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Abstract:

Mixed arithmetic and geometric means, with and without weights, are both

considered. Related to mixed arithmetic and geometric means, the following
three types of inequalities and their generalizations, from three variables to a
general variables, are studied. For arbitraryy, z > 0 we have

1/2 1/3
(A) w(myz)l/g’ < r+y yt+z z+z ,
3 2 2 2

3

1 1/2 r+y y+z z+4+=x 1/3
- < . . .
(D) [3 (xy+yz+zx)} < < . 5 5 >

® (v VED) < ) [T )

The main results include generalizations of J.C. Burkill's inequalities (J.C.
Burkill; The concavity of discrepancies in inequalities of means and of Holder,
J. London Math. Soq2), 7 (1974), 617-626), and a positive solution for the
conjecture considered by B.C. Carlson, R.K. Meany and S.A. Nelson (B.C.
Carlson, R.K. Meany, S.A. Nelson; Mixed arithmetic and geometric means,
Pacific J. of Math.38 (1971), 343-347).
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1. Introduction

In this paper, our inequalities concern generally arbitrary numbers of variables, how-
ever, the simplest most meaningful case for us is the case of three variables. Thus
our motivation in this paper can be illustrated with three variables.xl.et = be

any three non-negative numbers. By taking the arithmetic mean of two each of
x, y, z we have three numbel%j—y, %ﬁ and 2. Taking the geometric mean of

1 . .
these three numbers, we haffg? - 2= . 22)5_|f our process of taking the arith-
metic means and geometric means is reversed, first we haye ,/yz and/zx,

then we havel (/zy + \/yz + /zx). The two numberg*3¥ - 1= %)% and

5 (VTy + yz + Vzz) are called the mixed arithmetic and geometric means, or
simply the mixed means, aof, y, z. Mixed arithmetic and geometric means appear

in many branches of mathematics. However in this paper our interest is stimulated
by the following inequality C), which was proved by B.C. Carlson, R.K. Meany and
S.A. Nelson, and simply referred to as CMN, s2egnd [3],

rT+y y+=z z+x)§

© S (Ve i+ va) < (LY 2 2

Besides inequality), our main concern in this paper is to study the following
three types of inequalities, which are all related to mixed arithmetic and geometric
means:

1 1
2 3
A x—i—y—l—z.(xyz);] S(m—i—y.vaz_z—i-x) |

3 2 2 2
rT+y+z

(B) (VTy + Vyz + V2z2) g%{Tnyz)ﬂ,

W
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rT+y y+=z z+x)§

1 3
(D) —(wy+y2+zx)} S( 5 5 5

3

Because of the convexity of the square functioh;we have

2

%(\/:c_y+\/ﬁ+\/ﬁ) < E(fﬂerszerE)} :

thus the inequality[{) is stronger than the inequality), that is, ©) implies (C).

Except for C), among the three inequalities ), (B) and (O) there is no such
relationship that one is stronger than another, namely they are independent of each
other. One special relationship betweér) &nd (O) should be mentioned here} X
and () can be transformed into each other through a transformation, ) —

(iil> .z, y, z > 0. We add a few more remarks. The inequalitié$ &nd @)

x?y7z

are special cases of more general known inequalities, which were proved by J.C.
Burkill [ 1]. Further generalizations of Burkill’s inequalities will be discussed later.
The inequality C) above is also the simplest case of the more general inequality
proved by CMN B], which will be mentioned later.
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2. Definitions and Notations

Our main results in this paper are generalizations\9f (B) and (©) from three vari-

ables ton variables. The first step toward generalization must be the formulation of

mixed arithmetic and geometric means fovariables in general. This formulation,
for the case of no weights, was given already in CNBN [

Letzy,...,z, > 0, n > 3 be arbitrary non-negative numbers and dente-
{1,...,z,}. For any non empty subsgtof X, denotelY'| as the cardinal number
of Y, and denote5(Y) and P(Y') as the sum of all numbers &f and the product
of all numbers ofY” respectively. Denote further by(Y') andG(Y') the arithmetic
mean ofY” and geometric mean af respectively. Namely we have

1 1

AY) = WS(Y) and G(Y)=P (V).
For anyk with 1 < k& < n, we define th&-th mixed arithmetic and geometric mean
of {x1,...,z,} = X as follows, and we will use the notations

(GoA), (z1,...,2,) = (Go A), (X)

and
(Ao G)y(z1,...,2,) = (A0 G), (X)
throughout the paper, where

‘ =

(%)

