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ABSTRACT. LetH be the class of functiong(z) of the form f(z) = z + >, a,,2", which

are analytic in the unit disk/ = {z : |z| < 1}. In this paper, the authors introduce a sub-
class.Z (a, A, p) of H and study its some properties. The subordination relationships, inclusion
relationships, coefficient estimates, the integral operator and covering theorem are proven here
for each of the function classes. Furthermore, some interesting Fekete-Szeg6 inequalities are
obtained. Some of the results, presented in this paper, generalize the corresponding results of
earlier authors.
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1. INTRODUCTION
Let H denote the class of functiorfsof the form

(1.1) f(z)= z+Zanz”,

which are analytic in the open unit digk = {z : |z| < 1}, and letS denote the class of all
functions inH which are univalent in the disk. Suppose also th&*, K anda — K denote the
familiar subclasses dff consisting of functions which are, respectively, starliké/inconvex
in U anda— convex ini/. Thus we have

S*:{f:feHandR{Z}féiz)>}>O, zeu},

icz{f:feHandR{Hzf"(Z)}>0, zEU}
f(z)
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and

a—IC—{f:feHandR{a {HZ]{(S)] +(1—a)ZJ{;S)}>o, zeu}.

Let f(z) andF'(z) be analytic inJ/. Then we say that the functigf{z) is subordinate td’'(z)
in U, if there exists an analytic functian(z) in U such thatw(z)| < |z| and f(z) = F(w(z)),
denotedf < F or f(z) < F(z). If F(z) is univalentinU, then the subordination is equivalent
to f(0) = F(0)andf(U) C F(U) (seel18]).

Assuming thaty > 0, A > 0, p < 1, afunctionp(z) = 1 + p1z + p222 + - - - is said to be in
the classP, if and only if p(z) is analytic in the unit disk/ andRp(z) > p,z € U. A function
f(z) € H is said to be in the clasB(\, «, p) if and only if it satisfies

(1.2) ra-x (1) 4 G (L) )50 sen

z fz) \ =
where we choose the branch of the pox(/éf—)y such that(@)a = L Itis obvious that

the subclas®(1, a, 0) is the subclass of Bazilavfunctions, which is the subclass of univalent
functionsS, we setB(a, p) = B(1,«,p). The function class3()\, «, p) was introduced and
studied by Liu [10]. Some special cases of the function cla€s, «, p) had been studied by
Bazilevic [1], Chichra[2], Ding, Ling and Bao [3], Liu_[9] and Singh [19], respectively.

Liu [11] introduced the following clasB(\, a, A, B, g(z)) of analytic functions, and studied
its some properties.

B\ a, A, B,g(2))

~{ren (1595) (05) i () <)
wherea > 0,A > 0,-1 < B<A<1,g(z) € S*.

Fekete and Szegbl[4] showed that foe S given by [1.1),
3 — 4u, if <0,

laz — pa3] < 1427201 if 0 < p <1,
4 — 3u, if p>1.

As a result, many authors studied similar problems for some subclassésra$ (seel[6] 7,
8,113,14[ 15, 20]), which is popularly referred to as the Fekete-Szeg06 inequality or the Fekete-
Szego problem. Li and Lid [12] obtained the Fekete-Szeg6 inequality for the function class
B\, a, p).

Recently, Patel [17] introduced the following subclags (), 1, A, B) of p—valent Bazilevt
functions, and studied some of its properties.

An analytic functionf(z) = 2# +>°° . a,z" is said to be in the class1, (), u, A, B) if
and only if there exists p—valent starlike functiory(z) = 2P + ZZO:pH b,2" such that

2f'(z) (f(z))“ { 2f"(z)  z2f'(2) (zf’(Z) zg’(z))] 1+ Az
== A1+ - + - < p—,
) \g(2) P& @ PR T e )] T e B
wherey > 0,A>0,—-1<B<A<LI.

