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ABSTRACT. In this paper, we establish several inequalities of Fejér type for Wright-convex
functions.
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1. INTRODUCTION

If f:[a,b] — Ris aconvex function, then

(L.1) f(a+b)Sbia/a”f(x)dgjgfmwf(b)

2 2

is known as the Hermite-Hadamard inequality ([5]).
In [4], Fejér established the following weighted generalization of the inequlity:

Theorem A. If f : [a,b] — R is a convex function, then the inequality

(1.2) f(“*b)/ dm</ f M/abp(x)dm

holds, where : [a,b] — R is nonnegative, integrable, and symmetric about “2.

In recent years there have been many extensions, generalizations, applications and similar
results of the inequalitie..1) and(L.2) see [1] —[8], [10] —[16].
In [2], Dragomir established the following theorem which is a refinement of the first inequal-

ity of (L.1).

Theorem B. If f : [a,b] — R is a convex function, andl is defined ono, 1] by

H(t)_bia/abf(ter(l—t)a;Lb)dx,
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then H is conve, increasing of, 1], and for all¢ € [0, 1], we have

2 b—a

In [11], Yang and Hong established the following theorem which is a refinement of the second
inequality of (1.1)):

Theorem C. If f : [a,b] — R is a convex function, anfl is defined on0, 1] by

s [ 15+ (5
()0 (5

then F' is convex, increasing of), 1], and for allt € [0, 1], we have

bia/bf(x)dl’—F(O)SF(t)gF(l)_M'

2
We recall the definition of a Wright-convex function:

(13) f(“*b)zmmsw)sml): ! /abf(x)dx-

(1.4)

Definition 1.1 ([9, p. 223]) We say thatf : [¢,b] — R is a Wright-convex function, if, for all
x,y+ 9 € [a,b] with z < y andd > 0, we have

(1.5) fl@+d)+ fly) < fly+0)+f(z).

LetC ([a, b]) be the set of all convex functions @n b] andIV ([a, b]) be the set of all Wright-
convex functions oria, b]. ThenC ([a,b]) & W ([a,b]). That is, a convex function must be a
Wright-convex function but the converse is not true. (§ée [9, p. 224]).

In [10], Tseng, Yang and Dragomir established the following theorems for Wright-convex
functions related to the inequalify.1]), Theorenj A and Theorefr| B:

Theorem D. Let f € W ([a,b]) N Ly [a,b] . Then the inequalityfl.1]) holds.

Theorem E. Let f € W ([a,b]) N Ly [a,b] and letH be defined as in Theorgn B. Th&he
W ([0, 1]) is increasing orj0, 1], and the inequality{1.3)) holds for allt € [0, 1].

Theorem F. Let f € W ([a,b]) N L, [a,b] and letF be defined as in Theoren) C. Théne
W ([0,1]) is increasing or{0, 1], and the inequality{1.4) holds for allt [0, 1].

In [12], Yang and Tseng established the following theorem which refines the ineq[iajty

Theorem G ([12, Remark 6]) Let f andp be defined as in Theordm A.Hf ) are defined on
[0,1] by

a+b

(1.6) P(t) = / f (ta; +(1—1) T) p(x)dx (t€(0,1))

and

(1.7) Q(t):/ab% lf(lgt“ 1;tx)p<x;a>
+ f(ﬂb—k ﬁx>p<z+b>} dx (te (0,1)),
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then P, () are convex and increasing @@, 1] and, for allt € [0, 1],
a b
wo () [rwa=rosro<ro= [ @
and
b
@9 [rer@a=en<en<emn="2010 6

In this paper, we establish some results about Theprem A and Thgdrem G for Wright-convex
functions which are weighted generalizations of Thedrgin|D, § and F.

2. MAIN RESULTS
In order to prove our main theorems, we need the following lenima [10]:

Lemma 2.1.If f : [a,b] — R, then the following statements are equivalent:

(1) feW(la,b]);
(2) forall s,t,u,v € [a,b] withs <t <wu <wvandt+ u = s+ v, we have

(2.1) F@&) +fu) < f(s)+f(v).

Theorem 2.2.Let f € W ([a,b]) N Ly [a,b] and letp : [a,b] — R be nonnegative, integrable,
and symmetric about = %2 Then the inequalitfI.2)) holds.

