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Abstract

We define some classes of analytic functions related with the class of func-
tions with bounded boundary rotation and study these classes with reference
to certain integral operators.
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Let A denote the class of functionsof the form f(z) = z + > ° , a,2™
which are analytic in the unit disk = {z : |z| < 1}. LetC, S*, K andS be

the subclasses of which are respectively convex, starlike, close-to-convex and

univalent inE. Itis known thatC' C S* ¢ K C S. In [1], Kaplan showed that
feKif,andonlyif,for€e £, 0 <6, <0y <2m, 0 <r <1,

02 0 £ 0
) ’
Redl1+ ———F—=72df > —m, z=re".
/91 { f/(rew)

Let Vi (k > 2) be the class of locally univalent functiorfse .4 that mapFE
conformally onto a domain whose boundary rotation is at mastlt is well
known thatl, = C andV}, C K for2 < k < 4.

Definition 1.1. Let f € Aand f'(z) # 0. Thenf € Ti(\), £k >2, 0 <A< 1
if there exists a function € V}, such that, forz € £

Re { ! ,(Z)} > A
9'(2)
The classl(0) = T, was considered in4, 3] and 73(0) = K, the class of

close-to-convex functions.

Definition 1.2. Let f € A and {22 oL ¢ > ¢ E. Thenf € Ti(a,7,)),
Rea > 0, 0 <~ < 1if, and only if, there exists a functione 7 () such that

(1.2) 2f'(2) + af(z) = (a+ Da(g(2)), =€ E.
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We note thaff} (0,1, \) = Tx(\) and7»(0,1,\) = K () C K, and it follows
that f € Ti(a,~, A) if, and only if, there exist$” € Ty (oo, v, A) such that

f(z) = 41 /0 (-1 (1) dt.

Z(l
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Lemma 2.1 ([/]). Let f € A. Then, for0 < 6, < 6, <27, z =re?, 0 <
r <1, f €T,ifand only if

/:2 Re{%}d@ > —gﬂ'.

Lemma 2.2. Let ¢(z) be analytic inE and of the formy(z) = 1 4+ b1z + - - -
for|z| = r € (0,1). Then, fora, ¢, 0,60, witha > 1, Re(¢;) >0, 0<6; <

92 S 27Ta
02 azq/(z)
R ————— 5df > —[m;
\/91 € {q(Z) + cl1a + q(Z)} ﬁlﬂ-u

02
/ Req(z)d0 > — i, z=re.

01
This result is a direct consequence of the one proved]ifiofr 3, = 1.

(O<61§1)

implies

From (L.1) and Lemm&.1, we can easily have the following:

Lemma 2.3. A functionf € T}.(c0,~, A) if and only if, it may be represented

as f(z) = p(z) - 2zG'(z), whereG € V, andRep(z) > A\, z € E.

Proof. Sincef € Ty (o0, v, ), we have

f2)=2(g'(2))", g€}
=z [G1(2)p1(2)]", Gi1 € Vi, Repi(z) > A
= 2G'(2).p(2),
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whereG'(z) = (G1(2))" € Vi andp(z) = (pi(2))?, Rep(z) > A, since

0<~y<L
The converse case follows along similar lines.

Using Lemma2.1and Lemm&.3, we have:

Lemma 2.4.

(i) Letf € Tp.(0,7, ). Then, withz = re?, 0 < 6, < 6§ — 2 < 27,

/@1 Re{ ) df >~ seealsof]

(i) Letf € Ti(oo,v, ). Then, forz = re? and0 < 6, < 6, < 2,

[y

]

On Some Classes Of Analytic
Functions

Khalida Inayat Noor and M.A.
Salim

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 6 of 13

J. Ineq. Pure and Appl. Math. 5(4) Art. 98, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:KhalidaN@uaeu.ac.ae
mailto:KhalidaN@uaeu.ac.ae
http://jipam.vu.edu.au/

Theorem 3.1.For 0 < a <
f,9 € Ti(c0,7,A), z € E, let

1 A 1
m,0<ﬁ<m,0§/\<§and

1

ey FE=|(51) [ oy

]ﬁ

ThenFy, with FF = zF]and0 < v < 1, k < %, is close-to-convex and hence
univalent inE&.

