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Abstract

We study the simultaneous approximation properties of the Bézier variant of
the well known Phillips operators and estimate the rate of convergence of the
Phillips-Bézier operators in simultaneous approximation, for functions of bounded
variation.

2000 Mathematics Subject Classification: 41A25, 41A30. Vijay Gupta, P.N. Agrawal and
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Fora > 1, the Phillips-Bézier operator is defined by

@Y Pulfa) =nY Q) [ T e (Ot + Q) (2) £(0),
k=1

wheren € N, z € [0, 00),

Vijay Gupta, P.N. Agrawal and

Qi (1) = [ ()] = s @] g (8) = 3 pog(2)  and

Harun Karsli
k
Dok (I) — 6—"$M Vijay Gupta, P.N. Agrawal and
™ k! Harun Karsli

Fora = 1, the operator.1) reduces to the Phillips operatafj[ Some approx-
imation properties of the Phillips operators were recently studied by Finta and Title Page
Gupta P]. The rates of convergence in ordinary and simultaneous approxima-
tions on functions of bounded variation for the Phillips operators were estimated
in [3], [4] and [5]. In the present paper we extend the earlier study and here we < >
investigate and estimate the rate of convergence for the Bézier variant of the

Contents

Phillips operators in simultaneous approximations by means of the decompo- ¢ >
sition technique of functions of bounded variation. We denote the dags Go Back
by Close
B,z = {f  fD e 0, 00), f)(x) exist everywhere Quit
and are bounded on every finite subinterval of Page 3 of 15

[0,00) and f{”(z) = O(e®) (t — ), for somes > 0} :
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r=1,2,.... By fio)(:c) we meanf(z+). Our main theorem is stated as:

Theorem 1.1.Letf € B, g, r=1,2,...and3 > 0. Then for every: € (0, c0)
andn > max {r? 4+ r, 43} , we have

1 r+a—1
p") ,a:——{ () + fr)x}<— ")) — ET):L"
n,oz(f ) o+ 1 + ( ) f ( ) — m f+ ( ) f ( )
1 1—|—2x n otolvE VITFT
+ — (1 + ) Z \/ gm 2r/262ﬁm, Vijay Gupta, P.N. Agrawal and
n k=1 :E\/ﬁ Harun Karsli
. . . . Vijay Gupta, P.N. Agrawal and
whereyg,. . is the auxiliary function defined by Harun Karsli
fO) - fJ(:)@)v r<t<oo Title Page
gra(t) =4 0, t=ux 5 Contents
O = @), 0<t<uw « »
b , . . < >
V. (9:2(t)) is the total variation ofg, ,(t) onfa,b]. In particular gy .(t) =
g=(t), defined in [1]. Go Back
Close
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In this section we give certain lemmas, which are necessary for proving the

main theorem.

Lemma 2.1. Forall z € (0,00), « > 1andk € NU {0}, we have

and

where the constarit/+/2e and the estimation order—'/2 (for n — oc) are the
best possible.

Lemma 2.2 ([3]). If f € Li[0,00), f"Y € A.C., v € Nand ") ¢
L4]0,00), then
P,ET)(.]C, l’) =n an,k (l’) / pn,k+r—1(t> f(r) (t)dt'
k=0 0

Lemma 2.3 ([3]). Form € NU{0}, r € N, if we define the m-th order moment
by

:U/r,n,m(x) =n an,k (ZE) / pn,k+7._1(t) (t — x)mdt
k=0 0
thenur,n,()(x) = 17 Hrn,1 (33) = % andﬂr,n,2($) - 2nx+7:2(7~_+1)‘
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Also there holds the following recurrence relation
Mt (2) = T  (2) + 20t s (2)] (14 1) ().
Consequently by the recurrence relation, foralE [0, o), we have
“Tnm(x) =0 (n—[(m—&-l)/Q}) .

Remark 1. In particular, by Lemm&.3, for given any numbet > % + r and
0 < x < oo, we have

2+ 1
—

(21) ,ur,n,2 (37) S

Remark 2. We can observe from Lemr& and Lemm&.3that forr = 0, the
summation ovek starts froml. For » = 0, Lemma2.3 may be defined as|
Lemma 2], withe = 0.