3

(k-th G o A mean) (GoA)(zr,....z)=| J[ AY)
YCX,|Y|=k

and

(k-th A o G mean) (AoG)k(xl,...,:zjn):L Z G(Y)
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~
In CMN [3], they prove the following inequalityX) ([3, Theorem 2]), which is I M
identical to the previousd) if n = 3 andk =1 = 2, o’

(€) (Ao G), (21,....20) < (Go A), (z1,...,12,) P

foranyzy,...,x, > 0and anyk andi satisfyingl < k, [ <nandn+1 <k +1.
Denote P (x1,...,2,) = P, (X) the k-th elementary symmetric function of

Mixed Arithmetic and

Tiy...,Tp, namely Geometric Means
Pk (.131, ‘e ,J,’n> = E P (Y) Takashi Ito
YCX,|Y|=k vol. 9, iss. 3, art. 64, 2008

We define th&k-thelementary symmetric mean @f4, ..., z,} = X, denoted by

Q. (71, ., 70) = @ (X), @S Title Page
1 & Contents
Qk (T1, ..., Tp) = mPk (xlxn)] : « o
By employing these notations, our generalization/f, (B) and (©) from 3 vari- S ¢
ables ton > 3 variables are as follows: Page 7 of 43
A Al 2) 1 G(an, . a) 1 < (GoA), (21, 1), Go Back
B) (AoG),(21,...,2,) < Z:TA(:UI, e Ty) F %G(m, ), Full Screen
(D) q(x1,...,2,) < (GoA), (z1,...,2,) Close
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Hence our inequalityl{) above is stronger than the inequalit) ( Actually in CMN
[3] the inequality D) is conjectured to be true.

The inequalities4), (B) and (©) will be proved in separate sections. In Section
3, the mixed arithmetic and geometric meamith general weightsre considered.
With respect to general weights, our final formulation of the inequalitigg(d @)
are given and they are proven in Theoretnsand 3.2, which give generalizations
of J.C. Burkill's inequalities. In Sectio#, the inequality D) is proven in Theorem
4.1, and entire section consists of provirig)(and checking the equality condition
of (D). In Section5, the inequality C) with three variables and general weights is
formulated and proved in Theoreml.
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3. Inequalities (A) and (B) with Weights

All inequalities mentioned in our introduction are with equal weights, one can say
without weights or no weights. For inequalities with weights, the order of given

variables is very significant. Thus inequalities with weights do not have symmetry
with respect to variables. Here we define one type of mixed arithmetic and geometric

mean with weights, and we lose the symmetry between variables in our inequalities. Mixed Arithmetic and
Lett,,...,t, be weights for variables, thatig,, . . ., ¢, are all positive numbers Geometric Means
andt; + --- + t, = 1. For any non negative numberszy,...,x, > 0 we define Takashi lto
the arithmetic mean and the geometric mear.of,...,z,} = X with weights vol. 9, iss. 3, art. 64, 2008
{t1,...,t,} as usual, denoted by, (z1,...,z,) = A (X) andGy (x4, ..., 2,) =
G (X), " Title Page
Ay (‘rla S ,l'n> = Z tix;, Contents
=1
n <« >
Gt(xl,...,mn):Hx?. < N
i=1
With respect to the weight&,, ..., t,}, similarly for any non-empty subsét of Page 9 of 43
{z1,...,2,} = X, we define the arithmetic mea#ty, (Y') and the geometric mean Go Back
G (Y) as follows. LetY” be{x;,,...,x;, } for instance,
Full Screen
1
At (Y) = til + . ‘l’ tlk (tilxil + e + tlkx’bk) ) Close
. 1 journal of inequalities
G (Y) = (mfll, . ,xJ) fig ety in pure and applied
mathematics
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Next, the following numbety can be regarded as a weight #6r

tY:W(ti1+“'+tik)y

because we hawg- > 0and >  ty =1.

YCX,|Y|=k
Now we define thek-th mixed arithmetic and geometric means with weights Mixed Arithmetic and
{t1,...,t,} foranyk of 1 < k < n, denoted by Georimch_w:eans
akashi Ito
(GoA),(v1,...,2,) = (Go A), (X) vol. 9, iss. 3, art. 64, 2008
and |
(AOG)k,t (X1, ..., Tp) = (AOG)k,t (X), Title Page
as follows: Contents
(k-thG o A mean) (Go A)k’t (z1,...,2,) = H A, (y)ty <« 33
YCX,|Y|=k < >
Page 10 of 43
(k-th A o G mean) (Ao @), (1, ap) = Z tyGy (V). S
YCX,|Y|=k
Full Screen
It is apparent that we have
Close

