmeticmean to the set?, i.e.

r+y

2 Y
We shall need the following basic result about the Jensen functional equatiori (cf. [4], Th.
X111.2.2).

Az, y) == x,y €l

Theorem 2.1.Let/ C R be an interval. A functiorf : I — R is a continuous solution of the
equation

2.1) f(x-;y> _ f(x);f(y)

if and only if
f@)=ar+b,  z,y€l,

with someu, b € R.

3. THE CASE OF COMMON GENERATORS

Itis well known that@); = @,, i.e., f andg are equivalent generators of the quasi-arithmetic
mean if and only iff = af + b for somea,b € R, a # 0 (cf. [1], Sec. 6.4.3, Th. 2[[3], Chap.
VI, p. 344). Similarly,L; = L, ifand only if g = cf + d for somec,d € R, ¢ # 0 (cf. [2],
Cor. 7; [3], Chap. VI, p. 344).

The main result of this section gives a complete characterization of funcfieugeh that
L; = Q. Two different proofs are presented. The first is based on an elementary theory of
differential equations; in the second one we apply The¢reim 2.1.

Theorem 3.1.Let I C R be an interval andf : I — R be a continuous strictly monotonic
function. Then the following conditions are pairwise equivalent:

() Ly = Qy;
(i) there area,b € R, a # 0, such that

f(z) =ax+0b, x el
(i) Ly =Q; = A.
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First Proof. We only show the implication (&= (ii), as the remaining are obvious. Assume that
(i) holds true. From the definition df ; and@); we have

pr (P o (L @) wen oy

or, equivalently,

PO 2 [rds. ayet ot

Let F : I — R be any primitive function off. Then the condition above can be written in the
form

(3.1) f@)+1ly) _ Fly) - Flz) ryel, x4y
2 y—x

This implies thatf is differentiable and, consequently,s twice differentiable. Fix an arbitrary
y € 1. Differentiating both sides of this equality with respect:tave obtain

f@) _ Flle)(@—y) = Fa) + Fly) S

2 (z—y)”
Hence, using the relatioff = F”, we get
F'(z)(x —y)? = 2F"(z) (x —y) — 2F(z) + 2F (y), el

Solving this differential equation of the second order on two disjoint intefvate, y) N I and
(y,00) N I, and then using the twice differentiability &f at the pointy, we obtain

F(x):gx2+bx+p, rxel,
with somea, b, p € R, a # 0. SinceF’ is a primitive function of f, we get
f(z)=F'(z) =ax +0, xrel,
which completes the proof . O

Second ProofAgain, let F' be a primitive function off. In the same way, as is in the previous
proof, we show thaf (3]1) is satisfied. It follows that

2[F(y) — F(2)] = (y — 2) [f (=) + f(y)], z,y €1,
and, consequently, since
2[F(y) = F(2)| + 2[F(2) = F(x)] = 2[F(y) — F()], ,y, 2 €1,

we get
(=2 [fE)+ W]+ (z—2)[f(z)+ f(z)] = (y —2) [f(2) + f(y)]

forall z, y, z € I. Setting here: = *3¥, we have

2 (139 10] 557 e ()] -

2 2 2

forall z,y € I, i.e., f satisfies equation (3.1). In view of Theorém]|2.1, the continuityfof
implies thatf(z) = ax + b, = € I, for somea, b € R. Since f is strictly monotonic we infer
thata # 0. O
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4, EQUALITY OF LAGRANGEAN AND QUASI-ARITHMETIC MEANS
UNDER SOME CONVEXITY ASSUMPTIONS

In this section we examine the equatibp = (),, imposing some additional conditions ¢n
andg.

Theorem 4.1.Let] C R be aninterval, and, g : I — R be continuous and strictly monotonic
functions. Assume thato f~! and g are of the same type of convexity. Then the following
conditions are pairwise equivalent:

() Ly = Qg;
(ii) there area,b,c,d € R, a # 0, ¢ # 0, such that

f(z) = ax + 0, g(x) = cx +d, x €l
(i) Ly =Q, = A.

Proof. Assume, for instance, thag o f~! andg are convex. Lef" : I — R be any primitive
function of f. Then the conditior; = ), can be written in the form

(4.1) ! (%) =g (M)’ ryel, x#y,
or, equivalently,

we get

Fog ! (g(x)gg(y))(y_x):fog_l (9(2)+9(y)) (y— )

2 Fpoq (10306 oy

forall z, y, z € I. Putting here\ = z:; and z = Az + (1 — \) y, we have

g(ﬂf)—gg(y) — (fog)” (A (foq™) (g(kxﬂl —;)y) +g(y)>

1y (eg) (2220 -0

2

forall z, y € I and\ € [0, 1]. Using the convexity of f o g_l)_l , We obtain
Ag@)+(1-Ngly) <gAe+1-Ny), =z,yel, Ae[01],

i.e, g is concave. On the other hand, by the assumptjas,convex. Hence we infer that there
arec, d € R, ¢ # 0, such that

g(x) = cx +d, xel.
Making use of[(4.]L), we obtain
1 (F(y) - F(x)) _aty

Yy— 2 7
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whence

Fly) - F(z) = (y— ) f (x;y>

forall z, y € I. In particular, we deduce thditis differentiable. Differentiating both sides with
respect tar and then with respect tpwe get

—f@»=—f(x+y)+y‘xf<x+y)

2 2 2

f@>:f(x;y)+y;xf(x;y)

forall z,y € I, which means thaf satisfies the Jensen equation. Now, using Theprem 2.1, we
complete the proof. O

and
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