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Abstract

In this paper is defined an n-inner product of type (ay, ..., ap|by - -+ by,) where
ai,..., a,, by,..., b, are vectors from a vector space V. This definition gener-
alizes the definition of Misiak of n-inner product [5], such that in special case if
we consider only such pairs of sets {ay, ..., a;} and {b; --- b, } which differ for
at most one vector, we obtain the definition of Misiak. The Cauchy-Schwarz in-
equality for this general type of n-inner product is proved and some applications
are given.

2000 Mathematics Subject Classification: 46C05, 26D20.
Key words: Cauchy-Schwarz inequality, n-inner product, n-norm.
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A. Misiak [5] has introduced an-inner product by the following definition.

Definition 1.1. Assume that is a positive integer and” is a real vector

space such thalim V' > n and (e, e|e, ... e) is a real function defined on
N——

n—1

1/><V><---><VJsuchthat:

~
n+1

., Xp) > 0, foranyx;, x, ..., x, € Vand(xy,x|xz,...,X,)
., X, are linearly dependent vectors;

) (x1,X1]x2, ..
= 0 ifand only ifx, xs, ..

“) (a7 b|X17 LR 7Xn71) = (gp(a% gO(b)’ﬂ'(Xl), s Jﬂ-(xnfl))a for anya7 b7 X1,
..., X,_1 € V and for any bijections

mo{xy,.. ., Xp1} — {x1,...,x,01} and ¢:{a,b} — {a,b};
i) If n > 1, then (x1,x1|x2,...,%,) = (Xg,Xa|x1,X3,...,%X,), for any
X1,X2,...,X, €V}
iv) (aa,blxy,...,x,.1) = a(a,b|xy,...,x, 1), foranya, b, x;,...,x, 1 €
V and any scalar € R;
V) (a+ay,b|xy,...,x,-1) = (a,b|xy,...,x,-1)+(as,b|xy,...,x,_1), for

anya,b.a;, xy,...,x,_1 € V.

Then(e,e|e ... o) is called then-inner product and(V, (e ,e|e, ... e)) is
—— S——

n—1

n—1
called then-prehilbert space.
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If n = 1, then Definitionl.1reduces to the ordinary inner product.
Thisn-inner product induces amnorm ([5]) by

%1, .., %] = V (X1, X1[Xo, . . ., X).

In the next section we introduce a more general and more convenient definition
of n-inner product and prove the corresponding Cauchy-Schwarz inequality. In
the last section some related results are given.

Although in this paper we only consider real vector spaces, the results of this
paper can easily be generalized for the complex vector spaces.
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First we give the following definition of-inner products.

Definition 2.1. Assume that is a positive integell/ is a real vector space such
thatdimV > nand(e, ... ele ... e)is areal function ori/?" such that

1)

On a Generalized n—inner
(2.1) <a1, . ,an\al, ey an> >0 Product and the Corresponding
Cauchy-Schwarz Inequality
if a;,...,a, are linearly independent vectors, _ o
Kostadin Trencevski and
Risto Malceski

i)
(2.2) (ar,...,a,|by,...,b,) = (by,...,bylay,..., a,) Title Page
forany a;,...,a,,by,...,b, €V, Contents
i) <4 >
(2.3) (Aay,...,a,|by,...,b,) = Xay,...,a,|by,...,by,) < >
for any scalar\ eR and anya,...,a,,b;,...,b, €V, Go Back
iv) Close
2.4)  (an,...,a,|b1,....b,) = —(a,1),- ., 80 |b1,- .., by) Quit
Page 5 of 23

for any odd permutatiornr in the set{l,...,n} and anya,...,a,,
by,...,b, €V,
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v)

(2.5) (a; +c,ay,...,a,lby,...,by,)

= (aj,as,...,a,|by,...,b,) + (c,as,...,a,|by,...,by,)
foranya;,...,a,,by,...,b,,c eV,
vi) if
(2.6) (ar,by,...,bi_1,bis1,....ba|b1,....b,) =0
for eachi € {1,2,...,n}, then
(2.7) (ar,...,a,|by,...,b,) =0

for arbitrary vectorsa,, . .., a,.