<G0A)1,t (X)=G;(X) and (AOG)l,t (X)=A,(X) for k=
journal of inequalities
and in pure and applied

(Go A (X)=A,(X) and (Go A)n,t (X)=G,(X) for k=n. mathematics
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And it can be seen thdty o A), , (X) is increasing with respect tofrom G, (X)
to A; (X). On the other hand,4 o ), , (X) is decreasing with respect fofrom
Ay (X) to Gy (X).
However, this property will not be used in the sequal, hence we omit the proof.
The same property is proved for the case of no weights, see GlN [
Now we can formulate our inequalities ) and @) with weights and give our

proof for them. We first proveX(). Mixed Arithmetic and
Geometric Means

Theorem 3.1. Supposé: andn are positive integers antl < k£ < n, and suppose Takashi Ito

ti,...,t, are weights. For any non-negative numbess. .., z, > 0 we have vol. 9, iss. 3, art. 64, 2008

k-1 n—k
(A) A (w1, 0) T Gy (21, ) S (G0 A)yy (21,0005 T0)

Fork = 1ork = n, (A) is atrivial identity of eitheiG; (z1, ..., z,) = Gy (x1, ..., x,) Tie age
or A; (z1,...,2,) = A (21,...,2,). FOr2 < k <n —1, the equality of £) holds Contents
if and only ifz; = --- = z,, or the number of zeros among, . . ., z,, is equal tok py )
or larger thank.

< >

Proof. There is nothing to prove # = 1 or k = n. Thuswe assumg< k <n —1
and3 < n. We assume also that our all variables. .., z, are positive until the Page 11 of 43
last step of our proof, because we want to avoid unnecessary confusion.

Let L (zy,...,x,) be the ratio of the right side versus the left side/of,(hamely Go Back
(G o A)k’t (Il, o ’$n) Full Screen
L(xy,....x,) = =y ok Close
At (Il, s an)n_l Gt ('Tla s 7$n>n—1
It suffices to provel (x4, ...,z,) > 1forall z,...,z, > 0. Our proof is divided journal of inequalities
into two steps of (i) and (ii), and step (i) is the main part of our proof. in pure and applied
mathematics

(i) Choose arbitrary positive numbers, . . ., a,, > 0 which are not equal, and these
ay,...,a, are fixed throughout step (i). By changing the ordefwft;), 1 <i <n

issn: 1443-575k
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if it is necessary, we can assume

ay — min a; < Qg = max ;.
1<i<n 1<

Seta = —- H (tia1 + taas), then clearly we have; < a < as.

Definea; (\) andas (A) for all A of 0 < A < 1 such that
ai(A)=(1—=XNa+Xa and ay(A) = (1—XN)as+ Aa,
then we have foralhof 0 < A < 1:
la<a(N\)<a<ay(N) <ag,
2. tiay (A) + taas (N) = tiag + taas,
3. La; (\) =a—a;andka, (\) = a — as.

dA
If we regard(a; (A),as (N),as,...,a,)asapointirkR™, we are considering here
the line segment joining two points,as, ..., a,) and(a, a, as, . . ., a,) in R™. Our

main purpose of part (i) is to prove the following claim:

*  L(ar(N),as(N),as,...,a,) is strictly decreasing with respect to
at a neighbour oA = 0.

SetX) = {a1 (N\),as(N),as,...,a,} for0 < X <1, henceXy = {a,as,...,a,}
for A = 0. We have

A (V)Y
L(al()\),ag()\),ag,...,an): H ;f ) —
vexy, [viek At (Xa) "1 G (X)) T

Note thatL (z4, ..., x,) decreases if and only ibg L (z1, ..., x,) decreases.
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Set
d(AN)=logL (a1 (N),as(N),as,...,a,) for 0<A<1.
Then we have

k-1 —k
o= D trlogA(Y) -~ log A (Xo) - Z_ log G (X0

YCXy, [Y|=k

Consider the derivative of (\), note here [ty log A; (Y)] = 0 if either of
a; (A) andas (\) belongs toY” or neither ofa; (\) andas (A\) belongs taY’, and

d  h(a—a) t2 (@ — az)
ax e AV = o7y O ey

if a; (\) belongs taY” buta, (A) does not ok, (M) belongs taY” buta; (A) does not.

