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The setting is a finite seP of points on the circumference of a circle, where
all points are assigned non-negative real weighs). Let P; be all subsets of

P with i points and no two distinct points within a fixed distanteWe prove

that Wi > Wiy 1Wi—1 whereWy, = 3, p [1,c, w(p). This is done by

first extending a theorem by Chudnovsky and Seymour on roots of stable set
polynomials of claw-free graphs.
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1. Introduction

In this note a weighted type extension of a theorem by Chudnovsky and Seymour is
proved, and then used to derive some inequalities about well-distributed points on
the circumference of circles. Some basic graph theory will be usestial#{e setn a
graph, is a subset of its vertex set with no adjacent vertices. For a gratgstable

set polynomiais

pa(x) = po + prx + poz? + - 4 puz”,

wherep; counts the stable sets (® with ¢ vertices, and there are vertices in the
largest stable sets. It was conjectured by Stan®yapd Hamidouneq] that the
roots of stable set polynomials of claw-free graphs are real. dlaw-freegraph
there are no four distinct verticesb, ¢, andd, with a adjacent ta, ¢, andd, but

none ofb, ¢, andd are adjacent. The conjecture was proved by Chudnovsky and
Seymour P]. For some subclasses of claw-free graphs, weighted versions of the
theorem exist, and they are used in mathematical phySjcsf[w is a real valued
function on the vertex set of a graph then theweighted stable set polynomial

Pew(T) = po+ prz+ par® + -+ pra”,

pi = Z Hw(v)

S stable inGG and#S:i vES

fori > 0 andpy = 1. Theoren®.5states that ifv is non-negative, and is claw-free
thenp: ., is real rooted. The proof is in three steps, first for integer weights, then

where
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rational, and finally for real weights.

In the last section, points on circles are described by claw-free graphs, and New-
ton’s inequalities are used to derive information on well-distributed point sets of
them.
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2. A Weighted Version of Chudnovsky and Seymour’s Theorem

Some graph notation is needed. The neighborhood of a veriexG, denoted
N¢(v), is the set of vertices adjacenttpand Ng[v] = Ng(v) U {v}. The vertex
set of a graplti is V(G) and the edge set i5(G). The induced subgraph ¢f on
S C V(G), denoted by=[S], is the maximal subgraph ¢f with vertex setS.

Lemma 2.1. Let G be a claw-free graph with non-negative integer vertex weights
w(v). Then there is an unweighted claw-free grafgtwith p¢ ., () = pu(x).

Proof. If there are any vertices i@ with weight zero they can be discarded and we
assume further on that the weights are positive.
Let H be the graph with vertex set

U {0} x{1.2....,w(v)}

veV(G)
and edge set
{{(w,9), (v,5)} S V(H) [ {u,v} € E(G), oru=wvandi # j}.

We will later use thatib € V(G) andl < i, j < w(v) thenNg[(v,7)] = Ng[(v, j)].

First we check that{ is claw-free. Let(vy, i), ..., (v4,i4) be four distinct ver-
tices of H and assume that the subgraph they induce is a claw. If all,af, v3, v4
are distinct, then their induced subgraph(ofis a claw, which contradicts that
is claw-free. The other case is that not allwgfv,, v3,v4 are distinct; we can as-
sume without loss of generaliy that = vy, BUt Ny, i)),.... 00,0 [(V1,11)] =
NH[(vg,i0),....(va,in)] [ (V15 71)] @nd this is never the case for the neighborhoods of two
distinct vertices in a claw. ThuH is claw-free.

The surjective mapy : {SisstableinH} — {SisstableinG} defined by
{(v1,11), (va,02), .., (v, i)} = {v1,00,..., 0} satisfy#¢71(S) = [[,cqw(v),
which shows thapg () = pr (). O
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Theorem 2.2 (B]). The roots of the stable set polynomial of a claw free graph are
real.

Lemma 2.3. LetG be a claw-free finite graph with non-negative real vertex weights
w(v), ande > 0 a real number. Then there is a polynomfdl:) = fo + fiz +---+
fax? of the same degree @g ., () = po+pra+- - -+paz satisfying) < p;— f; < e

for all 4, and all of its roots are real and negative. In additiofy,= 1.

Proof. We can assume that< 1. Letw be the largest weight of a vertex ¢, and
letw = 1 if no weight is larger than 1. Set= (4w)#"(@ec=1, Note thatn, @ > 1.

Letw'(v) = [nw(v)] be non-negative integer weights@f By Lemma2.1, there is
a graphHd with py(z) = pe.w(x), and by Theorem2.2 all roots ofpy (z) are real.
They are negative since all coefficients are non-negative. The roots of

f(x) = pauw(x/n) = fo+ f1$1 + f2$2 + -+ fdwd

are then also real and negative.

