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ABSTRACT. Necessary and sufficient conditions under which the Qi integral inequality

/ab fi(z)dz > (/ab f(z) d:z:)t_1

or its reverse hold for all > 1 are given.
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1. INTRODUCTION

In [5] Feng Qi formulated the following problem: Characterize a positive funcfi@uch
that the inequality

(L.1) / fa)de > ( / @) daz)

holds fort > 1.

In [1,2,/3,[4] and the references therein, several sufficient conditions and generalizations are
given. In all the cited papers the authors look for the solution of the Qi inequality with restricted
t. This paper is another contribution to this subject. We shall try to establish conditions under
which the inequality holds for atl > 1.

Let (X, u) be a finite measure space aficbe a positive measurable function. Define for
teR

(1.2) H(t) = H(t, ) zln/ftdu—(t—l)ln </fdu).

It is clear that inequality[ (1}1) is equivalent f6(¢) > 0 for ¢ > 1. We will say that for the
function f the Qi Inequality (QI) holds i (¢, f) is nonnegative for alf > 1. We will also say
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2 A. WITKOWSKI

that for the functionf the Reverse Qi Inequality (RQI) holds# (¢, f) is non-positive for all
t>1.
By the Cauchy-Schwarz integral inequality, we haveyiaor € R

(1.3) (/fwﬂm)_i/ﬂﬂu/f%m

which means that the functiat (¢) is convex, that is

(1.4) H (t1;t2> < Ht) ; H{ts)
holds fort,, t, € R, so its derivative

oy S fdu ( >
(1.5) H'(t) = TFdu In /fdu

is increasing irt € R.
Let
M =esssup,cy f(z) and puy = p({z: f(x) = M}).
The following lemmas will be useful.
Note that from now on we will use the convention thatc = co andIn 0 = —oc.

Lemma 1.1. The following formula holds:
H(t M
(1.6) lim L =In :

Proof. Fore > 0letm. = pu(z : f(x) > M —¢). Then

(M =& < [ 1 du < (),

SO
tIn(M —¢) 4+ Inm,

2.7) <H@)+(t—1 ln(/fdu>

<tlnM + Inpu(X).
Dividing by ¢ on both sides of (1]7) yields

M — .. JH(t) . H(t) M
< lim inf < lim sup <In .
ffdp t—oo ¢ t—oo T [ fdu

In caseM = oo, M — ¢ stands for an arbitrary large number. This completes the proof[]
Lemma 1.2.If M < oo then

(1.8) lim (H(t)—tlnfydﬂ) :m(uM/fdM).

t—o0
Proof. Direct computation yields
M
lim ( H(t) —tln
t—o0 < 2 If du)
_ f
(2.9) _tlirgloln/ (M du+ln/fdu
= ln<uM / fdu)
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as(f/M)" tends monotonically to the characteristic functiof{ of: f(z) = M}. O

2. FENG QI INTEGRAL INEQUALITY
In this section we consider the problem: Characterize positive funcfidingt satisfy (Ql).
Theorem 2.1. A constant functiord/ satisfies (QI) if and only ifi(X) < 1TandM > 1/u(X).

Proof. H(t) > 0 is equivalent toM > u(X)2. This can be valid for alt > 1 only if the
conditions of the theorem are fulfilled. O

From now on we assume thdtis not constant, in which case the functiéhis strictly
convex.
Itis clear that the necessary condition for (QI}i$1) > 0 or equivalently| fdu > 1.

Theorem 2.2.  (a) If H(1) = 0 then (QI) holds if and only it7'(1) > 0.
(b) If H(1) > 0then

(bl) if H'(1) > 0 then (QI) holds;
(b2) if H'(1) < 0andM < [ fduthen (QI) fails for larget;
(b3) if H'(1) < 0andM = [ fdpthen (QI) holds if and only ifiy, M > 1;

(b4)if H'(1) < 0 and M > [ fdu then there exists an unique poift such that
H'(ty) = 0 and (QI) holds if and only if{ (¢y) > 0.

Proof. (a) and (b1) follow immediately from convexity &f.

From Lemma 1]1 we see that becomes negative for largewhich proves (b2).

(b3) follows from Lemma 1]2 and from the fact that being convex the gra liés above
its horizontal asymptote.

Finally (b4) follows from the fact that{’ is strictly increasing and{’(t,) = 0 for somet,,
thenH attains its minimum af,. Observe that in this cagé may be infinite for some finite,,
and consequently for afl> t.. OJ

From the above theorem we obtain the following, surprising
Corollary 2.3. If u(X) < 1 then (QI) holds if and only it/ (1) > 0.

Proof. We will show that ifu(X) < 1thenH’(1) > 0forall f, so the condition (b1) is satisfied.
Applying the integral Jensen Inequality to the convex functidmz we obtain

ﬁ/flnfduz (ﬁ/fd/&ln(ﬁ/fdﬂ)
a0

which is equivalent ta?’(1) > 0. O

In the case (b4), solving the equatiéfi(t) = 0 may not be an easy task, but the following
corollaries may be helpful:

Corollary 2.4. Let
_ [fInfdp— [ fdpln [ fdu

fr [ finfdpu

If H'(t;) > 0 then (QI) holds.

Proof. ¢, is the point where the supporting line drawntat 1 meets the OX-axis. The graph
of H lies above it. In particulafd (t;,) > 0. As H'(t) is nonnegative for > ¢, the proof is
completed. O
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Corollary 2.5. If 0 < ppr, M < oo let

In(pa [ fdp)
(M [ fdp)

If H'(tr) < 0ortg <t then (QIl) holds.

tp =

Proof. ¢ is the point where the supporting line drawratf(it exists by Lemma 1]2) meets the
OX-axis. Iftp < t;, the two supporting lines meet above the OX-axis.
If H'(tr) < 0 we use an argument similar to that in the proof of the previous corollary.]

3. REVERSED FENG QI INEQUALITY

In this section we give sufficient and necessary conditions for the reversed problem: Charac-
terize positive functiong that satisfy (RQI).

Theorem 3.1. A constant function satisfies (RQI) if and only:{fX) > 1 and M < 1/u(X).
The proof is similar to that of Theoregim 2.1.

Theorem 3.2. For a non constant functiorf (RQI) holds if and only iff (1) < 0 and M <
[ fdu.

Proof. As uy M < [ fdu = exp(H(1)) < 1 it follows from Lemmg 1.1l anfi 1|2 thaf is
negative for large. Being convex and non-positive @t 1, it must be decreasing.
On the other hand il/ > [ f duthenH is positive for larget by Lemmg 1.]L. O

4. FINAL REMARK
Finally we prove the following

Theorem 4.1. For every positive functiorf there exists a constant> 0 such thatcf satisfies
(QD or (RQI).
Proof. One can easily see that

H(t,ef) =lnc+ H(t, f),

socf satisfies (QI) for certaim if and only if H(t, f) is bounded from below. Similarlyf
satisfies (RQI) only if (¢, f) is bounded from above.

It follows immediately from Lemmi 1} 1 and Lemina]1.2 that the funcfitin) is bounded from
below if and only if A/ > [ fduor M = [ fduandu, > 0 and is bounded from above if
andonly if M < [ fdpu.

This completes the proof of our theorem. O

Note that in casé/ = [ fdu andu,, > 0 we can find constants andc, such that (Ql)
holds forc; f and (RQI) holds for, f.
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