Proof. For the inequality[(2]1) and the assumptions fhit nonnegative, integrable, and sym-
metric aboutr = “2, we have

f(a;rb) /abp(:v)dx

+b +b

:/:Qf(a;b)p(a:)daﬂr/ff(a;b)p(aw—x)da:

a+b

[ PR o5

a+b

g/a2 F(x)+ fla+b—2)p(x)d (xg ath_ a+b<a+b—x>

:/an dx+/f

= [ @@,
and
fa /@) /abp@)dx
:/ {f(a);f(z))]p(x)m/a”?b [f(a);rf(b)]p(aw_x)dx
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>/2[f(x)+f(a—|—b—x)]p(:)s)da: (a<z<a+b—z<D)

=t b ’
:/ f(x)p(x)dx—i—/mf(x)p(x)dx:/ f(x)p(z)dx.
This completes the proof. 0J

Remark 2.3. If we setp (z) = 1 (x € [a,b]) in Theoren] 2.2, then Theorgm P.2 generalizes
TheoreniD.

Remark 2.4. FromC ([a, b]) S W ([a,]), Theorenj 22 generalizes Theoremn A.

Theorem 2.5. Let f andp be defined as in Theorgm P.2 and febe defined as iff1.6)). Then
P € W ([0,1]) is increasing orj0, 1], and the inequality1.8)) holds for allt € [0, 1].

Proof. If s,t,u,v € [0,1]ands <t <u <wv,t+u= s+ v, thenforz € [a, “TH’} we have

b23x+(1—3)a+bth—l—(l—t)a;b
2ux+(1—u)a+bva+(1—v)a+b2a
and ifz € [%52,b], then
a§3x+(1—s)a+bgtx—i—(l—t)a;—b
§ux+(1—u)a+b§vx+(l—v)a+b§b,
where
[m+(1-t>a+ﬂ + {u:v—l—(l—u)a;b}
= [sx+(1—s)a+b} + {vx—l—(l—v)a;b].

By the inequality(2.1)), we have
(2.2) f(tx—l—(l—t)aTM)+f(u$+(1—u)a;b)

Sf(SfH(l—S)a;b)+f(ux+(1—v)“;b>

for all = € [a, b]. Now, using the inequalitf2.2) andp is nonnegative ofu, b], we have

(2.3) {f (t:ﬂ—k(l—t)a;—b)+f(ux+(1—u)a—2i_b)}p(x)
< [f (sx+<1—s>“§b) +f(vx+<1—v>“;”)]p<x>

for all z € [a, b]. Integrating the inequalitf2.3)) overz on[a, b], we have
P(t)+ P(u) < P(s)+ P(v).
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HenceP € W ([0, 1]).
Next, if 0 < s <¢ < 1andz € [a, %$*], then

t$+(1—t)aTM§sx+(1—s)a;Lb
Ss(a+b—x)—|—(1—s)a—2i_b
St(a+b—x)+(1—t)a;rb,
where
5x+(1—5)a+bl + {s(a—i—b—x)—k(l—s)a;b}

a+b

:[tx+(1—t)a7+b}—|—[t(a+b—x)+(1—t) :

By the inequality(2.1) and the assumptions thatis nonnegative, integrable, and symmetric
aboutz = 2, we have

P(s):/abf<sx+(1—s)a_2|—b)p(x)dx
:/azf(sx—l—(l—s)a;_b)p(x)dx

a+b

+/a ’ f(s(a+b—x)+(1—s)a+

b)p(a—i—b—x)dm

a+b

f<5x+(1—5) >+f(s(a—l—b—x)—i—(l—s)a+b)}p(x)dx

|
g/j {f (ta:+(1—t)a;b>+f(t(a+b—x)+(1—t)a+b)]p(x)dx
f

2

a+b
2

+/ f(t(a+b—x)+(1—t)

a

)p(a+b—x)d:c

:/abf<m+(1_t)a7+b)p(g;)dx:P(t).

Thus, P is increasing o0, 1], and the inequality1.8)) holds for allt € [0, 1] .
This completes the proof. 0J

Remark 2.6. If we setp (z) = 1 (z € [a,b]) in Theoren{ 2.5, then Theorgm P.2 generalizes
TheoreniE.

Theorem 2.7. Let f andp be defined as in Theorgm P.2 anddgbe defined as iff1.7). Then
Q € W ([0,1]) is increasing or{0, 1], and the inequalityI.9) holds for all¢ € [0, 1].
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Proof. If s,t,u,v € [0,1] ands <t < u <w,t+u = s+ v, then for allx € [a, b] we have

2
1+t 1—1¢
<
< (4 )+( . )
and
1+s 1—s 1+1¢ 1—1t
< < [ —=
o2 () (15) = () (5
1+u 1—u 1+v 1—w
< < <
<(55)or ((50) = (7)o () e
where

o) <() <) ) ((5) (%))
_ sf((l_g ) +(1;v)x)+f<(1-58)a+(1;s>x)

e s((5) (2 o (050) e (7))
() (57) ) o () (57) )

for all = € [a, b]. Now, using the inequalitf2.4), (2.5 and the assumptions thats nonnega-

tive on|a, b], we have
1 14+u 1—u r+ta
o () (7)) ()

2

+
—

+
NI~ N —= N~
~~
7~ N7 N .7 N

+
—
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(VAN
N —
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VR
—_
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4
~~
IS
+
7N
—_
(U
e
|v
)
~__
=

S ((5) 0 (57) ) (55)
() () (57
() (7)) (57

Integrating the inequality2.6]) overz on[a, b], we have

Q) +Q(u) <Q(s) +Q(v).