Lemma 2.4. Suppose: € (0,00), 7 € NU{0},a > 1and

rnoz .Z’ t Z pnk—i—r 1(t>
k=0
Then forn > 72 + r, there hold
2.2) / Kooz, it < 222 FD g o
n(z —y)?’
2
(2.3) / Koz, t)dt < zézx )) T <z < o00.
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Proof. We first prove 2.2) as follows:

Yy Yy —t 2
/ KT,TL,CY(:U7 t)dt S / CZE_)QKT'JL’CM (1‘7 t)dt
0 o (z—y)

< mpn((t_x) ,{E)

O‘Nr,n,2<x>
(z —y)?

by using @.1). The proof of £.3) follows along similar lines.

a2z +1)
n(x—y)*

<
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Proof of Theorenm..1. Clearly

(3.1) ‘Péil(f, o) - — {/@) +as? (sc)}]
<0y Qﬁ?ﬁ(w) | s lgeato)
=0 0
b [ 10w = 1@ [P ot - 2).0)]

We first estimateP") (sgn,, (t — ), ) as follows:

P?Etﬂgxsgna(t - x),w)

=n kZ:O nglg(x) (/0 apn,kJrrfl(t)dt - (1 + Oé) /0 pn,k+r1(t)dt)

—a—(1+anY Q@) / ke (Bt
k=0 0

00 k+r—1
=a—( 1+anZQ7(f,1 (1—2])"] )

00 k+r—1
=(1+a)nd Q@) > pajla) -1
k=0 j=0
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o = 2enx
= = r—1
=1+« n,j (T gla)x -1
1) [ 300+ ]

[ & o r—1 > ()
= (1 + Oé) an»j(x) [Jn,j (l’)] + \/m] - JZ Qn,j (:L’)
By the mean value theorem, we find that

QUM (@) = [Jng (@)™ = s @) = (@ + Dpy (@) Py ()],

where
Jn,j+1($) < /yn,j(x) < Jn,j(l‘)-
Hence by Lemma&.1, we have

‘P’") (sgna(t — z),2)|

<|1+a) an,j(l’) ([Jng ()] = [%j(fﬂ)]a)] | + & +,/O;)(a(;x_ :
< (1+0) | D pa(@)Q(e) + %}
(32) <(1+a) [\/Qinx - \;Q_enlx} -0 a\)/(;e::ca - 1)'
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Next we estimateP.” (9-2, ). By the Lebesgue-Stieltjes integral representa-
tion, we have

P?’S,Ta(g””,xa ):/ grm )Krna(x t)dt

(/11 /[2 /13 /14)9m Vo (2, t)dl

(3.3) — R+ Ry + Ry + Ry,

Vijay Gupta, P.N. Agr_awal and
say, wherd; = [0, z—x/\/n|, I = [t—x/\/n, x+x/\/n], I3 = [x+x//n, 21] Harun Karsli
andI4 = [2:1:‘, OO) Let us define Vijay Gupta, P.N. Agrawal and

Harun Karsli
t
Nrma(T,t) = / K, oz, u)du.
0 Title Page
We first estimate?;. Writing y = = — x/+/n and using integration by parts, we Contents
have <«“ S
Yy
Ry = / Grz(t)dt (N0, 1)) S 2
0 y Go Back
= 0Orz (y)nr,n,a (.1', y) - /(; nr‘,n,a(xa t)dt (gr,a: (t)) Close
By Remarki, it follows that Qi
Page 10 of 15
x Y x
<
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S\/(gr,x)%—i_%/o CEn (\t/gm)

Integrating by parts the last term, we have after simple computation,

2 1 o T,z T,z
n x 0 (3: —1)3
Now replacing the variablg in the last integral by: — z//t, we get Vijay Gupta, P.N. Agrawal and
Harun Karsli
2:10—{—1 Vijay Gupta, P.N. A I and
(34) |R1| - Z \/ grm ”ay uﬁ:run Karglriawa an
k=1 z_z/VEk
Next we estimate?,. Fort € [x — z/\/n, z + x/+/n], we have Title Page
Contents
v+ /yn
19r2(O)] = |9r,2(t) = gra(@)] < \/ (9r,2)- 44 dd
ma/Vn < >
Also by the fact tha!;fab di(Ny.n(z,t)) < 1for (a,b) C [0, 0), therefore Go Back
Close
z+z/\/n n $+£L“/\f .
(3.5) [Rol <\ (9ra) < Z V' (9ra)- L
r—z/v/n Ly z—x/Vk Page 11 of 15
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To estimateRs, we takez = z + x//n, thus