In the present paper, we introduce the following subclass of analytic functions, and obtain
some interesting results.
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Definition 1.1. Assume thatr > 0, A\ > 0,0 < p < 1, f € H. We say thalf(z) € .#(«, \, p)
if and only if f(z) satisfies the following inequality:

() (1)) ') 2G| () .
R{ ) ( : ) “[” e e (f(z) 1)””’ <
Itis evident that# («, 0, p) = B(a, p)(a > 0) and.Z(0,,0) = a — K(a > 0).

2. PRELIMINARIES

To derive our main results, we shall require the following lemmas.

Lemma 2.1([16]). If -1 < B < A < 1,4 > 0 and the complex numbersatisfiesR(\) >

—BA-A) then the differential equation

zq(z) 1+ Az
a(z) + Bq(z) +~v 1+ Bz’

has a univalent solution it¥ given by
2PH7(1 + Bz)AA-B)/B

z€eU,

_2
B [Zt0+-1(1 4 Bt)s(A-B)/Bay ~ ©’ B #0,
(2.1) q(2) = , "
+ z
_ z ’Yexp( ) B 1, B 0
B [t Lexp(BAt)dt P

If (2) =1+ c12 + 2% + - -+ is analytic in{ and satisfies

29/ (2) 1+ Az
Bo(z)+~ 1+ B2’

(2.2) o(z) + (zelU),

then
1+ Az

14 Bz’

¢(z) < q(z) < (z €U),

andg(z) is the best dominant df (2.2).

Lemma 2.2([11]). Suppose thak’'(z) is analytic and convex itd, and0 < A < 1, f(z) € H,
g(z) e H. If f(z) < F(z) andg(z) < F(z). Then

A (2)+ (1 =XNg(z) < F(z).
Lemma 2.3([18]). Letp(z) =1+ > 7 p,z" € Po. Then

1
b2 — §p%

1
<2- 5\19%\

and|p,| < 2forall n € N,.

Lemma 2.4([1]). Leta > 0, f € Hand for|z| < R < 1,

<[5 (1)

then f(z) is univalent in|z| < R.
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3. MAIN RESULTS AND THEIR PROOFS
Theorem 3.1.Leta > 0 andX > 0. If f(z) € 4 («a, A\, p). Then

2f'(2) (f(2)\" 1+ (1—2p)2

where
)\Zl/A(l _ Z)—Q(l—p)//\

a(z) = S tANA = 1) =20=0)/Ad
andg(z) is the best dominant df (3.1).

Proof. By applying the method of the proof of Theorem 3.1[in/[17] mutatis mutandis, we can
prove this theorem. O

With the aid of Lemmé 2]4, from Theorégm B.1, we have the following inclusion relation.
Corollary 3.2. Leta > 0,0 < p < landA > 0, then
M (a, N\, p) C M (a,0,p) C M (,0,0) CS.
Theorem 3.3.Leta > 0andX; > A1 > 0,1 > py > p; > 0, then
M (0, Xz, p2) C M (0, M, p1).
Proof. Suppose thaf(z) € .# (a, A2, p2). Then, by the definition ofZ (o, A2, p2), we have
2f'(z 2\ 2f"(z)  zf'(z 2f'(z
e R{ZE (B2) w1 3 - 5 e (55 0)
> o (zel).

Sincea > 0 and, > \; > 0, by Theorenj 3]1, we obtain

2f'(2) (F(2)\°
3.3 A1) (1) '
(3.3) R{ ) ( . >py (z€U)
Setting\ = 3L, so that) < A < 1, we find from ) an3) that

~Ue (2) o[-0 e G )]

() e A e ()
+(1- )\)R%S) (@)a >p2=p1 (z€U),

thatis, f(z) € .# (o, A1, p1). Hence, we have# (a, A2, p2) C 4 (v, A1, p1), and the proof of
Theorenj 3.3 is complete. O

Remark 3.4. Theorem 3.3 obviously provides a refinement of Corollary 3.2. Setting
0, p2 = p1 = 0in Theoren 3.3, we get Theorem 9.4 [of [5].