Thus, denot&” by V' if a; (A\) € Y butay (A) ¢ Y, and byW if a; (\) ¢ Y but
az (A\) € Y. Then we have

L _ tl (C_L—al) tQ (C_L—ag)
w02 A A A

e st

since

tl(a—a1)+t2(&—a2):0

_ n—k 1 1
=t (a—ay) ZW—Z - (al - (

VCXy \k—1
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Thus, we have
450 =t<a—a>[Z—
dA 1 1 VCXo (Z_i) A (V)

A=0
S (Z})L(W) - Z:llc (ail_aiz)] '

WcXo —
Because, = min q; anda, = max a;, we haves; < 4, (V) forall V. X, and
A, (W) < ay forall W C X,, hence
Y o < (o) ok 1

VX (k—l) Ay (V) (k—l) ay n—1 a
and

S 1 o Gor) _n—k 1

WCXo (Zj) A(W) — (Zj) aa n—1 a

However, note that at least one of the above two has a strict inequality, because
one can observe that, (V') = a; forall V' C X, is equivalentta; = --- = a,, = a4
andA, (W) = ay forall W C Xj is equivalent taiz = - - - = a,, = as.

Thus we have

d B n—%k (1 1 n—%k (1 1

moo| <ta-a 23 (00 ) o (- w)] <o
Henceg () is strictly decreasing at a neighbourof= 0. This completes the proof
of the claim ().
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(i) For anye, 0 < ¢ < 1, consider a bounded closed regién = [57%]" of
R = (0,00)". It is apparent thatJ,_._, D. = R’}. RegardingL (z1,...,z,)
as a continuous function dR;, L (z4, ..., x,) attains the minimum value over the
region D, for everye, 0 < ¢ < 1. We claim the following {*) for this minimum

value.

(**) The minimum value of. (z, ..., z,) overD, Yy T———
is 1 for everye, 0 < ¢ < 1 and the minimum value is attained Geometric Means
only at identical points oft; = 2y = - - - = .. Takashilto

vol. 9, iss. 3, art. 64, 2008
Suppose(ay, as, . .., a,) is any point of D. which gives the minimum value of
L(xy,...,z,)0verD.. Supposéay,...,a,) is not an identical point. Now, we can

use the result proved in part (i). Without loss of generality we assurme min a, Title Page
anda; = maxa;. Itis clear that the whole line segmeft, (1) ,az (A) , as, L an) Contents
for 0 < X < 1, which is constructed in part (i), belongs to the region Hence we 4« dd
have < N

L(al,...,an)SL(al(/\),ag()\),ag,...,an) forall)\,()g/\gl Page 15 of 43
On the other hand the claim)(guarantees Go Back

L(ay (N),aa(N),as,...,a,) < L(ay,...,a,) Full Screen

for A which is sufficiently close t®. Thus we have a contradiction. Hence we can Close
conclude thaty; = a; = --- = a, and also the minimum value df (z4, ..., z,) . : »
over D, must be 1, because(ay, as, ..., a,) = 1if a; = as = - - = a,,. Thus the journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

claim (**) is proved.
We have proved so far that among positive variables. ., z,, > 0 the inequal-
ity (A) holds and the equality of\() holds if and only ifz; = 25 = --- = z,, > 0.

© 2007 Victoria University. All rights reserved.
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By continuity, it is trivially clear that our inequality’) holds for any non-negative
variablesz,, ..., z, > 0. The only point remaining unproven is the equality con-
dition of (A) for non-negative variables,, ..., z, which include 0. Suppose we
have 0 among,...,z, > 0, then we have clearlgs, (x4, ...,z,) = 0, thus the
left side of (A) is 0. On the other hand, it is easy to see that the right sidé pf (
is O if and only if we havek or more thank many zeros among;,...,z, > 0.

Finally we can conclude that the equality &f)(for x,...,x, > 0 holds if and
only if x;y = 29 = --- = x,, > 0 or we havek or more thark many zeros among
x1,...,2, > 0. This completes the proof of Theoreirl O

Theorem 3.2. Supposé andn are positive integers antl < & < n and suppose
ti,...,t, are weights. For any non-negative numbess. .., z, > 0 we have

n—=k k—1
1At(x1,...,xn)+ 1Gt(x1,...,a:n).

(B) (A0G)y, (01, 1) <

For k =1 or k = n, (B) is actually a trivial identity,
A (. xp) = Ay (21, ..o x,) O Gy(xq,...,2,) = G (a1, ..., ) .

For2 < k < n — 1, the equality of B) holds if and only ifxr; = - -- = x,, or one of
x1,...,T, IS zero and the others are equal.

There is a certain similarity between our inequalitié3 énd @), although it may
not be clear what the essence of this similarity is. Thus, it is not a surprise that our
proof of (B) is similar to the proof of ).