Then the functiorje, ... ele ... e) is called ann-inner product and the pair
(V,(e,... 0|0 ... e))iscalled ann-prehilbert space.

We give some consequences from the conditions i) — vi) of Definitian

From @2.4) it follows that if two of the vectors,, ..., a, are equal, then
(aj,...,a,| by,...,b,) =0.

From @.3) it follows that

(ai,...,a,|by,...,b,) =0

if there exists such that, = 0.
From @2.4) and @.2) it follows more generally that
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iv’)
<a1, e ,an|b1, e ,bn> = (—1)Sgn(ﬂ)+5gn(7) <a7r(1), Ce ,aw(n)\bT(I), e 7b7—(n)>

for any permutations andr on{1,...,n}and ay,...,a,,by,...,b, €
V.

From 2.3), (2.4) and @.5) it follows that
(al,...,an|b1,...,bn> =0
if a;,...,a, are linearly dependent vectors. Thus i) can be replaced by

i) (aj,...,a,las,...,a,) > 0foranya;,...,a, € V and(ay,...,a,|
aj,...,a,) =0ifandonlyifay, ..., a, are linearly dependent vectors.

Note that thew-inner product ori” induces am-normed space by

%1, .- Xl = VX1, XX, X)),

and it is the same norm induced by Definitibr.

In the special case if we consider only such pairs of agts..,a; and
b1, ..., b, which differ for at most one vector, for exampie = a, b; = b and
a; = by, =x4,...,a, = b, = x,_1, then by putting

(a,b|x1,...,Xp1) = (a,X1,.. ., Xp_1|b, X1, ..., X5 1)

we obtain am-inner product according to Definitidh 1 of Misiak. Indeed, the
conditions i), iv) and v) are triavially satisfied. The condition ii) is satisfied for
an arbitrary permutation, because according to')v

<a17 cee aan|b17 s 7bn> = <a17a7T(2)7 S 7a7r(n)’blab7r(2)> B 7b7r(n)>
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for any permutationr : {2,3,...,n} — {2,3,...,n}. Similarly the condi-
tion iii) is satisfied. Moreover, in this special case of Definitibi we do not
have any restriction of Definitiofh.1. For example, then the condition vi) does
not say anything. Namely, &; ¢ {b,,...,b,}, then the vectoray,...,a,
must be from the seftb,, ..., b, }, and(2.6”) is satisfied because the assump-
tion (2.6) is satisfied. Ifa; € {by,...,b,}, for examplea; = b;, then(2.6")
implies that(b;, by,...,b;_1,b;41,...,b,|bs,....b,) = 0, and it is possi-
ble only if by, ..., b, are linearly dependent vectors. However, tli2n") is
satisfied. Thus Definitiod.1 generalizes Definitiod. L

Now we give the following example of the-inner product.

Example 2.1. We refer to the classical known example, assaimner product
according to Definitior2. 1. LetV be a space with inner product|-). Then

(a1|b1) (ai|by) (a;|b,)

(ag|by) (as|bs) (as|b,)
(a1,...,a,|by,...,b,) = '

(@n[b1)  (an|b2) (an|by)

satisfies the conditions i) - vi) and hence it definesanner product orl/. The
conditions i) - v) are trivial, and we will prove vi). I5,...,b, are linearly
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independent vectors and

<a1,b1, R

(1)t

then the vector

) bi—17 bi—l—l) ..
(~1) (b,

. ,bn|b1, . ,bn>
,bi_1,a, bi-l—la -
(b1|b1) (bi|by)
(ba|by) (ba|by)

(a1|b1) (ai|ba)

(by[by)  (bn|by)

bu|bi, ...

(b1[b,,)
<b2’bn>

(a1[by)

(bn[b)

((ai[b1), (ai[bs), ..., (ai[b,)) € R”

is a linear combination of

,by)

((b1|by1), ..., (bi|by)),..., ({(bi_1|b1),..., (bi_1|by)),

((biya[b), .., (bita[bn)), ., ((bufba), ..., (bu[by)).

Since this is true for each e {1,2,...,n}, it must be thata;|b,) = ---

(ai|b,) = 0. Hence

(al,..

for arbitrary a,, ..., a,.