With the aid of Lemma 2]2, by using the method of our proof of Thegrein 3.3, we can prove
the following inclusion relation.

Theorem 3.5.Lety >0, -1 < B< A<1land); > \; >0, then
Mp()\%N)Aa B) - Mp()\lnuaAa B)
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By applying the method of the proof of Theorem 3.13, Theorem 3.6 and Theorem 3.11 in
[17] mutatis mutandis, we can prove the following three results.

Theorem 3.6.Leta > 0, A > 0 andy > 0. If f(2) € H satisfies
2f'(z) (f(z)\" 2f"(z)  z2f'(2) 2f'(z) :
TG ) | S - T e (R ) e cew
wheret is a real number satisfying| > /(A + 2v), then
5 ()
R{ ) . >0, (z€el).
Theorem 3.7. Suppose that > 0 and0 < p < 1. If f(2) € H satisfies
2f'(2) (f(z)\*
re{ 57 (7)) foo cew

thenf(z) € 4 (a, \, p) for |z| < R(A, p), whereX > 0, and

(1+A=p)—4/(1+A—p)?—(1-2p)
Mxm{ o 7

?

1
Tr2n P

NI= N

The boundR (), p) is the best possible.

For a functionf € H, we define the integral operaté}, 5 as follows:

1

(3.4) Fus(f) = Fas(f)(2) = (O‘” / Zt“f<t>adt)a (= )

20/,

wherea andd are real numbers withh > 0, § > —a.

Theorem 3.8. Let« and ¢ be real numbers with > 0,0 < p < 1, § > max{—a, —ap} and
let f(2) € H. If

‘arg {Z;(g) (f(?)a —p” <36 (0<p<10<B<U),

[ 03

whereF,, 5(f) is the operator given by (3.4).
Now we derive the Fekete-Szegt inequality for the function cldgsy, A, p).
Theorem 3.9. Suppose thaf (z) = z+ > -, a,2" € A (a, A, p). Then

then

2(1—-p)
<
el < TN+ a)
and for eachu € C, the following bound is sharp
2(1—p)
— ua?l <
a5 = nazl < TN R+ )
(1-=p)2AB+a) — 2+ a)(a—1+2u+4pN)]
xmax{l,’l—i— (T4 221+ a) .
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Proof. Sincef(z) € 4 (a, A, p), by Definitio, there exists a functiphiz) = 1+, pr2* €
Py, such that

o (5) o[- e ()]

=1 =pp(z) +p, zelU.
Equating coefficients, we obtain

(1—p)? [A(3+a) — (et2)(e-1)
L+ A)2(1+a)2(1+2))(2 + )

__ 1=»
BT 01202t o)
Thus, we have
2 lL—p L,
@R = TN 2 1 ) (p2 - §p1>
+(1—p)2[2)\(3+04)—(2+a)(a—1)—2u(1+2)\)(2+a)]+(1—p)(1+)\)2(1+a)2 5

;.

201+ \2(1 +a)2(1+ 20 (2 + a) F1:
By Lemm, we obtain that,| = (1+)1\)_(l1)+a) Ip1| < (ﬁ&l)zﬁ)a), and
ABz?
as — pa3] < H(w) = A+ = —.
wherez = |p;| < 2,
2(1-p) 1=+ A1+ )
(1+2))(2+a)’ (1+X22(1+a)?

and
C=1+N*1+a)+(1-p2AB+a) — 2+ a)(a — 1+ 2u + 4p))].
So, we have

H(0) = A, ] < (14 X)*(1+a)?,
|lag — pa3] <

AlC
H(2) = grpaias: I = 1+ 221+ a)

Here equality is attained for the function given by
35 zf@)(ﬂd)

fz) \ =
( >\Zl/)‘(1 _22)(/)—1)/)\

foz tA=2/2(1 — 2)(e=D/Adt’
1+ (1—2p)2?
1—22 ’
/\Zl/)\<1 _ 2)2(p71)/)\
foz tA=2/2(1 — ¢)2(=1)/Aqt’
1+ (1—2p)z
\ 1—=2

A>0, el < (1+N2(1+a)?,

A=0, Je] < (1+N2(1+a)?

