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ABSTRACT. In this paper we consider some integral operators and we determine conditions for
the univalence of these integral operators.
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1. INTRODUCTION

LetU = {z € C : |z| < 1} be the unit disc in the complex plane. The clalsand the class
S are defined in([2]: let be the class of function(z) = 2 + a»2* + - - - , which are analytic
in the unit disk normalized wittf (0) = f/(0) — 1 = 0; let S the class of the functiong € A
which are univalent ir/.

In [[7] is defined the clasS(«). For0 < a < 2, let S(«) denote the class of functiorfse A
which satisfy the conditions:

(1.1) f(z) #0 for0 < |z] <1
and

(2 '(f(z)) =
forall z € U.

In [7] is proved the next result. FOr< o < 2, the functionsf € S(«) are univalent.
In this work, we consider the integral operators

(1.3) Golz) = {oz /0 o) du} )
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and

(1.4) H, () = {a /0 u*! (@)ydur

for g(z) € S, h(z) € S and for somey, v € C.
Kim - Merkes [1] studied the integral operator

(1.5) F(2) = /0 (@)7 du

and obtained the following result

Theorem 1.1.1f the function.(z) belongs to the class, then for any complex number || <
1, the functionF, () defined by[(1]5) is in the class

2. PRELIMINARY RESULTS

In order to prove our main results we will use the lemma due to N.N. Pascu [4] presented in
this section.

Lemma 2.1. Let the functionf € A anda a complex numbeRe o > 0. If
1 — [z2Rea | 2f7(2)

Rea f'(2)
forall z € U, then for all complex number$ Re 3 > Re « the function

(2.1) <1,

(2.2) Fy(z) = [ﬁ / T f’(U>dU] ’

0
is regular and univalent /.

3. MAIN RESULTS

Theorem 3.1. Let o be a complex numbeRe o > 0 and the functiory € S, g(z) = z +
2
asz® + -+ . |f

(r) a—1]< 2% for Reae (0,1)
or

1
() la—1] < 1 for Re a € [1, 00),

then the function

(3.1) Go(2) = {a/ > (u) du}
0

is in the classS.

Proof. From [3.1) we have

@2 = [o [ (1) )

The functiong(z) is regular and univalent, hené’éz—) # 0 for all = € U. We can choose the

a—1
regular branch of the functio[wg(zi)} to be equal to 1 at the origin.
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Let us consider the regular functionln given by

(3.3) p@)ziéz(ggg)a_ldw

Becausgy € S, we obtain

29'(2)| _ 1+ 7]
3.4
o9 o) | ST e
forall z € U.
We have
(35) 1_|Z|2Rea Zp”(Z) :1_|Z|2Rea Zg,(Z>_1
Re « P (2) Re « g(2)
i s 2g'(2)
<—Ja—1| | |—=+1).
~  Rea jor = 1] g(2) *
From (3.5) and[(3]4) we obtain
1— 2 Re " 1— 2 Re a 2
6) SR )| 1l 2
Re o P (2) Re « 1— |z

Now, we consider the cases
i1) 0<Rea <1.
The function
5:(0,1) =R, s@)=1-a* (0<a <1)
is a increasing function and far= |z|, z € U, we obtain

(3.7) 1—|z2Ree <1 — |2
forall z € U.
From [3.6) and[(3]7), we have
(3.8) 1 —|z]2Ree | 2p"(2) 4| —1]
Re « P (2) Re «
forall z € U.
Using the conditionf)) and [3.8) we get
1— |Z‘2Rea zp”(z)
3.9 <1
(3:9) Re « P(z) |~
forall z € U.
is) Rea >1.
We observe that the function
1— 2x
q:[Loo) =R, gla)=—— (0<a<l)

is a decreasing function, and that, if we take- |z|, z € U, then
1 — |z|2Re a

3.10 <1-— |z
(3.10) <13
forall z € U.
From (3.6) and[(3.10) we obtain
1— ‘Z|2Rea Zp”(Z)
3.11 <4l|a-—1|.
( ) Re « P(z) | ~ o |
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From (3.11) and£)), we have
(3.12)

1 — |Z|2Rea

Re o

Zp//<Z)

P (2) =1

forall z € U.
a—1
Using ), (3.1R) and becaugéz) = (g(j)> , from Lemm forv = G it results that
the functionG,(z) is in the classS.

Theorem 3.2.1f o is a real numbery € [, 2] and the functiory € S(«), then the function

1

3.13 Guo(2) = |« Zo‘_ludua
(3.13) @ = o [ wal
is in the classs.

Proof. If g € S(a), theng € S and by Theorerh 3|1 far € [£, 2], we obtain the function
Ga(z) in the classs. O

Theorem 3.3.Leta, v be a complex numbers and the functiog S, h(z) = z +axz® +--- .
If

R
(p1) lv] < Za for Rea€(0,1)
or
1
(p2) ly| < 1 for Rea€[l,0)

then the function

(3.14) H, () = {a/ozual (@)7 durx

is regular and univalent if/.

Proof. Let us consider the regular functionif defined by

(3.15) f@):iéz(ﬁ%g>vdu

For the functiom: € S, we obtain

2 h'(2) 1+ |z

A
(3.10) M) | ST
forall z € U.

We obtain

1_‘Z|2Rea Zf”(Z) 1_|Z|2Rea Zh,<2)

A7 < 1]).

(3.17) Re o f'(z) | — Re « ] h(z) +

From (3.17) and (3.16), we have

1 — |z|2Rea Zf”Z 1 — |z|2Rea 2
3.1 1 "(2) El
Re a f'(2) Re a 1—|z|
We consider the cases
jl) 0<Rea <1.
In this case we obtain
(3.19) 1—|z2Ree < 1 — |2
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forall z € U.
From [3.18) and (3.19), we get
_ 2Re o "
(3.20) L [P |27"(2)| _ 4
Re o f'(2) Re a
forall z € U.
By (3.20) and[f,) we have
1— |Z|2Rea Zf,/(Z)
3.21 1
(3.21) Re a f(z)
forall z € U.
j2) Rea >1.
For this case we obtain
(3.22) m<1_|z|2
' Re a -
forall z € U.
From (3.18) and (3.22) we have
1 — |Z|2Rea Zf//(Z)
3.23 < 41y|.
(3.23) o o ) | = 7]
From (3.23) andif), we get
1— |Z|2Rea Zf”(z)
3.24 <1
(3.24) Re a fl(z) | —
forall z € U.

From (3.21),((3.24) and becaugé:) = (@)7 from Lemm forr = (it results that
the functionH, ,(z) is in the classS.

Remark 3.4. For o = 1, from Theorenj 3]3 we obtain Theorém|1.1, the result due to Kim-
Merkes.

Theorem 3.5. Let~y be a complex number and the functibre S(a).

If
(3.25) ly] < % for a€(0,1)
or
(3.26) Iy < i for «ae€ll,2]

then the functiorfl,, (=) defined by[(3.14) is in the class

Proof. Becauséi(z) € S(a), 0 < o < 2, thenh(z) € S and by Theorern 3|3 the function
H,, (z) belongs to the class. O
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