Proof. There is nothing to prove # = 1 or k = n. Thuswe assumg< k <n —1
and3 < n. We assume also that all variables.. . ., x,, are positive until indicated
otherwise.
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Let L (z4,...,x,) be the difference of the right side and the left side ©f, (
namely

n—k
L(xy,...,z,) = n_lAt(xl,...,x )
k—1
1Gt(I1,...,:L'n)—(AOG)k’t(xl,...,xn).

It suffices to provel (x4, ...,z,) > 0forall z,...,z, > 0. Our proof is divided
into the three parts of (i), (ii) and (iii). The equality condition &f)(is discussed in
(iii).

(i) Choose arbitrary positive numbets, . . ., a,, > 0 which are not equal, and these
ay,...,a, are fixed through part (i). By changing the order(@f,t;), 1 < i < n if

itis necessary we Can assume—= mln a; < g = max a;.
1<i<n 1<i<n

Seta = (a%a%?) %, then we have clearly; < a < a».

Definea; (\) andasy (A) for all A, 0 < X < 1 such thata, (\) = a1 *a* and
as (\) = a3 *a*, then we have foralh, 0 < A < 1:

1la<a(N\)<a<as(N) <ag,
2. a1 (A\)" az (V)" = al'a?,
3. Ly (A) = log (—) a1 (\) and-Lay (A) = 1og( ) as (V).

If we regard(a; (\),as (N),as,...,a,) as a point inR™, we are considering a
curve joining two points ofay, as, . . ., a,) and(a,as, as, . . ., a,) in R™. The main
purpose of part (i) is to prove the following claim.

* L (a1 (N),a2(N),as,...,a,) is strictly decreasing with respect o
at a neighbour oA = 0.
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SetX, = {a1(N\),a2(N\),a3,...,a,} for0 < X\ < 1, thusXy = {ay,...,a,} for
A = 0. We have

Llar (N as () as, . an) = 4, (x4 2L (x0)— Y G (Y)

n—1 n—1
YCXy,|Y|=k

Denote simplyL (a; (A) ,as (A) , as, ..., a,) by ¢ (\) and consider the derivative of

¢ (\). Note here

d a a
aAt (X)\) = tl log <a—1> aq ()\) + t2 log <a—2) a9 ()\) s
iG(X)—O and itG(Y)—O
d)\ t A) — d)\ Y\t -
if either ofa; (A) andas () belongs toY” or neither of them belongs 0;
d 1 a 1 a
—tyGt (Y) = Ttl lOg (—) Gt (Y) or th lOg (—) Gt (Y)
dA (kz—i) a1 (kz—i) a2

if a; (A\) belongs toY” buta, (A) does not or, (A) belongs toY” buta; (A) does not.

Thus, denot&” by V' if a; (A\) € Y butay (\) ¢ Y and byW if a; (A\) ¢ Y but
as (A) € Y. Then we have

o0 =22 o (2 ) s 0+t () 0 1)

(ZE) L; t, log (a%) G (V)+ > talog (%) G, (W)

WCXy
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Thus, we have

n—=k a a
= tilog | — | ay +talog | — | as
o N1 ay as

[Ztﬂog( ) )+ > tylog

VCXo WcCXo

505 (M)

k—l

and since; log ( ) + t5 log ( ) =0,

d
HoW|

a n—=k
=tilog | — ) —— (a1 — t2)
a n—1

| X e

k: 1

Sincea; = min a; anday, = max a;, we havea; < G (V) forall vV C X, and
1<i<n 1<i<n

as > Gy (W) forall W c X,, hence

() n—k

> a a
VCXO (71271) B

n—2
—k
nl Z Gt (n l)a2_n az-

( WcXO B (k 1) n—1

(&)oor

VCXo WcCXo
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Gy (W) = ay forall W C X, is equivalent tai3 = - - - = a,, = as. Thus we have

il a n—k( ) n—k +n—k _0
1208 a) |n—1 G @) T T T T

d
o)

A=0

Henceg () is strictly decreasing at a neighbour)of= 0. This completes the proof
of the claim ().

(i) Based upon the claim‘j and exactly by the same arguments employed in part
(i) of our proof of Theoren®.1, one can see that the following*() is true. We omit
its details.

(**)  The minimum value of_ (x4, ..., x,) overR} = (0,00)" is0 and the
minimum value is attained only at identical pointsigf= 23 = --- = z,, > 0.

