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Abstract: The main object of this paper is to derive the sufficient conditions for the func-
tion z{,¢4(z)} to be in the classes of uniformly starlike and uniformly convex journal of inequalities
functions. Similar results using integral operator are also obtained. in pure and applied
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1. Introduction

Let A denote the class of functions of the form
(1.1) ) =24 an2",
n=2

that are analytic in the open unit disk= {z : |z] < 1}.
Also let S denote the subclass df consisting of all functiong'(z) of the form

(1.2) f(z)=2— ianz", a, > 0.
n=2

A function f € A is said to be starlike of order, 0 < a < 1, if and only if

Re (%) > «, z € A. Also f of the form (L.1) is uniformly starlike, whenever

({Z(fgf(é)) > 0, (z,£) € A x A. This class of all uniformly starlike functions is

denoted byU ST [4] (see also%], [10] and [14]).
The functionf of the form (L.1) is uniformly convex inA whenever

f”(Z)
f'(2)
This class of all uniformly convex functions is denoted Biy'V' [3] (also refer
[2], [6], [9] and [13]). Further it is said to be in the clagsC'V(a), a« > 0 if
zf'(2) zf""(z)

Re (1 + 50 ) 2 |5
A function f of the form (L.2) is said to be in the clad$ST N («),0 < o < 1, if

Re (ﬂz —f@) >, (2,6) € A x A

Re<1+(z—§) >zo, (2,8) € A x A.

)
(2=8)1'(2)
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In the present paper, we shall use analogues of the lemm@&gand [7] respec-
tively in the following form.

Lemma 1.1. A functionf of the form (..1) is in the clasd/ ST («), if

o0

> 3= a)n =2 Jay| < (1 —a)M,

n=2

whereM; > 0 is a suitable constant. In particulaf, € UST whenever

o0

> (3n—2) |an| < M.

n=2

Lemma 1.2. A sufficient condition for a functioni of the form (.1) to be in the
classUCV () is thatd ">, n[(a + 1)n — o] a,, < M,, whereM, > 0 is a suitable
constant. In particularf € UC'V wheneved_ > , n?a, < M.

The Fox-Wright function12, p. 50, equation 1.5] appearing in the present paper

is defined by

o0

(1.3)  (2) = i, { ((Zjaj 1o} } Z

1q7

I'(a; + ajn )z”

L (b + Bin)n!

whereo; (j = 1,...,p) and3; (j = 1,...,q) are real and positive antl +

q P
=155 > Zj:l Q-
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2. Main Results

Theorem 2.1.1If

q p q p
Zlb]‘>Z|CL]’+1, aj>0 and 1+Zﬁj>204j,
Jj=1 Jj=1 j=1 j=1
Uniformly Starlike and

then a sufficient condition for the functiaq ,1,(z)} to be in the clas$/ST(«a), Uniformiy Convex Functions

0 S @< 1’ iS Amber Srivastava
33—« (\a~—i—a-| a')l . :| |: (|a| Oé‘)l . :| vol. 9, iss. 1, art. 30, 2008
2.1 J I e 1 ib &G )Lps
2.1) (1 - a) 2L [ (165 + B, Bi)1g; & (1651, B)1q;
P Ta. Title Page
< M; + ‘Z];a].
j=1 Fbj Contents
Proof. Since <« >
[=iTa; S [LoiTlay + aj(n—1))2" 1 >
A2} = b 2D ]F[b + Bi(n —1 1)! Page 5 of 14
j=1+9j o L1j=1119% i(n—1)](n—1)! age o o
so by virtue of Lemmad..1, we need only to show that Go Back
Full Screen
= [[}-i Tla; + a;(n —1)]
(2.2) (3 —a)n — 2 L <(1—a)M;.
; ;I-:l F[bj + ﬂj(n — 1)](7’l — 1)‘ Close
Now, we have journal of inequalities
' in pure and applied
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P, Tla, + ay(n + 1))

7j=1

_ T+ B(n+1)](n+1)!

i a)(n+2) — 2]

(a3 [l + o) )
=\ [i= Tl(b; + B)) + npj]n!
> - T(a; + ayn) | 1 P Ta, Uniformly Starlike and
+ (1 o &) Z = - - - % Unifo?m?)r/n(]:)t;nvz; Fﬁna:;ions
n=0 = F(bj + ﬂjn> j=1 Fb] V.B.L. Chaurasia and
( | +_ | ) Amber Srivastava
a; + ol i )10p; :
= (3 — Oé) pwq { (| J J1 =375 1 vol. 9, iss. 1, art. 30, 2008
bj + ﬁj|7 ﬁj)l,rﬁ
1 o)y P Ta,
1— (|a’]|7a]>1,p7 1| — (1= 1l=1""J Title P
" ( a) pwq |: (lbj|7ﬁj>1,q; ( a) ?:1 Fbj e Fage
< (1 i Oé)M1 Contents
C e . . <44 44
which in view of Lemmal.1 gives the desired result. O]
< >
Theorem 2.2.If
‘ » . ’ Page 6 of 14
Yb>> aj+1, a;>0  and 1+ ) B> o Go Back
j=1 j=1 J=1 j=1 Full Screen
then a sufficient condition for the functiar v,(2)} to be in the clas®/ ST N («), Close
0<a<l,lIs:
journal of inequalities
3—a (aj + aj, a;)1p; (aj, o)1 —11 i :
’ P q i 5 )Lps < M+ =——~ in pure and applied
(1 — a) & [ (b + B Bes LT Y| by, B e _ Iy mathematics
Proof. The proof of Theoreni.2is a direct consequence of Theorém. O 1ssni HHHSTeTSE
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Theorem 2.3.1If

