Journal of Inequalities in Pure and
Applied Mathematics

A HYBRID INERTIAL PROJECTION-PROXIMAL METHOD FOR
VARIATIONAL INEQUALITIES

volume 5, issue 3, article 63,
2004.

A. MOUDAFI Received 08 December, 2003;

accepted 14 April, 2004.
Univeristé des Antilles et de la Guyane P P

DSI-GRIMAAG, B.P. 7209, 97275 Schoelcher, Communicated by: R. Verma
Martinique, France.

EMail: abdellatif. noudafi@martinique.univ-ag.fr

Abstract

Contents

44
4

Home Page
Go Back

Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit
170-03


Please quote this number (170-03) in correspondence regarding this paper with the Editorial Office.

mailto:verma99@msn.com
http://jipam.vu.edu.au/
mailto:abdellatif.moudafi@martinique.univ-ag.fr
http://www.vu.edu.au/

Abstract

The hybrid proximal point algorithm introduced by Solodov and Svaiter allowing
significant relaxation of the tolerance requirements imposed on the solution of
proximal subproblems will be combined with the inertial method introduced by
Alvarez and Attouch which incorporates second order information to achieve
faster convergence. The weak convergence of the resulting method will be
investigated for finding zeroes of a maximal monotone operator in a Hilbert A Hybrid Inertial

Space. Projection-Proximal Method for
Variational Inequalities
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The theory of maximal monotone operators has emerged as an effective and
powerful tool for studying a wide class of unrelated problems arising in various
branches of social, physical, engineering, pure and applied sciences in unified
and general framework. In recent years, much attention has been given to de-
velop efficient and implementable numerical methods including the projection
method and its variant forms, auxiliary problem principle, proximal-point al-
gorithm and descent framework for solving variational inequalities and related _ _

.. . . . . . . A Hybrid Inertial
optimization problems. It is well known that the projection method and its vari-  projection-Proximal Method for
ant forms cannot be used to suggest and analyze iterative methods for solving  Varational Inequalities
variational inequalities due to the presence of the nonlinear term. This fact A. Moudafi
motivated the development of another technique which involves the use of the
resolvent operator associated with maximal monotone operators, the origin of
which can be traced back to Martiné{ jn the context of convex minimization
and Rockafellard] in the general setting of maximal monotone operators. The Contents
resulting method, namely the proximal point algorithm has been extended and

Title Page

generalized in different directions by using novel and innovative techniques and « ad
ideas, both for their own sake and for their applications relying on the Bregman < >
distance or based on the variable metric approach. Go Back

To begin with let us recall the following concepts which are of common
use in the context of convex and nonlinear analysis, see for example Brézis Clese
[3]. Throughout,H is a real Hilbert space, -) denotes the associated scalar Quit
product and| - || stands for the corresponding norm. An operator is said to be Page 3 of 13
monotone if
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It is said to be maximal monotone if, in addition, the grapty,y) € H x
H :y € A(x)}, is not properly contained in the graph of any other monotone
operator. It is well-known that for each € H and\ > 0 there is a unique
z € H suchthatr € (I + \A)z. The single-valued operatds' := (I + \A)~!
is called the resolvent ot of parameten. It is a nonexpansive mapping which
is everywhere defined and satisfies= Ji'z, if and only if,0 € Az.

In this paper we will focus our attention on the classical problem of finding
a zero a maximal monotone operater®n a real Hilbert spack

. A Hybrid Inertial
(1.1) find z € H suchthat A(z) > 0. Projection-Proximal Method for
Variational Inequalities
One of the fondamental approgc_hes to SQ|VIﬂ]Q].)(IS the proximal met_hod o
proposed by Rockafellag]. Specifically, havinge,, € H a current approxima-
tion to the solution of 1.1), the proximal method generated the next iterate by _
solving the proximal subproblem e P
Contents
(1.2) 0€ A(x) + pa(x — 2,),
_ o < >
whereu,, > 0 is a regularization parameter. p N

Because solvingl(2) exactly can be as difficult as solving the original prob-
lem itself, it is of practical relevance to solve the subproblems approximately, Go Back
thatis findz, ., € H such that

Close
(13) 0= Un+1 + Mn(xn—i-l - xn) + En, Un+1 S A<xn+1)a Quit
wheres,, € H is an error associated with inexact solution of subproblér).( Page 4 of 13

In many applications proximal point methods in the classical form are not
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methods focus, among other approaches, on the ways of incorporating second
order information to achieve faster convergence. To this end, Alvarez and At-
touch proposed an inertial method obtained by discretization of a second-order
(in time) dissipative dynamical system. Also, it is worth developing new al-
gorithms which admit less stringent requirements on solving the proximal sub-
problems. Solodov and Zvaiter followed suit and showed that the tolerance
requirements for solving the subproblems can be significantly relaxed if the
solving of each subproblem is followed by a projection onto a certain hyper-
plane which separates the current iterate from the solution set of the problem. A Hybrid Inertial

To take advantage of the two approaches, we propose a method obtained by Pro]e\f;r?:t.gﬁgf'm;ﬁﬂaﬂ.fg for
coupling the two previous algorithms.

Specifically, we introduce the following method. A Moudafi
Algorithm 1.1. Choose anyry,z; € H ando € [0,1[. Havingz,, choose :
11, > 0 and Title Page
. Contents
(1.4) findy, € H suchthat 0=, + p,(yn — 2n) + €0, Vn € Alyn),
44 44
where
< >
(1.5) 2, =2+ an(Ty —2n1) and  |len| < omax{||lval], pnllyn — 2l }-
Go Back
Stop ifv,, = 0 or y,, = z,. Otherwise, let
Close
<vn7 Zn yn> .
(1.6) Tyl = Zp — TNE Up,. Quit
) Page 5 of 13
Note that the last equation amounts to
$n+1 — pTOjH (Zn) J. Ineq. Pure and Appl. Math. 5(3) Art. 63, 2004
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where
(1.7) H, :={z€H, (v, 2 —yn) =0}

Throughout we assume that the solution set of the probleihié nonempty.
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To begin with, let us state the following lemma which will be needed in the
proof of the main convergence result.

