J Journal of Inequalities in Pure and
I > <M Applied Mathematics

0 http://jipam.vu.edu.au/

\olume 7, Issue 2, Article 56, 2006

WALLIS INEQUALITY WITH A PARAMETER
YUEQING ZHAO AND QINGBIAO WU

DEPARTMENT OF MATHEMATICS
TAIZHOU UNIVERSITY
LINHAI 317000, HEJIANG
P.R. CHINA.

zhaoyg@tzc.edu.cn

DEPARTMENT OFMATHEMATICS
ZHEJIANG UNIVERSITY
HANGzHOU 310028, HEJIANG
P.R.CHINA.

gbwu@zju.edu.cn

Received 30 June, 2005; accepted 10 March, 2006
Communicated by S.S. Dragomir

ABSTRACT. We introduce a parameterfor the well-known Wallis’ inequality, and improve
results on Wallis’ inequality are proposed. Recent results by other authors are also improved.
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1. INTRODUCTION

Wallis’ inequality is a well-known and important inequality, it has wide applications in math-
ematics formulae, in particular, in combinatorics (seé[1, 2]). It can be defined by the following
expression,
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where

Improvements of the lower and upper bounds%fin (1.1) and some generalizations can be
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found in [2] — [5]. The main results are
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presented by Kazarinoff in 1956 (see [1]). The following improvement of the bourid in (1.1)
can be found in 7]

The largest lower bounelm and the smallest upper bou of P, in (1.1) were

1 1
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In [8] a new method of proof was proposed for the largest lower bound about Wallis’ inequality,
and in [9] the largest lower bound was improved. The result was

(1.7) ! <P, < ! (n>1).
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In this paper, we introduce the parameteand use thé&'(z) formula (Euler) below,
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An improvement and generalization of Wallis’ inequality is proposed.
For0 < z < 1, n > 1 andn a natural number,

(seel6]).
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Wheno0 < z < 1 andn > 22,
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When:z = % we have Wallis’ inequalities. The result in C.P. Chen and F.[Qi [9] also is
improved, and wher = L or z = 1 — L, the results of[(1]4)] (1]5) are improved. When
n>1, z=1,and0 < e < 1, we also have,
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The inequality on the right holds fer > n*, wheren* is the maximal root of the equation
32en? +4e’n 4+ 32en — 1Tn + 4 — 1 = 0.

The result in[[7] also is improved.

2. SOME LEMMAS
Lemma2.1.When0 < z < 1,n >k > 1,
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+

where—k <0 <1 — 2.

Proof. We easily get
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Hence,
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1
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(—k<f<1-2).
Denoteh(z) = 2%, and letd < z < 1,n > k, then, by Taylor’s formula we have

1— ¢ = h(1) — h(t)

— W1 —1) + h;(t)u B2
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Hence, the proof of Lemnja 2.1 is completed.

Letk =1 ork = 2, we then have:

1— bgnme —gn 1—
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Lemma2.2.For0 < z < 1landn > 1, let
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tn-Hc—z tn-Hc

Proof. Let g(t) = > o, <m n+k>, theng(t) is convergent orj0, 1]. Hence,g(t) is
continuous on0, 1]. Moreover, because

f: ( grbkoz gtk ) i( )
_ — tn —Z— _ tn —
p n+k—z n+k p
is continuous on the closed region|[6f1), then, for0 < ¢ < 1,
g/(t) _ i(tn—i—k—z—l . tn—i—k—l) _ =t
1—t
k=1
Moreover,g(0) = 0. Sog(z) = [ “5"dt,
- 1 1
n = - = 1 5
ra(2) ; (n—l—k—z n—i—k) 9(1)
Hence;,(z) = [ “7=t"dt. The proof of Lemm2 is completed. O

Lemma 2.3.
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n! n n+ n+

Proof. By (1.8), we know

—z) = lim (n_l)!nl_z
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Hence,
2 . . 00 -1 -z
(1—2)2—=2)--(n—2)n°T(1 z):n zH<1_ z > <1+ 1 ) '
n! noo n+k n+k
The proof of Lemma 2]3 is completed. O