Now we have proved that among positive variables . . , z,, > 0 the inequality
(B) holds and the equality of3) holds if and only ifz; = --- = z, > 0. By
continuity, it is trivially obvious that the inequality3] holds for any non-negative
variablesz, ..., z, > 0. The only point left unproven is when the equality &f (

happens for non-negative variables which include 0. This is checked in the next step.

(iif) Supposer,, ..., x, > 0 are given and at least one of them is 0, and suppose the
number of positiver; is . Then we hava <[ < n — 1. Without loss of generality

we can assumey,...,z; > 0andx;,, =--- =, =0.
Then the right side of 3)
n—k n—=k
= n_lAt(Il,...,l’n) = P <t1$1+"'+tl$l) > 0.

On the other hand, if < &, then we have the left side ¢f2) = 0, thus we have a
strict inequality of B) for this case. Il > k, letY, be{zy,...,x;}, then the left
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side of (53)
1

= > HGM< D wAN)= ) 1 S(Y)
Y CYo,|Y|=k Y CYo,|Y|=k YCYo,|Y|=k (k—1>
= @ (tiry + -+ tay) < (E_i)
(i1 (i1)

n
:m(f1$1+"‘+m‘l)-

(trxy + - + tixy)

In the above,S; (Y') means the sum of all numbers Bf with respect to weights
{t1,...,t,}, for Y = {a;,...,2;,} C Yy = {z1,...,2,}, for instance, we have
Thus, from the above, the left side df)(= the right side of B) if and only if

G (Y) = A (Y)forallY C Yy with |Y]| = k and (2=2) = (1), and this is
equivalenttar; = --- = z; andl = n — 1. Now we have proved that the equality of
(B) for 4, ...,z, > 0including O happens if and only if only one of is 0 and the
others are equal. This completes the proof of Thediein O

Inequalities {) and @) with weights can be considered as natural generalizations
of J.C. Burkill's inequalities ], namely (A) and @) forn = 3 andk = 2 are
identical to Burkill's inequalities.

By employing the same notations as itj,[we state Burkill's inequalities as a
corollary of (A) and @B).

Corollary 3.3 (Burkill). Leta,b,c > 0anda + b+ ¢ = 1. For any non-negative
three numbers;, y, z > 0 we have:

ax + by ath by + cz A
A b a bc< . .
A (az+by+ cz) 2"y’ _(a—l—b) b+c c+a ’
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(B) (a+0b)(z%")™ + (b+c) (y°2°) ™ + (c+a) (527
< az + by + cz + z%y°=°.

The equality of £) holds if and only ifzr = y = z or two of z,y, z are 0. The

equality of g) holds if and only if = y = z or one ofzx, y, 2 is 0 and the other two
are equal.
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4. Inequalities (D) and (C)

Before we start our proof ofi{), our method of proof may be explained in a few
lines. Elementary symmetric meagsx, ..., z,) are decreasing with respectito
forl1 <[l<m;

QI—l(xla"'axn)qu(x17"'7wn); QSZSTL

Mixed Arithmetic and
Geometric Means

This inequality is due to C. Maclaurin. Hardy, Littlewood and Polghdive two
kinds of proof for the Maclaurin inequality. The second proof, which is given on
page 53 of 4], suggests that the inequality can be proven by examining the mini-
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mum value ofg,_; (x4, ...,z,) over certain regions on whicf (x4, ..., z,) stays
constant. We employ this method here. In our case,(z1, ..., z,) is replaced by Title Page
(GoA),(x,...,x,) and we examine the minimum value @ o A), (z1,...,,)
over certain regions on whiah (x4, . . ., z,,) stays unchanged. Another small remark Contents
should be added here. Since the Maclaurin inequality is available, it is sufficient for <« >
us to prove the inequalityX) for the case of: + [ = n + 1 only. However our proof
will be done without the help of the Maclaurin inequality. N 2
Theorem 4.1. Supposeé;, [ andn are positive integers such that< k, [ < n and Page 23 of 43
n + 1 < k + [. For any non-negative numbers, ..., x, > 0 we have Go Back
(D) q(x1,...,2,) < (GoA), (z1,...,2,). Full Screen
For (k,l) = (n,1) or (1,n), (D) is a trivial identity, Close
Az, oyzn) = Az, x,) OF G(21,...,2,) =G (T1,...,2y). journal of inequalities
) N ) in pure and applied

For (k,1) # (n,1) and(1, n), the equality condition ofi{) is as follows, mathematics

L g(zy,...,2,) = (GoA) (z1,...,2,) > 0ifand only ifz; = --- =z, > 0, 1ssni BHHSTeTSe
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2. q(21,...,2,) = (GoA), (x1,...,2,) = 0if and only if & or more thank
manyz; are zero.

