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ABSTRACT. The main object of this paper is to derive the sufficient conditions for the function
z{p¥4(2)} to be in the classes of uniformly starlike and uniformly convex functions. Similar
results using integral operator are also obtained.
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1. INTRODUCTION

Let A denote the class of functions of the form
(1.1) f2) =2+ anz",
n=2

that are analytic in the open unit disgk= {z : |z] < 1}.
Also let S denote the subclass df consisting of all functiong'(z) of the form

(1.2) f(z)=2z— ianz”, a, > 0.
n=2

A function f € Ais said to be starlike of order, 0 < o < 1, if and only if Re <%S)> > a,

z € A. Also f of the form ) is uniformly starlike, Whenevéqf;i%]f,g) >0, (28) €

The authors are grateful to Professor H.M. Srivastava, University of Victoria, Canada for his kind help and valuable suggestions in the
preparation of this paper.
230-06


mailto:amber@skit.ac.in
http://www.ams.org/msc/

2 V.B.L. CHAURASIA AND AMBER SRIVASTAVA

A x A. This class of all uniformly starlike functions is denotediyT [4] (see alsol]5],[10]
and [14]).

The functionf of the form ) is uniformly convex ilh wheneveRe (1 + (z — g)J}’/’((zz))) >
0, (2,£) € A x A. This class of all uniformly convex functions is denoted Gy'V [3]
(also refer [[2], [[6], [9] and[[13]). Further it is said to be in the cld$§'V («), a > 0 if
Re (14 35) > a| 5.

A function f of the form [1.2) is said to be in the clagdSTN(a), 0 < a < 1, if

()
Re <(z E)f’(z)> >, (2,£) € A X A.

In the present paper, we shall use analogues of the lemmas in [8]land [7] respectively in the
following form.

Lemma 1.1. A functionf of the form[(1.L) is in the clads ST («v), if

o0

> 3= —2] an| < (1 —a)M,

n=2
whereM; > 0 is a suitable constant. In particulaf, € UST whenever

o0

> (3n—2) |a,| < M.

n=2

Lemma 1.2. A sufficient condition for a functiofi of the form|(1.11) to be in the clagsC'V («)
isthatd >, n[(a + 1)n — o] a, < M,, whereM, > 0 is a suitable constant. In particular,
f € UCV whenevel_ >, n*a, < M.

The Fox-Wright function([12, p. 50, equation 1.5] appearing in the present paper is defined
by

_ (aj, aj)1pi L(aj + ajn)z"
(1.3) p¥q(2) = p@bq{ (b, B 11q’ ] Z L(b; + Bjn)n!’

whereq; (j =1,...,p)andg; (j =1,...,q) are real and posmve aridr> 7 B > >0 oy

2. MAIN RESULTS
Theorem 2.1.If

q p q p
S>> lal+1, a;>0  and 14> 8> aj
j=1 j=1 j=1 =1
then a sufficient condition for the functiet ,1,(z)} to be inthe clas§/ST'(«), 0 < a < 1, is

3—« (Jaj + o, ;)1 p; ] { (Ja;|, ;) 1p; ] Hleraj
2.1 _— J J’J’p’1_|_ J7J7p71<M+ J ]
&) <1—04> p%{ (165 + Bil: Bj)r.as ol (bl By ] =M ¢ T,
Proof. Since
la; + oj(n —1)]2"

[Ti=
A2} = Hq,l I, +ZH o, + 5,01 = Dltn — 1)

so by virtue of Lemma 1]1, we need only to show that

e b Tla; + aj(n —
(2.2) > I —a)n -2 _le—[bj +[ &n _(1)“;)1 e < (1 —a)M,.
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Now, we have

00 P: F[aj + Oéj(n - 1)]
3—a)n —2 =
;[( =2 T, + 5,00 — 1)]n — 1)1
) ~ 1;:1 [la; + a;(n+1)]
_ nzo[(g —a)(n+2) -2 T Tl + B(n+ 1)](n + 1)!
) = | TT%_, Tl(a; + o) + nay]
=B-q) HZ:O -1 T[(bj + ;) + npjn!
> I TTEZ, Da; +ajn) | 1 =114
+(1—a) L; ]31 L(b; + Bjn) | n! ﬁ]
L (laj + ajl, )13
= (3 —a) ptq { (16; + Bjl, Bi)1.q; 1}
B (ail, )i (] _ g g1l T
+ (1 —a) pi, [ (1651, B) 1.4 1} (1=a) %‘1 I'b;
< (I —a)M,
which in view of Lemma4 T]1 gives the desired result. -

Theorem 2.2.1If

ibj>iaj+1, CLj>0 and 1+iﬁj>iﬁj,
Jj=1 Jj=1 j=1 j=1

then a sufficient condition for the functiaf ),(z)} to be in the clas®/ ST'N(a), 0 < a < 1,
is:

33—« (aj + % Oéj)l ) :| |: (a4 Oé‘)l ; :| P:l Pa’j
) P14 D3 < M 2
(1 - a) o { (bj + By, Bj)1as P (b Birgs | = =110