Lemma 2.4. Whenn > 1,

1 1 _ 1 /1 =12 t"dt _ 1 N 1
— == <rp|\z] = .
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Proof. Whenk > 1,
1

Lok 1 [t okt
2.3 dt = —dt
(2:3) /0 1+t k+1<1+t0+/0 (1+1)? )

1 Lo gk
<—+ | —dt
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— -+ .
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By (2.3), we obtain

1 k 1 1 4k—1
t t 11 1 1 1
/ dt:/tk‘ldt—/ dt> = — — — = = — — —.
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Moreover,
/1 wdt:/ltnm;dt:Q/l "
0 1—t 0 1+t o 1+x
Hence,
1 1 1 Ln=1/2 _yn 1 1
m g2 " (5) :/0 =t it
The proof of Lemma 2]4 is completed. 0J

3. MAIN THEOREMS
DenoteP, (z) = {=2)2-2)(n=2)

n!

Theorem 3.1.When0 < z < 1, n > 1,

- < P,(2)
(1= 2) (14 5155
1
< 1—2z z
TLZF<1 o Z) (1 + 2n+1—z)
1
< 1—2 \* °
n*T(1—2) (14 2nH)
Proof. Let
1—2)2—=2)-(n—2)n*T'(1 - 1—2\°
Fln ) = LZAR=2) (1= 2T = 2) (1+ : ) |
n! 2n + «

By Lemmg 2.8, we have, far< z < 1, n > 1,

n—z > z 1 1—=z2
InF =1 — In{1-— In{l1l4+ —— In{1 )
nfn,z @) == kzzo[n( n+k;)+zn< +n+k>}+zn( +2n+a)

We also know whei > 1,

z 1 2+ 22
In(1-— In(1 ~ | —
n( n+k>+zn< +n+k>‘ ’2(n+k)2
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becausén F'(+o0, z, a) = 0,

OInF'(n, z, ) 1 - 1 1 z z
(3.1) = - == - + —
on n—z n “\n+k—-z nt+k nt+k+l n+k

k=
2z 2z

+2n+a+1—z_2n+a

N ( 1 1 ) z 22(1—2)
=-> — += - .
~\n+k—z n+k n (2n+a+1—-2)2n+a)
By Lemmg 2.2 and (2]1), we can get
81nF(n,z,1—z):_i( 1 1 )+Z z2(1—2)

on n+k—z n+k n (n+1—2)02n+1-2)

k=1
z(1-2) 2(1—z)
nn+1—2) (n+l—2)2n+1-2)
2(1—2)2 -0

- 2n(n+1—-2)2n+1-2)

Henceln F(n, z,1—2) < 0. Moreover, we havé’'(n, z,1 — z) < 1, hence, the right inequality
of Theoreni 311 holds.

Since
8lnF(n,z,—2)__oo 1 1 z z2(1—2)
on B ;(nqu—z n+k>+n (2n—1—-2)(n—1)
z2(1—2z) z2(1—2z)
<2n(n—1)_(2n—1—z)(n—1)

o 2(1—2)2
T 2n(n—1)(2n—1—2)

Moreover, we pay attention i@ F'(+o0, z, «) = 0, henceln F'(n, z,—2) > 0. Thus we have
F(n,z,—2) > 1 and the left inequality of Theorem 3.1 holds.
The proof of Theorerp 3]1 is completed. O

Theorem 3.2.For 0 < z < 1 andn > 22,
1 1

[(1 = 2)n? (1 + ﬁ)

Proof. By (3.1), Lemma 22 and (2.2), we have

< 0.