0<pi—/i

— Z H w(v) —n" H w’(v))
S stable inG and#S=1 \vES vES

_ 1 e ()]

> (e -1,

S stable inG and#S=1 \vES vES

< Z Hw(v) — H (w(v) — %))
S stable inG and#S=1 \vES vES

Well-Distributed Point
Sets on Circles

Alexander Engstrom

vol. 8, iss. 2, art. 34, 2007

Title Page
Contents
44 44
< >
Page 5 of 10
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:alexe@math.kth.se
http://jipam.vu.edu.au

DD -k | K10

S stable inG' and#SZ’i Ugs velU
1
< = n1+#U7#SU~]#U
D D
SstableinG and#S:Z Ugs
1 -
< —Q#V(G)Z#V(G) 1w#V(G) Well-Distributed Point
n Sets on Circles
=E£. Alexander Engstrom
. .. . I. 8, iss. 2, art. 34, 2007
We have thaff, = 1 sincep ./, hence it is a stable set polynomial. O oL Bs et

This is a nice way to state the old fact that the roots and coefficients of complex

. . . Title Page
polynomials move continuously with each other. g

Theorem 2.4 (B]). The spacéP, of all monic complex polynomials of degresvith Contents
the distance functiodp, (f,g) = max{|fo — gol,- -, |fu-1 — gn-1]} fOr f(2) = <« »

fot+ fiz+ -+ faazv 4+ z2randg(z) = go+ g1z + -+ g2+ 2" isa

metric space. < >
The setl,, of all multisets of complex numbers withelements with distance Page 6 of 10
function o Back
. O bac
de,(U,V) = min max [u; = vr)|
] . Full Screen
forU = {uy,...,u,} andV = {vy,...,v,} is a metric space.
The map{zi,22,..., 20} — (2 — 21)(z — 22) -+ (2 — z,) from L,, to P, is a Close
homeomorphism. , : ”
journal of inequalities
Theorem 2.5.1f G is a claw-free graph with real non-negative vertex weightben in pure and applied
all roots of p¢; ., () are real and negative. mathematics
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Proof. Assume that the the statement is false since there is a gfapth weightsw
such thapg ,(a + bi) = 0, wherea andb are real numbers arid# 0. Assume that
Pew(2) = po+piz+pez? +- -+ paz?, wherep, # 0. Sincep, andp, are non-zero
the mapr — 1/r is a bijection between the multiset of roots j@f ,,(z) and the
multiset of roots of the monic polynomiglz) = pg + pg_12 + pa_22>+ -+ + poz®.
The distance iC,, as defined in Theorem 4, between the multiset of roots pfz)
and the multiset of roots of any real rooted polynomial is at |g&éta® + b*) since

=||{r— a + b 1| > 1
- a2 + b2 a2 + b2 | =

a? + b2

for any realr. Now we will find a contradiction to the homeomorphism statement
in Theorem2.4 by constructing polynomials which are arbitrary closepfe) in
P,, but on distance at leagt|/(a* + b?) in L,. Lete > 0 be arbitrarily small, at
least smaller thamp,;/2. By LemmaZ.3there is a real rooted polynomiglz) =
fo+ fix +---+ faz? such that) < p, — f; < e andf, = 1. We assumed that
e < pq/2 so that bothf, and f, are non-zero. All roots of the monic polynomial
f(2) = fa+ faorz+ fao2® +---+ foz? are real, since they are the inverses of the
roots of f(z), which are real. Hence the distance between the rogig:ofand f(z)
in L, is at leastb|/(a® + b*). But sincelp; — f;| < ¢, the distance betweeiiz) and
f(2) in P, is at most.

The roots are negative since all coefficientspef,(z) are non-negative, and
pG,w(O) =1. ]

1
a+bi
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3. Weighted Points on a Circle

The circumference of the circle is parametrizedby- {(z,y) € R? | 22 +y? = 1},
and the distance between two points is the ordinary euclidean metric. T@asét

of points on the circle and a distandewe associate a graghi( P; d) with P as a
vertex set, and two distinct verticesandb are adjacent if their distance is not more
thand.

Lemma 3.1. The graphG(P; d) is claw-free.

Proof. Assume that the points;, p-, p3, p4 lie clockwise on the circle and form a
claw in the graph withp, adjacent to the other ones. Not bpthandp, can be further
away fromp, thanps is fromp,, since they are on clockwise order on the circle. But
the distance fromp, andp, to p; is larger thand, and the distance betwegn and

ps IS at mostd since they are in a claw. We have a contradiction and €\U3; d) is
claw-free. O

If the points are equally distributed on the circle, we get a class of graphs which
was studied in a topological setting by Engstr@gnd used in the proof of Lovasz’s
conjecture by Babson and Kozlo¥][

Now we can use the extension of Chudnovsky and Seymour’s theorem.

Theorem 3.2. Let P be a finite set of points on the circumference of a circle, where
all points are assigned non-negative real weighit®). And letP; be the set of all
subsets of’ with & points and no two points within a fixed distantel'hen the roots

of
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andWW, = 1.

Proof. By Lemma3.1 the graphG(P;d) is claw-free. The sums of products of
weights islV;, and by Theoren2.5the roots of the polynomiaf(x) = pec(p.a),w(2)
are real and negative. O

Newton’s inequalities used for coefficients of polynomials with real and non-
positive roots as described i [gives the following corollary.

Corollary 3.3. Using the notation of Theoref 2, with n the largest integer such
thatWW,, # 0, we have
W2 Wi Wi

M° G5 G

and 1/k 1/(k+1)
sz > Wk+1
m\1/k =  n \1/(k+1)
(v (+11)

for0 < k < d.

There is an easily stated slightly weaker versidit, > W, Wi.1.
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