Hence@ € W (|

0,1]).
Next, if0 < s <t

< 1landzx € [a,b], then

(50 ()= ()0 ()

and
(14)es () e (5 (552) s
S (1;—s>b+<1;s)x
(5 (59
where
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By the inequality(2.1)) and the assumptions thats nonnegative and symmetric about “T“’
we have

ena((57)= (57) ) (%)
Y
() as (152) o) p (“2=0)
(133)“)(125)90)19(333”)

1 ) ( ) ) (2a+b—x)
a+b—x s ——
2
1 ) ( ) ) (a—|—2b—x>
(a+b—x —
2
1+1¢ 1-—1t x+0b
() (500 (222)
Integrating the inequality2.7)) overz on a, b], we have

4Q (s) <4Q (1)

HenceQ is increasing ono0, 1], and the inequality[1.9) holds for allt € [0, 1].
This completes the proof. 0J

Remark 2.8. If we setp (z) = 1 (z € [a,b]) in Theoren{ 2.J7, then Theorgm P.2 generalizes
TheoreniF.
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Remark 2.9. FromC ([a, b]) & W ([a, b]), Theoren 25 and Theorgm P.7 generalize Theorem
C.
REFERENCES

[1] J.L. BRENNERAND H. ALZER, Integral inequalities for concave functions with applications to
special functionsProc. Roy. Soc. Edinburgh, 118(1991), 173-192.

[2] S.S. DRAGOMIR, Two mappings in connection to Hadamard’s inequaliligdath. Anal. Appl.,
167(1992), 49-56.

[3] S.S. DRAGOMIR, Y.J. CHO AND S.S. KIM, Inequalities of Hadamard’s type for Lipschitzian
mappings and their applicationk,Math. Anal. Appl.245(2000), 489-501.

[4] L. FEJER, Uber die Fourierreihen, Math. NaturwissAnz Ungar. Akad. Wiss24 (1906), 369—
390. (Hungarian).

[5] J. HADAMARD, Etude sur les propriétés des fonctions entiéres en particulier d’une fonction con-
sidérée par Riemand, Math. Pures Appl58 (1893), 171-215.

[6] K.C.LEEAND K.L. TSENG, On a weighted generalization of Hadamard’s inequality for G-convex
functions,Tamsui-Oxford J. Math. Scil6(1) (2000), 91-104.

[7] M. MATI C AND J. PEEARIC, On inequalities of Hadamard's type for Lipschitzian mappings,
Tamkang J. Math 32(2) (2001), 127-130.

[8] C.E.M. PEARCEAND J. PECARIC, On some inequalities of Brenner and Alzer for concave Func-
tions,J. Math. Anal. Appl.198(1996), 282—-288.

[9] A.W. ROBERTSAND D.E. VARBERG,Convex FunctionsAcademic Press, New York, 1973.

[10] K.L. TSENG, G.S. YANGAND S.S. DRAGOMIR, Hadamard inequalities for Wright-convex func-
tions,Demonstratio Math.37(3) (2004), 525-532.

[11] G.S. YANGAND M.C. HONG, A note on Hadamard'’s inequalifyamkang. J. Math28(1) (1997),
33-37.

[12] G.S. YANGAND K.L. TSENG, On certain integral inequalities related to Hermite-Hadamard in-
equalities,J. Math. Anal. Appl.239(1999), 180-187.

[13] G.S. YANG AND K.L. TSENG, Inequalities of Hadamard’s Type for Lipschitzian mappinlys,
Math. Anal. Appl.,260(2001), 230-238.

[14] G.S. YANG AND K.L. TSENG, On certain multiple integral inequalities related to Hermite-
Hadamard inequalitytilitas Mathematica62 (2002), 131-142.

[15] G.S. YANGAND K.L. TSENG, Inequalities of Hermite-Hadamard-Fejér type for convex functions
and Lipschitizian functionslaiwanese J. Math7(3) (2003), 433—-440.

[16] G.S. YANGAND C.S. WANG, Some refinements of Hadamard’s inequaliffespkang J. Math.
28(2) (1997), 87-92.

J. Inequal. Pure and Appl. Mat}8(1) (2007), Art. 9, 9 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction
	2. Main Results
	References