Proof. Our proof is divided into three parts. A preliminary lemma is given in part
(i), part (ii) contains the main arguments of our proof, and the equality condition of

(D) is examined in part (iii).

(i) The assumption of + 1 < k -+ [ in our inequality D) is very crucial, namelyl{)
does not hold without this assumption. The conditiomof 1 < k + [ is needed
only in the following situation. Suppos¥ is a set of cardinality:, then for any
subsetd/ andV of X, whose cardinality aré and/ respectively, we have a non
empty intersectiod NV # ¢ if kK +1 > n + 1. Throughout our proof ofl{), the
following preliminary lemma is the only place where the conditiomef 1 < k& + 1

is used.

Supposery, . .., x, are positive numbers and s&t = {zy,...,z,}. As de-
fined in the introductionp, (X) stands for thé-th elementary symmetric function
of x1,...,z,, S(V) stands for the sum of all numbers belongingitoc X and
P, (X)= Py (X) forl = 1is defined as the constant 1.

Lemma 4.2. Supposd < k,l < nandn + 1 < k + [. For any subsel” of X with
|V| =k, we haveS (V') P,_, (X) > P, (X). The equality holds if and only if = n
and/ = 1.

Proof of Lemmal.2. Supposeé = 1, then we havé = n because of our assumption
k+1>mn+1. Thus we have?, (X) = S(X),V = X andF, (X) = 1, hence
S(V)P-1(X) = S5(X). We have the equality of (V') P,_1 (X) = P, (X). Sup-
posel > 2 andV C X with |V| = k is given. One can assumé = {xy,...,x;}
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without loss of generality. Then we have

k
(4.1) SVIPa(X)=Y, >  xP(W)
i=1 WCX,|W|=l-1
and
Mixed Arithmetic and
(42) Pl (X) = Z P (V) Geometric Means

VCX,|V|=l

SinceU NV # ¢forallU c X with |U| =, letz;, be the memberdff NV =
U N{xy,...,x,} which has the smallest suffix and 8t, be the subset/\ {z;, }.
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vol. 9, iss. 3, art. 64, 2008

Then itis obvious that the correspondente= (x;,, W, ) is one to one and we have Title Page
PWU) = x;, P (W,) forall U ¢ X with |[U| = [. Compare the two summations of Contents
(4.1) and @.2) above, and cancel off equal terms which correspond to each other.

Every termP (U) of (4.2) can be cancelled by the corresponding tespP (1,,) of “ 44
(4.1) and every termx; P (W) satisfyingxz; € W of (4.1) is not cancelled and left < N

as it is. Hence we can conclude thatl) P, (X) > P, (X). This completes the

proof of Lemma4.2. n Page 25 of 43
.. . . . . Go Back
(if) There is nothing to prove ifk,l) = (1,n) or (n, 1). Because of our assumption
n+1<k+I,if k= 1thenl = n, thus we have Full Screen
Close

0 (X) =g, (X)=G(X) and (GoA), (X)=(God), (X)=C(X),

hence our inequality{) turns into an identity ofz (X) = G (X). Similarly (D)
turns intoA (X) = A(X)if Il = 1. If n = 2 andk = [ = 2, then Q) turns into
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the inequalityG (X) < A(X), which holds. Thus we consider only the case of
2<kl<n,3<nandn+1<k-+I.
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We suppose also that all variables . . . , x,, are positive throughout part (ii).

Choose fixed arbitrary variables, . . . , a,, > 0 in what follows. Ifa4, ..., a, are
equala; = --- = a, = a, then our inequality[{) holds trivially asg, (ay, .. .,a,) =
a=(GoA),(ai,...,a,). Thus we assume,, ..., a, are not identical. The fol-
lowing (*) is what we have to prove.

(*) Ql(alv"'aan)<(GOA)k(a17"'7an)‘
Depending ora, . .., a,), consider a bounded closed regibp of R” = (0, 00)"
as follows,

Da: {(xh-"axn) |Ql (xla"-al‘n):q1<a17"'7an>7

min q; < x; < max a; foralll Sign}.
1<i<n 1<i<n

Clearly the pointay, . .., a,) belongs taD,.
Our second claim is as follows,

(**) The minimum value of G o A), (x4, ..., z,) over the regiorD,
is equal tog, (ay, . . ., a,) and the minimum value is
attained only at an identical point éf,.