Lemma 2.1. ([9, Lemma 2.1]). Let, y, v, 7 be any elements @{ such that
(v,x—y)>0 and (v,z—y) <O0.
Letz = proj,(z), where
H:={se™H, (v,s—y) =0}

2
o — 22 < Jle - 3] - (M) .

o]

Then

We are now ready to prove our main convergence result.

Theorem 2.2. Let {z,,} be any sequence generated by our algorithm, where
A : 'H — P(H) is a maximal monotone operator, and the parametersu,,
satisfy

1. 94 < o0 suchthatu, < f.
2. Jda € [0, 1] such thatvk € N* 0 < o, < a.

If the following condition holds

(21) Zannxn—l - xTLHQ < +OO,

n=1
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then, there exists € S := A~'(0) such that the sequende,, } strongly con-
verges to zero and the sequer{eg } weakly converges to.

Proof. Suppose that the algorithm terminates at some iteratiorit is easy
to check thaty, = 0 in other wordsy,, € S. From now on, we assume that

an infinite sequence of iterates is generated. It is also easy to see, using the

monotonicity ofA and the Cauchy-Schwarz inequality, that the hyperpkpe
given by (L.7), strictly seperates,, from any solutionz € S. We are now in a
position to apply Lemma.1, which gives

(2.2)

a1 = Z)1* < 12 — 2I° —

Settingy,, = 1|z, — z||* and taking in account the fact that

1 2 L ~ 112 - ay 2
Slen =2 = Sl 2l + @l — 7,00 — 70s) + 2 — maa |

and that
1
<xn - i’,ﬂ?n - xn71> = ¥n — Pn-1 + 5”1’” - xn71H27

we derive
a, + a2 1 (v, 20 — Yn)?
TH% —zp]® — 2 oz
[[on]]
On the other hand, using the same arguments as in the proof of Th@atem

([9]), we obtain that

Pn+1 — Pn S an(@n - (pnfl) +

<Umzn_yn> (1_‘7)2
> 5 llvnl?.

2.3
(23) Wl = Gto)2
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Hence, from 2.2) it follows that

2 2
Pt = on < nlipn = ) + 2 P 5 T
from which we infer that

2
@) 91— 0 < anlin= pat) =l = 3 o ol
Settingb,, := ¥, — ©n_1, On = ullTn — z,1]]* and[t]; := max(t,0), we
obtain Projecti(ﬁ\:yrgzic:r:zle&ghod for
Oni1 < anbp + 0, < an[n]s + 0, Variational Inequalities

wherea € [0, 1]. A. Moudaf

The rest of the proof follows that given in][and is presented here for com-
pleteness and to convey the ideaih [The latter inequality yields

Title Page
n—1
[9n+1]+ < Oén[91]+ 4 Zai5n—i7 Contents
i=0 <« 33
and therefore o ! . < >
Z[0n+1] S 1 — ([01]+ + Z 67’L> ) Go Back
n=1 n=1
which is finite thanks to the hypothesis of the theorem. Consider the sequence Close
defined byt,, = ¢, — >" [0:]+. Sincep, > 0and} " (0] < +oo, it Quit
follows that{t, } is bounded from below. But Page 9 of 13
bnt1 = $ni1 — [6n+1]+ o Z[QZ]JF S Pt — Pt T Pn Z[el]+ = ln, J. Ineq. Pure and Appl. Math. 5(3) Art. 63, 2004
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so that{t¢,,} is nonincreasing. We thus deduce tfigt} is convergent and so is
{¢,}. On the other hand, fron2(4), we obtain the following estimate

1 (1-0)? 5

5@\!%“ < On — @nt1 + afly] 4 + 0
Passing to the limit in the last inequality and taking into account {hat}
convergesyy, ] andd, go to zero as tends to+oo, we obtain that the sequence
{v,,} strongly converges t0. Since, by {.4),

A onll = Nlzn = wall,
we also have that the sequer{cg — y,,} strongly converges t0.
Now let z* be a weak cluster point ofz,}. There exists a subsequence
{z,}, which weakly converges to*. According to the fact that
lim ||z, —y, /=0 with 2z, ==z, +a,(x, —2,1)

v—+00

and in the light of assumptior2 (), it is clear that the sequencés, } and{y, }
also weakly converge to the weak cluster paiht By the monotonicity of4,
we can write

Ve HVwe A(z) (z—y,,w—1v,) >0,
Passing to the limit, ag — 4oc, we obtain
(z — 2", w) >0,

this being true for anyw € A(z). From the maximal monotonicity ofl, it
follows that0 € A(z*), thatisz* € S. The desired result follows by applying
the well-known Opial Lemma/]. O
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In this paper we propose a new proximal algorithm obtained by coupling the
hybrid proximal method with the inertial proximal scheme. The principal ad-
vantage of this algorithm is that it allows a more constructive error tolerance
criterion in solving the inertial proximal subproblems. Furthermore, its second-
order nature may be exploited in order to accelerate the convergence. It is worth
mentioning that ife = 0, the proposed algorithm reduces to the classical ex-
act inertial proximal point method introduced i7][ Indeed,c = 0 implies .
thate, = 0, and consequently, ., = y,. In this case, the presented analysiS  Projection-Proximal Method for
provides an alternative proof of the convergence of the exact inertial proximal VLA TE IS
method that permits an interesting geometric interpretation. A. Moudafi
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