.,an]bl,...,bn> =0
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Note that the inner product defined by

(a1[b1) (ai|bg) --- (ai|by)

(ag|b1) (ag|ba) --- (az|by)
<a1/\"'/\an’b1/\"'/\bn>: )

(aulby) (aulba) - (au[by)

can uniquely be extended to ordinary inner products over the spgadeé) of
n-forms overV [4]. Indeed, if{e;};c;, I an index set, is an orthonormal basis
of (V, (x]x)), then

<ei1 /\"'/\ein‘ejl/\"‘/\ejn> —5;1 ;Z

where the expressiodf! " is equal to 1 or -1 if{i, .. in} = {j1,...,jn}
with differenti,, . .., i, and additionally the permutatlo( L2 ) is even or

odd respectively, and where the above expression is 0'otherwise. It implies an

inner product oven,, (V).

Before we prove the next theorem, we give the following remarks assuming

thatdim V' > n.
Letby,..., b, be linearly independent vectors. If a vectois such that

<a,b17...,bi_l,bi+1,...7bn|b1,...,bn> :O, (]_ SZSTL)

then we say that the vectaiis orthogonal to the subspace generatebpy. ., b,,.
Note that the set of orthogonal vectors to thislimensional subspace is a vec-
tor subspace o', and the orthogonality af to the considered vector subspace
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is invariant of the base vectols, ..., b,. If x is an arbitrary vector, then there
existunique\q, ..., A\, € Rsuchthak—\b; —---—\,b,, is orthogonal to the
vector subspace generatediy . . ., b,. Namely, the orthogonality conditions

<b1, ce abi—lyx_)\lbl_' : _)\nbna bi+17 NN ,bn|b17 ce 7bn> = 0, (]_ S 1 S n)
have unique solutions

<b1, e abi—1;X7 bi+1, Ce ,bn|b1, e 7bn>
(b1,...,by|by, ..., by,) ’

Hence each vector can uniquely be decomposedsas- \1b;+---+ A, b, +c,
where the vectoe is orthogonal to the vector subspace generatdal by. . , b,,.
According to this definition, the condition vi) of Definitich 1 says that if the
vectora; is orthogonal to the vector subspace generatethpy. ., b,, then
(2.6”) holds for arbitrary vectorss,, . . ., a,.

Now we prove the Cauchy-Schwarz inequality as a consequence of Defini-

tion 2.1
Theorem 2.1.1f (e,... ele ... @) is ann-inner product onV, then the fol-
lowing inequality

(28) <a1,...,an|b1,...,bn>2
<(aj,...,aulas,...,a,)(by,...,by|by,...,by,),

is true for any vectoray, ..., a,, by,...,b, € V. Moreover, equality holds if
and only if at least one of the following conditions is satisfied
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i) the vectorsay, as, ..., a, are linearly dependent,
i) the vectors, b,, ..., b, are linearly dependent,

iii) the vectorsa;,a,,...,a, and by, by, ..., b, generate the same vector
subspace of dimension

Proof. If a,...,a, are linearly dependent vectors by, ..., b, are linearly
dependent vectors, then both sides8) are zero and hence equality holds.

Thus, suppose that, ..., a, and alsdy, . .., b, are linearly independent vec-
tors. Note that the inequality2(8) does not depend on the choice of the basis
ai,...,a, of the subspace generated by theseectors. Indeed, each vector

row operation preserves the inequali®yg), because both sides are invariant or
both sides are multiplied by a positive real scalar after any elementary vector
row operation. We assume thditn V' > n, because iflim V' = n, then the
theorem is obviously satisfied.

Let X be a space generated by the vectors . ., a,, andX* be the orthog-
onal subspace th. Let us decompose the vectdssasb; = c¢; + d; where
c; € Y andd; € ¥*. Thus

bi:ZPijaj‘l'dia (1<i<n)

7=1

<a1,...,an|b1,...,bn)

= <a1,...,an

Z Pljlajl =+ (3117 ey Z Pnjnajn —+ dn>

J1=1 Jn=1
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Pnjn<a1, Ce ,an|aj1, c. ,ajn>

:Z...Zplj1p2j2...