A>0, [ > 1+ N)2(1+ ),

, A=0, ] = (1+ N1 +a)
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Setting\ = 0 in Theorenj 3.p, we have the following corollary.
Corollary 3.10. If f(z) € B(a, p) given by[(1.]), then

2(1—-p)
14+«
and for eachu € C, the following bound is sharp

2(1—p) (1=p) 24+ a)(1—2u— )
Tapmax{l,ll—i— i (1+a) K }

Notice that# (0, o, 0) = a — K, and from Theorerp 3/9, we have the following corollary.
Corollary 3.11. Leta > 0. If f(z) € a — K given by[(1.1L). Then

las| <

Y

|ag — paj| <

lag| <

1+a’
and for eachu € C, the following bound is sharp
6+ 2 — 4p — 8ua

1
1+2amax{1, 1+ a) }
Theorem 3.12(Covering Theorem)Leta > 0,A > 0 and f(z) € .4 («, \, p), then the unit
diskU is mapped by (z) on a domain that contains the digk| < r, where
(I14+a)(1+ )
21+ a)(14+A)+2(1—p)

Proof. Let wy, be any complex number such thatz) # wy (z € U), thenw, # 0 and (by
Corollary[3.2) the function

M:Z+<a2+i>22+...’

wo — f(2) Wo

1+

jas — pa3| <

r =

is univalent in/, so that

1
ag + —
wo

Therefore, according to Theorém|3.9, we obtain
(1+a)(1+ )

I+a)(1+A)+2(1—p)

Thus we have completed the proof of Theofem [3.12. O

Remark 3.13. Settinga = A = p = 0 in Theoren] 3.12, we get the well-known- covering
theorem for the familiar clasS* of starlike functions.

<2

)

> = 7.
|wo| > 2( T

If 0 < p <y andy is a real number, Theorgm 8.9 can be improved as follows.
Theorem 3.14.Suppose thaf (z) = z+ >~ , a,2" € A (N, o, p) andp € R. Then
(3-6) las — pas| + plazl”

2(1 = p) { (1-p)2AB+a) - (2+a)(a—1)]
T (1420 (2+ ) (14221 + «a)?

}7 OS,USHOa

2(1—-p)
1+20)(2+a)’

(3.7) |as — pa3| + (u1 — p)lag]? < ( po < pu < pun,
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and these inequalities are sharp, where

—l—l— 2\ — a2+ a) (1+ N1+ «a)?
= o202+ a) 20+ 202+ )1 —p)
= 1 2 —a2+a) (1+N)?(1+ a)?

2 TNt A+ +a)d—p)
Proof. From Theorem 3]9, we get
2(1-p) 2(1-p)
1+202+a)  (1+20)(2+a)
_ [|(1 —p)2AB+ ) — 2+ @) [(a—1) +2u(1 + 20)]] + (1 + X)*(1 + o)?

41+ N2(1 +a)? — 5|
Using (3 ) andi, = straypts if 0 < o < o, we obtain
2 2(1-p) 2(1-p)
s = nal < TN T A o )
" (I=p)2AB+a)— 2+ a)(a—1) —2u(1 +2))(2 + «)] ip?
41+ N2(1 + )2 !
2(1 - p) 2(1 = p)*2A\3+a) = 2+ a)(a —1)] 2 sl

— (14+2)0)(2+ «) A1 +20)2+a)(1+N)2(1+a)? P2

Hence

|ag — paz| + plasl?
2(1-p) 2(1 = p)*2AB+a) — 2+ a)(a — 1)]| 2
= (14+20)(2+a) A0 +20)2+ )1+ A2 (1+a)2
2(1-p) {1 (1= p)2AB+ ) — (24 o) (o — 1)]
= (1420 (2+ ) (1+N2(1+ )