Proof. The proof of Theorern 2|2 is a direct consequence of Theprgm 2.1. O

Theorem 2.3.1If

ibj>iaj+2,aj>0 and 1+iﬁj>iaj,
Jj=1 Jj=1 j=1 j=1

then a sufficient condition for the functies v, (z)} to be in the clas§/CV (o), 0 < a < 1, is

o3 o375

2 3 (aj + Qj aj)l P 1 (1) < M. 5_1 Faj
+ (20 + A TR Ry
(204 3) pig (b5 + 85 Bi)rgs pall) < Mo 1, T

Proof. By virtue of Lemmd 1.p, it suffices to prove that

- te a4+ aj(n = 1)]
(2.4) n[(a+1)n — a] T Tlb, + 0,01 — 1)](n — 1! < M.

n=2
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Now, we have

- [[5-: Tla; + a;(n — 1)]
25) 3l 1n = o g e 1)

% o 1L T(a; +a;n) . H 1 T(a; +ayn )
=(1+a)2(”+1) T T + Bl 2( " O 10, + G

Using(n +1)* = n(n + 1) + (n + 1), (2.3) may be expressed as

0 P T(a; + am 1 ey +ay
26) (1+0)3 (n+1) Hﬁbiﬁf w1 *Z <§> ++@] >>
T(a; + a;n) I'[(a; + o) + a;n]
e ZH by =B +32H Ll(b; + ;) + Byl

I'(aj + ajn)
ZH I'(b; + Bjn)n!
- (aj 4 20, o)1 p; (a; + aj, a5)1p;
N (1 + a) pl/Jq [ (bj + 2ﬁj,ﬂj)1,q; 1} * (2a * 3) pwq { (bj + 5;',53‘)1,(;; L
?:1 Faj

+ (1) - Jr——r
p¥aq 3:1Fbj

which is bounded above hy/; if and only if (2.3) holds. Hence the theorem is proved. O

3. AN INTEGRAL OPERATOR

In this section we obtain sufficient conditions for the function

(aj’ aj)Lp; . Z
p¢q |i (b‘]76])1,q7 = 0 pwq<$>d:€
to be in the classds ST andUC'V'.
Theorem 3.1.If

Eq:bj>zp:aj, aj >0  and 1+2q:ﬁj>zp:ozj,
Jj=1 Jj=1 j=1 j=1

then a sufficient condition for the functign, (z) = [, ,,(x)dx to be in the clas§/ ST is

(a; — o, 0)1,: -1 Tl — o) -1l
(3.1) 3 ,,(1) —2 1, [ (b, ﬁj,ﬁj)li 1] +2 T, = 5, < M, + m
Proof. Since

7j=1

Hf 1 La; - o [[j=1 Tlla; — o) + ayn] 2»
Uo7 = [T Dby = By) + Byn] nl”

(B32)  0u(2) = / " alw)dz =
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we have

= DTl ) + o)
@3 2 =B, @) il

B a] + a;n a] — ;) + a;n]

SZH +ﬁnn' [ZH bj — ;) + Bin|n!
? 1 T(ay — ) Hj:l La;

] 1 ( 53) ?:1 Fbj

- ( aj7aj)1 P :| ?:1 I'(a; — aj) B H?:l La,
3 pwq( ) p¢q l ( @7@)1(]’ 1] +2 ;1‘:1 F(bj _Bj) 3:1 Fbj.

In view of Lemmd 1.11,[(3]3) leads to the res{ilt (3.1). O
Theorem 3.2. If

q p q p
ij>2aj7aj>0 and 1+Zﬁj>206j,
j=1 j=1 i=1 7=

then a sufficient condition for the functign,(z) = [ ,,(x)dz to be in the clas§/C'V is
(a; + o, )1 p; —l'a;
3.4 I I ] <My + =———
(3.4) »a [ (b + Bj, Bigs ¥l 2 _ T,
Proof. Since,¢,(z) has the form[(3]2), then
P Tllaj — o) + a;n]
(3.5) 2 11— o
Z [( — ;) + Bjn|n!
_ Z _, I'(aj + ajn)
1 T'(bj + Bjm)n!
_Z aj—l_aj + oyn Z I'(a; + a;n) _H§:1Faj
I[(b; + B;) + Bnn! H b+ﬂ] n)n! ?=1Fbj
(@j + a5, 5)1p; } [T5—1 Ta
— > 1 1 R —
vt [ (bj + B, Bi) g + ota(l) i Thy
which in view of Lemma 12 gives the desired result)3.4). O

4. PARTICULAR CASES

4.1.Bysettingoyy ===, =1 =0 =---=0,=1and
P Ta;
MleQ:Mgzﬁ,
;’ZlFbj

Theoremg 2]1} 2|3, 3.1 and B.2 reduce to the results recently obtained by Shanmugam, Ra-
machandran, Sivasubramanian and Gangadharan [11].

4.2.By specifying the parameters suitably, the results of this paper readily yield the results due
to Dixit and Vermal[1].
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