Jji=1 Jn=1

= Z o Z Py Pojy -+ Poj, (1) (ay, . . .,

Jji=1 Jn=1

= detP - <a1,...

a,la, ..., a,)

7an|a17 s 7an>

where we used the conditions ii) - vi) from Definiti@nl and we denoted by
the matrix with entries?;, ando = (2

If det P = 0, then the left side on( 8) is 0, the right side is positive and
hence the inequality?(8) is true. So, let us suppose th&tis a non-singular

matrix andQ = P~!. Now the inequality 2.8) is equivalent to

(det P)*(ay,...,aylay,...,a,)°
S <a1, e ,an]al, e ,an)<b1, . ,bn|b1, e 7bn>7

(2.9) (aj,...,a,la;,...,a,) < (b},...,bl|b},...,b),
whereb; =37 | Qi;b;, (1 <i < n). Note thatb; decomposes as

b =30, (zglal+dj> i

j=1 =1

whered; = > 77 | Q;;d; € ¥*. Now we will prove @.9), i.e.
(2.10) (ay,...,a,la,...,a,) < {(a;+d,...,a,+d, |a;+d],...,a,+d))
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and equality holds if and only ib} = a;, ..., b/, = a,, i.e.,d] = ---

d/, = 0. More precisely, we will prove thaR(10 is true for at least one basis

ai,...,a, of .
Using (2.5 and @.2) we obtain

(ar+dj,....a, +dyla; +di,. .. a, +dy)

= (aj,a; +dj,...,a, +d |aj,a; +d5,...,a, +d)
+({dj,ax +dj,...,a, +d;|d}, 8 +dy, ... a, +dy)
+2<a1732+dl27"'7an+d;’d/17a2+d/27"'7an+d;z>

= (aj,az,a3 +dj,...,a, +d,|a;,a,a3 +dj,...,a, +d))
+ (a1, dy, a3+ dj, ..., a, +d) |a;,dy a3 +d, ... ,a, +d),)
+<d/17a2+d/27'-~>an+d;b‘dll7a2+d/27'--7an+d;>
+2(aj,ay+d,...,a,+d,|d},as +d),...,a,+d))

/

+2(aj,az,a3+dj,...,a, +d,|a;,d}y, a3 +dj,...,a, +d,)

=(ay,...,ayla,...,a,) + (a,...,a,1,d},|a,...,a, 1,d))
+ -+ {a,dy, ..., a, +d)|a;,d), ..., a, +d))
+(d},ay +d),...,a,+d,|d},as +d), ... a,+d))+ S,

where

S =2(aj,ay+d),...,a,+d|d},as +d5,...,a,+d)
+2<a17327a3+dév"'7an+d;1’a17d/2733+dg7"'7an+d;1>

!/
+--+2 <ala327 s 7an—1aan|al7a2a s 7an—17dn> .
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We can change the basis, . .

.,a, of X such that the surf vanishes. Indeed,

if we replacea; by A\a; we can choose almost always a scalauch thatS = 0.

The other cases can be considered by another analogous linear transformations.

Thus without loss of generality we can piit= 0.

According to i) the inequality .10 is true and equality holds if and only if
the following sets of vector&a;, . .

d)}, {d},ax +d),..

/ / /
. ,an_l,dn}, cey {al,dQ,ag—i—dg, ..

[
, b, = a,.

.
.,a, +d/,} are linearly dependent. This is satisfied if and
onlyifd) =d,=---=d], =0,i.e.ifand only ifb} = ay, ...

]
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Let 3; andX; be two subspaces &f of dimensionn. We define the angle
between:; and>; by

(a1,...,a,|by,...,by)
llag, ..., a,| - [|b1,..., by’

whereay, ..., a, are linearly independent vectorsXf, by, ..., b, are linearly
independent vectors af, and

(3.1) cosp =

On a Generalized n—inner
Product and the Corresponding

||al, . ,anH = \/<a1, c. ,an|a1, R ,an>, Cauchy-Schwarz Inequality

Hbl, NN 7an = \/<b17 c ,bn’bl, . ,bn>. Kostadin Trencevski and

Risto Malceski

The anglep does not depend on the choice of the bases. ., a,, andby, ..., b,.