OnF(n, z,0) < 1 1 2 z2(1-2)
on __kz_;<n+k:—z_n+k>+n n(2n+1— z)
- z(1-2) 20-2)(2-2)  z2(1-2)
2n(n—1) 3nn—1)(n—-2) n2n+1-2)

1 2-= !
=A1-7) [2n(n —1) 3a(n—1)(n-2) n2n+1-z)
n—22+nz+ 2(12 — 22)
6n(n—1)(n —2)(2n+1-2z)

=2z2(1-2) >0 (n > 22).
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Sinceln F(+o0, z,) = 0, then,In F(n, z,0) < 0. Moreover,F(n,z,0) < 1. So, the right

inequality of Theorerpi 3]2 holds. The proof of Theoiien] 3.2 is completed. O
Theorem 3.3.Whemn > 1, 0 <e < 3,
1 1-3---(2n—1) 1

< < .
. 2-4---(2n) .
nm (1 + 4n71/2> nm (1 + 4n71/2+s)

The right-hand inequality holds for > n*, wheren* is the maximal root on

32en® + 4e’n + 32en — 1Tn + 4e* — 1 = 0.
Proof. By Lemmd 2.4 and (3]1)

OlnF (n,%,—i) (1) 1 1
=—rplz )+t =——
on 2 2n 2(2n—1) (2n+1)
1 1 1 1
< —— + <0

o0 s on 2 (dn?— 1)
Using a similar line of proof as in Theorgm B.1,we obtain the left-hand inequality.
Now, for0 < ¢ < 3, we have

OlnF (n L —i+5)

2 2

on

1 1 1
- (5) o 2(2n— 148y (2n+ 1+
U SR SN 1
2n+1 2(2n+1)2  2n 2(2n—i+§) (2n+%+§)
_ 32en® 4 4e’n+32en — 1Tn + 4¢% — 1
S 32n(2n+1)2(2n—1+5) (2n+ 1+ ¢)
n* is the maximal root of the equatid®en? + 4e?n + 32en — 17n + 462 — 1 = 0.

Using a similar line of proof as in Theordm B.1, we obtain the right-hand inequality. The proof
of Theorenj 33 is completed. O

>0 (n >n").

By Theorenj 3.1 and Theorgm B.2, we obtain the following corollaries.
Corollary 3.4. When0 < z < 1,

1
P,(z) = =, T3 <f<1 (n>1),

1—2 7
L+ 2(71—0))
P.(z) = -, 0<éb<1 (n > 22).
n*l(1 — 2) (1 + 2&;%)
Remark 3.5. Lettingz = 1/m or z = 1 — 1/m, we can obtain better results than (1.4) and

€.3).
Whenz = 1/2 andn > 22, by Theoren 3]2, we have

1 1
<P7Z - :Pn< Y
wer (3) (14 g ) ) W () (1+ )"

4(n—1) an

n*l(1 — 2)

—_ | =
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that is,

1 1
<P, <

It can also be shown that the inequality holds whes 2,3, ..., 21.

Corollary 3.6. Whem > 1,

1 1
< P, <

T
\/mr (].-Fm) nﬂ-(l—i_éln)
Remark 3.7. Corollary[3.6 improves the result of C.P. Chen and F. Qiin [9].

By Theorenj 3.3, when = ¢,

8
32en® +4e’n + 32en — 1Tn + 4e* — 1 = 5(677? —13n —1).

Hence, whem > 3,
1 1-3--(2n—1) (1 1

< -1 < .
1 2-4---(2n) 2) .
™ (1 + 4n_1/2> ™ (1 + —4n_1/3)

It can also be shown that the inequality holds whea 1,2, 3.

The following corollary holds.

Corollary 3.8. Forn > 1
1 1-3---2n—1) <1 1

< -1 < .
L 2-4---(2n) 2> L
™ (1 + 4n71/2> ™ (1 + 4n71/3>

Remark 3.9. Whene is a positive number, we obtain other inequalities. For example, when
e =1/10, we have, fom > 1,

1 1~3---(2n—1)_P(1 1

< — | < .
) 1
T (1 + 4n—2/5>

\/7m<1+m> 2o 2m)
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