ibj>iaj+2,aj>0 and 1+iﬁj>i0¢j,
Jj=1 Jj=1 j=1 j=1

then a sufficient condition for the functiad ,v,(2)} to be in the clas®/CV (),

0<ax<l, is Uniformly Starlike and
Uniformly Convex Functions
( X 2% ) V.B.L. Chaurasia and
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2.3) (1 J e |
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+(2a+3) 0 { (a; + aj, )1 11 + (1) < Mo+ Faj.
PREL (b + B Birgs P _11'b; Title Page
Proof. By virtue of Lemmal.Z2, it suffices to prove that Contents
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Using(n +1)2 = n(n+1) + (n+ 1), (2.5 may be expressed as
- ?:1 I'(aj + a;n)
(2.6) (14a) ;(n +1) = F(b- A1)

- F(%""O‘J)

+; n+1) "5, T

aj—f-ajn)
1+C“ZH bw n)(n—2)]

a]+a])+a] ]
a+3) ZH T, 1 5,) + Bl

I'(aj + ajn)
Z

b+ﬁ])

B (a; + 205, aj)1p;
= (1 + CY) pwq |: (b] + 26j,ﬁj)1,q; 1:|

(a; + o, )1 p; ] II;_ Ta;
(20 +3 i e | 1) - =t g
( )pwq|: (b; + B, Bi)1.qi pa(l) ;1:1 I'b;

which is bounded above by/; if and only if (2.5 holds. Hence the theorem is
proved. O
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3. An Integral Operator

In this section we obtain sufficient conditions for the function

(aj,05)17 | _ 7
pd)q{ (b5, 8j)1.43 Z} _/o palr)de

to be in the classag ST andUCV . Uniformly Starlike and
Uniformly Convex Functions
V.B.L. Ch i d
Theorem 3.1.If aurasia an

Amber Srivastava

q p q P vol. 9, iss. 1, art. 30, 2008
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3.1) 3 (a; = 0, 05)1p; 1] y >
( ) Pl/Jq( ) pwq |: (b - /ijﬁj)l(p

5,’:1 I'(a; — ) 1; Ta; Page 9 of 14

+ 23 <M + =

=1 I'(b; — 5;) j:l Fbj Go Back

Proof. Since Full Screen
Close

B2 ()= / () da
journal of inequalities

H aj) + a;n] zn in pure and applied
- Z b _ 5]) + Bn] nl’ mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

we have

- j=1Ll(a; — ;) + ayn
(3.3) an ~ I, TG, - 5) +6jn1n!

_ Clj + Q;n aj) - i ]
3ZH b+ﬁnn' [ZH @H@ "
f 1Plaj—ay) I} Tg
J 1 ( - B;) ;1’:1 I'b;
-2, [ 7]
Ty —ay)  TI- Tay

23202 - .
i L(by =85 L= Iy
In view of Lemmal.1, (3.3) leads to the resul3(1). O

Theorem 3.2.1If

zq:bj>zp:aj,aj>0 and 1+§:Bj>zp:aj,
Jj=1 Jj=1 j=1 j=1

then a sufficient condition for the functign, (z) = [ ,¥,(z)dx to be in the class
UCVis
, i) e Ia,
3.4 (aj + o, aj)1p; 1 < M —J
&4 i { (b + By g 1|+ e S Mt _, Tt
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Proof. Sincepgzﬁq(z) has the form.2), then

— o) + a;n]
(3:5) Z [(b —ﬁnw nlnl

_ I'(a; +ajn
—ZnH (0, + am)

(b + ﬁ] ) Uniformly Starlike and
) Uniformly Convex Functions
Z CLJ + Oéj + CK] a] + a;n ) =1 Faj V.B.L. Chaurasia and
- — Amber Srivastava
i+ 05) + Bl H ( +Bm)nl J=1""J vol. 9, iss. 1, art. 30, 2008
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4. Particular Cases

4.1.BysettingOé12052:“':Oép:1;ﬁ1ZBQI"':/quland
P Ta;
M, =My=M; = ==1_7
;1':1Fbj

Uniformly Starlike and
Uniformly Convex Functions

Theorems2.1, 2.3, 3.1 and 3.2 reduce to the results recently obtained by Shan-

mugam, Ramachandran, Sivasubramanian and Gangadhatan | R e e
4.2. By specifying the parameters suitably, the results of this paper readily yield the vol. . iee. 1. art. 30, 2008
results due to Dixit and Vermdl]. D
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