Note that anyr-inner product induces an ordinary inner product over the Title Page
vector space\, (V') of n-forms onV as follows. Let{e,}, be a basis of/.
Then we define

44 4 4
< Z a’il"'ineil /\ e /\ ei'n, Z b]l]ne.]l /\ T /\ e]n> 4 }

T1yeenyin J1y-sdn

Contents

Go Back
= Z a/il"'inbjl"'jn <ei17 cte 7ei'n, |ej17 Tt 7ejn>‘
i17"'7i7L7j17"'7j7L Close
The first requirement for the inner product is a consequence of Thedrem Quit
For example, if Page 16 of 23

w=pe;, N---Ne, —qej N---Nej,
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then

<’LU|’LU> =p2<ei1,...,ein|ei1,...,ein> —|—q2<ej17...,ejn|ej1,...,ejn>

— 2pq<ei1,...,ein|ej1,...,ejn> Z 0

and moreover, the last expression is O if and only if

<ei1,...,ein|ej1,...,ejn>

On a Generalized n—inner

= /{ei,....ele,....e) \/<ejl, e e, ) Product and the Corresponding
Cauchy-Schwarz Inequality

which means that; , ..., e; ande;,,...,e; generate the same subspace, and Kostadin Trengevski and
pe, A ANei, = qe, A---Aej, i.e. ifand only ifw = 0. The other Risto MalCesk
requirements for inner products are obviously satisfied. Hence we obtain an

induced ordinary inner product on the vector spagél’) of n-forms onV'. Title Page
Remark 1. Note that the inner product oft,, (V') introduced in Exampl@.1lis Contents

only a special case of an inner product dp (V") and alson-inner product. It

. . . . . 44 4 4
is induced via the existence of an ordinary inner producion
| >
The angle between subspaces defined33) coincides with the angle be-
tween twon-forms in the vector spacg, (V). Since the angle between two Clo BHES
"lines" in any vector space with ordinary inner product can be considered as a Close
distance, we obtain that .
Quit
<alv"->an’b1?"'7bn> Page 17 of 23
(3.2) = arccos 9
lai,...,a,| - [|b1,..., byl
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determines a metric among thedimensional subspaces bf. Indeed, it in-
duces a metric on the Grassmann maniféjd1”), which is compatible with the
ordinary topology of the Grassman manifalg,(V'). This metric over Grass-
mann manifolds appears natural and appears convenient also for the infinite
dimensional vector spacés

Further, we shall consider a special case ofanner product for which
there exists a basige,} of V such that the vectas; is orthogonal to the sub-

space generated by the vecters .. .,e;, for different values of, i, ..., i,.
For such am-inner product we have
(3.3) e L R & M

whered’ " is equal to 1 or -1 if{i1,....in} = {j1,..., .} with different

i1,. ., in, the permutatior(’! ;’;’ jjjj.:) is even or odd respectively, the expres-
sion is 0 otherwise, and wﬂe(él...;n > 0. Moreover, one can verify that the
previous formula induces aminner product, i.e. the six conditions i) - vi) are
satisfied if and only if all the coefficients;, ...;, are equal to a positive constant
C > 0. Moreover, we can assume th@t= 1, because otherwise we can con-
sider the basige,/C'/?"} instead of the basiée, } of V. Hence this special
case ofn-inner product reduces to theinner product given by the Example
2.1. Indeed, the ordinary inner product is uniquely defined such{ihat has
an orthonormal system of vectors.

If the dimension ofV/ is finite, for exampledim V' = m > n, then the
previousn-inner product induces a duéh — n)-inner product o/ which is
induced by

(34) <ei1, RN .

*x Z'1“"L"rn7n
€, .. ,ejm_n> = 6j1"'jm—n'

On a Generalized n—inner
Product and the Corresponding
Cauchy-Schwarz Inequality

Kostadin Trencevski and
Risto Malceski
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The dual(m — n)-inner product is defined using the "orthonormal bagis,'}

of V. If we have chosen another "orthonormal basis", the result will be the

same. Further we prove the following theorem.