2z
Rs = / KTJL,O& (377 t)gr,:c (t)dt
2x

— _/ gr,z(t)dt(l - nr,n,a(xv t))

= —9r2(22)(1 = Nna(2,22)) + gra(2) (1 = Nrna(, 2))

+/ 5'7(1 _nm,a(x,t))dt(gr,x(t))-

Thus arguing similarly as in the estimate®f, we obtain

a2z +1) <& ot/ vk
2

(3.6) Ryl < 2EEED ST (g
k=1 T

Finally we estimatdr, as follows

|Ry| =

/ Kr,nvau,t)gr,x(t)dt’
2x

<nad  pox(z) / Prkr—1(t) €™ dt
k=0 2z

S ? Pn.k (SC) / pn,k+771<t) €ﬁt |t — ZC‘ dt
0

k=0
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SIS

< % (nzpn,k (ZL‘) /Oo pn,k+r—1(t) (t - J])th>
k=0 0

1
oo o 1
x (n Z Pn.k ('17) / Pnk+r—1 (t) QQﬂtdt) .
k=0 0

For the first expression above we use Reniarko evaluate the second expres-

sion, we proceed as follows:

n Z Pnk (1‘) / Pnk+r—1 (t) €2ﬁtdt
k=0 0
=n Z Dn, k

k—i—r—l)

o0 nk‘i”f‘fl F(k’—i—?")
n)_ P (z) (k+r— 1) (n—28)k

G —nrzw ,i; (n —nzﬁ)kp””“ ),

= 2z \" 1 n’ )
oz S nzB/(n—208) < 9r 48z
CESTY (n—w) B (=20 =0

lc+7‘ 1 9]
/ tk+T—1 e—(n—26)tdt,
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forn > 45. Thus
(6]
|R4 S E ( ank‘ / pn,k-i—r—l(t) (t - I’)th)

x (”an,k (x)/ Prjetr—1(t) 62&6#)
k=0 0
o/ 2x + 12r/2€25x'

z/n

N

N

(3.7) <

Combining the estimates 08.(1)-(3.7), we get the required result.

]

Vijay Gupta, P.N. Agrawal and
Harun Karsli

Vijay Gupta, P.N. Agrawal and
Harun Karsli

Title Page
Contents
<4< 44
< >
Go Back
Close
Quit
Page 14 of 15

J. Ineq. Pure and Appl. Math. 7(4) Art. 141, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:pnappfma@iitr.ernet.in
mailto:
mailto:karsli@science.ankara.edu.tr
http://jipam.vu.edu.au/

[1] R.S. PHILLIPS, An inversion formula for semi-groups of linear operators,
Ann. Math. (Ser. 259 (1954), 352-356.

[2] Z. FINTA AND V. GUPTA, Direct and inverse estimates for Phillips type
operators,). Math Anal Appl.303(2005), 627—642.

[3] N.K. GOVIL, V. GUPTA AND M.A. NOOR, Simultaneous approximation
for the Phillips operatorgnternational Journal of Math and Math Sc\ol.
2006Art Id. 49094 92006, 1-9.

[4] V. GUPTAAND G.S. SRIVASTAVA, On the rate of convergence of Phillips
operators for functions of bounded variatidnn. Soc. Math. Polon. Ser. |
Commentat. Math36 (1996), 123-130.

[5] H.M. SRIVASTAVA AND V. GUPTA, A certain family of summation-
integral type operatordfath. Comput. Modelling37 (2003), 1307-1315.

[6] X.M. ZENG AND J.N. ZHAO, Exact bounds for some basis functions of
approximation operatord, Inequal. Appl 6 (2001), 563-575.

Vijay Gupta, P.N. Agrawal and
Harun Karsli

Vijay Gupta, P.N. Agrawal and
Harun Karsli

Title Page

Contents
44
<
Go Back
Close
Quit
Page 15 of 15

J. Ineq. Pure and Appl. Math. 7(4) Art. 141, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:pnappfma@iitr.ernet.in
mailto:
mailto:karsli@science.ankara.edu.tr
http://jipam.vu.edu.au/

	Introduction
	Auxiliary Results
	Proof