If 1o < p < pq, from (3.8), we obtain

}a OSMSMO

|ag — pa3)|
2(1-p) 2(1-p)
T 1+202+a) | (T+20)2+a)
y —2(1+ 2?1+ a)* = (1—p)2AB+a) — 2+ a)(a — 14 2u + 4ul)]
41+ N1+ a)?

|101|2

__ 2(t=p)
(T 20)(2+

Therefore

o~ (= sl

2(1—p)
(14+2)N)(2+a)’

Here equality is attained for the function given lpy {3.5), and the proof of Theprem 3.14 is
complete. 0

|ag — pas| + (pn — p)|az|” < po < < pu

J. Inequal. Pure and Appl. Math8(1) (2007), Art. 12, 11 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

BAZILEVI € FUNCTIONS

Theorem 3.15.Let f(2) e H,a > 0, A > 0and0 < k£ < 1. If

oo {75112
G | R

then
k

1+ N1 +a)
and for eachu € C, the following bound is sharp

las| <
(

laz — W%’

_ k . k(1+20)(2+a) ’1 =20 = eyt (1+2,\2))E2+a)
S22 ra) M) 20+ V2(1 +a) ’

Proof. By (3.9), there exists a functign(z) € P, such that for alk € ¢/

7o () 58 - e G )

2k

Equating the coefficients, we obtain

- k
21+ N1+ a)

. 2) K [A3 + a) — e
2) +

k
(14+20)(2+ a)ag = D) (pz 5P AT+ 221+ a)?

Ao = P1,

P

Thus, we have

2 k 1 2

B AR T T N2 1 a) (p2_§p1>

2 [A(3+a)—%—ﬂ(1+m(z+a)
A1+ 221+ a2 202+ a)

so that, by Lemm.3, we get that| = 5 1m1| < sy and

- i,

o — | < H(x) = A+ 22
wherez = |p;| < 2,
4 k B k2| C| B k
(14+2)N)(2+a)’ [(T4+N2(1+«)?]  [(14+20)(2+ a)]
and
O 1=2u « A

> T 2it+2y (+2vCta)
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Therefore .
= 1+ 1+o
| 2| < H(0) = A, || o
as — pa
3 lu“ 21 = H(2) _ Ak(1+2)\)(2+a)|0| |C| > (1+)\)2(1+a)2

1+N2(1+a)? k(20 (2+a)
Here equality is attained for the function given by
( A1/ exp(—k22)/(2X) (14X)2(1+a)?
Fihegreeg A > 0 ld < e
o 2 o (14+2)2(14a)?
THONSION N I A=0,ld < iaierar
f z z B Az1/ X exp—kz/A (14+2)2(14a)?
( ) f()z t(l—A)/A ep;p—kt/A dt’ )‘ > 07 |C| Z k(1+2)\)(2+a)’
_ (1+A)?(1+a)?
k1—14722, )\—O,’C|Zm

This completes the proof of Theor¢m 3.15.
Setting\ = 0, we get the following corollary.
Corollary 3.16. Let f(z) € H,a > 0and0 < k < 1. If

M(M>a—1'<k, z€eU,

f(z) \ =
then
as] < —
and for eachu € C, the following bound is sharp
k k(2 + «)
— gl < M\ _
las — paz| < Tt a max{l, 20 +Oé)2|1 20 a]} .
Corollary 3.17. Let f(z) €e H,a > 0and0 < k < 1. If
zf'(2) [ zf”(Z)] ‘
11—« +a|l+ -1l <k, z€el,
e 72)
then
<
jaz] < 14+a’

and for eachu € C the following bound is sharp

k k(1 +20) [1—2p 4 12
_ 2 < - 1 1+2c )

Settinga: = 1 in Corollary[3.17, we have the following corollary.
Corollary 3.18. Let f(z) €e Hand0 < k < 1. If

2f"(2)
<k, z€el,
f'(2)
then
k
|6l2| < 57
and for eachu € C the following bound is sharp
4 —
oo = ] < o {1 S
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