Proof. We can write 8.1) as

62 e = () [ s o

Let

2F'(2) _ (2F{(2))

(3:3) Fiz) ~ F(2)

=(1—=MNH(2)+ A,

whereH (z) is analyticinE andH (z) = 1 + ¢12 + c2® + -+ - .
We differentiate 8.2) logarithmically to obtain

2F' (2 Lo Noalz
<g+1>§<i)>:(1_1)+z (£(2))%9(2)
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Using 3.2 and differentiating again, we have after some simplifications,

1= e U@ g0

B z2f(z) 1 zd(2)

ST S Tl e

Now .
Za_l(f(z))ﬁg(Z) B l B ZF’(Z)
S (F @) gt <0‘ 1> T
Hence
B B zf'(z) 1 2¢'(2)
A8 ) T B 90
o . (1—=XN)zH'(2)
=(1—NH(z)+ T-NI+AHE) + (E - 1)+ A1+ 8)
and we have
L [ B (=) _\\, 1 (24 _
S [uﬁ ( f(z) A) REE ( 9(2) Aﬂ

1 !
aawH (%)
_H(z) + EDEY

(-1 '
H(z) + [_(1+ﬁ)(1_7/\) - ﬂ}
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Sincef, g € Ti(00,7,\), sowith z = re??, 0 < 0; < 0, < 2m,

ria ), e (=) b

1 0 1 29'(2) —k~y
i, Rl (g ) e

and, therefore,

2 armay () —k
/ Re |H(z) + (Hﬁ)(lzll) . do > T,yﬂ'.
61 H(Z) + {m + m}
Now using Lemm&.2witha = rgia—y = L ao = {(5 — 1) + (1 + B)A} >
0, we obtain the required result. ]

Theorem 3.2.Let f, g € T)(c0,7, ), «, c,d andv be positively real0 < o <
—5, ¢ > a(l = \), (v+6) = a. Then the functio’ defined by

(3.5) FE) = e / (1) (o) de

belongs tdl(co, v, \) for k < %, 0<vy<l.

Proof. First we show that there exists an analytic functiosatisfying 8.5).
Let

G(2) = 2" (f(2)) (9(2))"
= 1—|—d12+d222‘|‘
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and choose the branches which equalhenz = 0. For

(c—v—=46)—1 é c—1

K(z)==z

we have

L(z):i/ozK(t)dt: Lt o

Hencel is well-defined and analytic ifv.
Now let

1
«

where we choose the branch[éf(z)]
analytic in £ and satisfies3.5).

which equals 1 when = 0. ThusF'is

Set
(3.6) 25((;;) = (1= Mh(2) + A,
and let
ZJ{/S) = (1= \hi(2) + )
Z;&S) = (1= Nha(z) + A

Now, from (3.5), we have

z}i’ég)} — [z(c_é_”)_l(f(z))é(g(z))” '

B.7) 2 FE) |(c—a)+a
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We differentiate 8.7) logarithmically and use3(6) to obtain

2l (2)
a(l—N) [h(z)jL (c—a)+a{>\+(1—)\)h(2)}1 + (0 +v—a)
ST )

— a\
f(z) 9(2)
2f'(2) } [zg’(Z) ]
=9 — Al +v — Al
{ f(2) 9(2)
This gives uS On Some I(iluanscst?OSHSf Analytic
! Khalida Inayat Noor and M.A.
{h(z) + 2 (2) } salim
(c—a)+a{d+ (1= A)h(z)}
5 [2f'(2) ] v [ng<z) } .
= — Al + —Al. Title Page
o1 =3) [ e a1=% | 9C)
’ Contents
Sincef, g € Ti(00,7, \), we have, fol0 < 0, < 0, < 27, z = re?, « "
02 Zh/( )
Re |h(z) + do | | 2
[, me e et )
5 [ v [0 Go Back
— |:a /01 Reh1 d@ﬁ‘a/g‘l Rehg d9:| Close
) ( vk > ( vk ) Quit
> — | == —
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where we have used Lemmai.

Now using Lemm&.2with a = > 1, for o < = and

(1 a(1=X)
cq=c—a+ar=c—a(l—X) >0,

we obtain the required result. ]

On Some Classes Of Analytic
Functions

Khalida Inayat Noor and M.A.
Salim

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 12 of 13

J. Ineq. Pure and Appl. Math. 5(4) Art. 98, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:KhalidaN@uaeu.ac.ae
mailto:KhalidaN@uaeu.ac.ae
http://jipam.vu.edu.au/

[1] W. KAPLAN, Close-to-convex Schlicht functiongylichigan Math. J.,
(1952), 169-185.

[2] K.I. NOOR, On a generalization of close-to-convexitytern. J. Math. &
Math. Sci. 6 (1983), 327-334.

[3] K.I. NOOR, Higher order close-to-convex functiodath. Japonica, 37
(1192), 1-8.

[4] R. PARVATHAN AND S. RADHA, On certain classes of analytic functions,
Ann. Polon. Math.49(1988), 31-34.

On Some Classes Of Analytic
Functions

Khalida Inayat Noor and M.A.
Salim

Title Page
Contents
44
|
Go Back
Close
Quit
Page 13 of 13

J. Ineq. Pure and Appl. Math. 5(4) Art. 98, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:KhalidaN@uaeu.ac.ae
mailto:KhalidaN@uaeu.ac.ae
http://jipam.vu.edu.au/

	Introduction
	Preliminary Results
	Main Results