Theorem 3.1. Let V' be a finite dimensional vector space and let thnner
product onV be defined as in Exampkl Then

90(217 22) = @(2; 23)7

whereX; andX, are arbitrary n-dimensional subspaces Bfand ¥} and 5
are their orthogonal subspaces n

Proof. Let ¥; = (w1), Yo = (we), X7 = (w]), X5 = (w}), where||w|| =
|lw2|] = |lwi|| = [|ws]| = 1. We will prove that

w1 - wy = Fwi - wy.

Indeedw; - we = wi - wj if w; A we andw; A wj have the same orientation in
andw, - wy = —wi - wj If w1 Awy andw; A wi have the opposite orientations in
V.

Assume that the dimension &f is m. Without loss of generality we can
assume that

w=e NeN---Ne, and w]=e, 1 A€o/ - Aep.
Without loss of generality we can assume that

wy=a NagA---ANa, and w; =a,1 Aa, 2/ Aapy,

On a Generalized n—inner
Product and the Corresponding
Cauchy-Schwarz Inequality

Kostadin Trencevski and
Risto Malceski
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wherea, ..., a,, is an orthonormal system. Suppose that (a;1,- . ., Gim)
(1 <i < m), and let us introduce an orthogonalx m matrix

ay T Q1n a1.n+1 ce A1m
A= Qn1 e Qpn Apn+1 o Apm
a o« e a a o« s . a ) .
n+1,1 nt+ln Sntlntl n+l,m On a Generalized n—inner
. Product and the Corresponding
Cauchy-Schwarz Inequality
Kostadin Trencevski and
Risto Malceski
L Oma T Amn Am,n+1 e Amm |

We denote by4;,..,, (1 < iy < iy < -+ < i, < m), then x n submatrix of

: Title Page
A whose rows are the firstrows of A and whose columns are theth,...j,,-th

column of A. We denote byA;, ., the (m — n) x (m — n) submatrix ofA Contents
which is obtained by deleting the rows and the columns corresponding to the <« b
submatrixA;,..;, . Itis easy to verify that p S

wy -we =det A1, and wi-w; =det A, , Go Back

and thus we have to prove that Close
(3.5) det Ay, = £det A%, Quit

. Page 20 of 23
l.e.

det Ay, =det A}, ,, If detA=1
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and
det Ajp. , = —det A}, ,, if  detA=—1.

Assume thatlet A = 1. Let us consider the expression

2

F = Z {(det Ajyigeoi, — (=112 )ttt ot AX )

3192 +in
1< <2< <tn <M

Using ||ws|| = 1 and||w3|| = 1 we get

Z (det Ajyiy,)* = Z (det A7 ;, . Zn> =1

1<iy < <in<m 1<y < <in<m

and using the Laplace formula for decomposition of determinants, we obtain

F= 3 (detAyy.s)?+ Y. (detAl, )

1<) < <in<m 1<ip < <in<m

—2 Y (=R (e det Ay, det AT,
1<i1 <+ <in<m

=141—-2-detA=2-2=0.

HenceF' = 0 implies that

det Ai1i2---’in _ (_1)n(n+1)/2(_1)21+12+ “+in det A;kﬂz 0
In particular, fori; = 1,. = n we obtain
det Ai1i2~~~in det A;kﬂz vin
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Assume thatlet A = —1. Then we consider the expression

F = dot Ao (Y2 it qot 4% ]
Z (det Ay iy, +(—1) (—1) e mg~~-zn)

1< <2< <in<m

and analogously we obtain that

det Ay jy.s, = —(—1)"FD/2(_)atizttin ot A*

1122 ln

P s s i On a Generalized n—inner
In particular, fori; = 1,...,4, = n we obtain Product and the Gorrespanding

Cauchy-Schwarz Inequality

- — o
det AZ”T“Z" = —det A“ZQ'“Z"' Kostadin Trenéevski and
Risto Malceski
]
Finally we make the following remark. The presented approachitmer Title Page

products appears to be essential for applications in functional analysis. Since

the corresponding-norm is the same as the correspondirrgorm from the Contents

definition of Misiak, we have the same results in the normed spaces. It is an <44 44

open question whether from Definitichl a generalizedi-inner product and < >

n-semi-inner product with characterisgiccan be introduced. It may also be of

interest to research the strong convexity in the possibly introduced space with Go Back

n-semi-inner product with characterisic Close
Quit
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