Since an identical point which belongs i, is only one point of(xy, ..., z,)
with z; = ¢ (a1,...,a,) for all 1 < ¢ < n, the second half of*{) implies
the first half of (*). It is also clear that the claint) follows from the claim
(**). Thus we can concentrate on proving the second halfof (Now we em-
ploy the method of contradiction: reductio ad absurdum. Suppose the minimum
value of (G o A), (x1,...,z,) over the regionD, is attained at a non-identical
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point (by,...,b,) of D,. We assume, without loss of generali}ty;qign b; = b <
b2: max bl
1<i<n
Next, we are going to choose a suitable continuous cutye (x), bs, ..., b,)
with b; < = < by within our regionD,,. For this purpose the recurrence formulas on
elementary symmetric functions are useful.
The following recurrence formula is easily seen.

P =(z1,...,2,)

= Pl(n72) (1'3, e ,l’n) + (1’1 -+ .1'2) IDZ(_TLIQ) (i[}g, Ce ,fl?n) + .Tlilfgpl(f;m (1’3, e ,.Tn) ,
WherePl("’z) (x3,...,x,) denotes théth elementary symmetric function 6 — 2)
variableszs - - - z,,. More precisely, ift = n then the first and second terms of the
right side of the formula disappear, and i&= n — 1 then the first term disappears.
Thus, in the following arguments we have to change our expressions a little bit for
the case of = n or/ = n — 1. However, since we are not losing generality, we will

keep the recurrence formula above and omit details for the cdse aforn — 1.
For anyx andy we have

P = (z,y,bs,...,by,)
= P by, ba) + () PO (bs, L ba) + 2y P (s, b))
We simplify our notations by setting,, @;_; and@,_» as
Qi =P" ) (bs,....by), Qior=P" " (bs,... by
and Q,_, = P" % (bs,....by).
Then we have
(4.3) Py (b1,b2,...,bn) = Q+ (b + b2) Qi1 + b1baQ 2,
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(4.4) P (x,y,bs,...,0,) = Qi+ (z +y) Qi1 + 2yQi_2.
Now we can solve the equation
Pl<b1ab27"'abn) :pl(-ray7b37"'7bn)>

by solving ¢.3) and ¢.4) above simultaneously. For any given> 0 there is ay
uniquely denoted by (x), such that

(b1 + by — ) Q1 + b1byQ1—

(4.5) y=¢(x)= O T10, ,

(46) Pl(bl,bg,...,bn):PZ(ZE,QD<I'),b3,...,bn).

From expression4(5), it follows that (b;) = by, ¢ (b2) = by andp (z) de-
creases frond, to b; if x increases frond, to b,. Thus, for allz with b; < z < b,
we have

min a; < b <z z) < by < max a;.
1<i<n, P = plx) < 2=,

From (4.6), we have also

ql(a'haQ)"'van) :ql(blv"'abn>
— 1 %
— T-Pl (b17b27"‘7bn>
(1)

_ 1
1 l
- mPl (x,go(x),b3,...,bn)]

|\

=q (x,p(x),b3,...,b,).
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Hence, our continuous cunve, ¢ (x),bs,...,b,) for by < = < by is located

within our regionD,,. Since the minimum value @+ o A), (x4, ...,z,) overD, is
attained atb;, b, ..., b,), we have for allz of by < x < by :
4.7 (GoA), (z,0(x),bs,....b,) > (GoA), (b1,b,...,by,)

Next, we will see thatG o A), (z,¢ (x),bs,...,by,)is strictly decreasing at a neigh-

bour ofz = b;.
Denote

¢ (Qf) = log [(G o A)k (;13, ¥ (.27) s b3yt 7bn)]
and calculate the derivativf ¢ (z) = ¢/ (z). SettingB = {bs, ..., b,},

d 1

/ r)=—|—< log A(Y
AT (¥) Yc{x,so(m,b;.,bn}x:k s
1 { 1 ¥ (x) }
R~ CI R G Rae ey
1 1+¢' (2)
T e, ST o o)

Hence we have

o | o (b))
d=ry 2 {S<V>+b1+s<v }

‘) VCB,|V|=k—1 )+ b

1+ (by)

+@ 2 S(W)+by+ by

WCB,|W|=k—2
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Let L be the first summation and Iét/ be the second summation in the
namely,
1 1 ¢ (b1)
L - N |: + 5
(k)VCBE;;k_l S(V)+b  S(V)+by
1 1 /
Mo Z + ¢’ (b1)

(Z) WCB,|W|=k—2 S (W) + b+ by

Using the expressioni(5) of ¢ (x), we get

Qi +02Qi

(48) o (b) = Qi—1 + 01Qi—2

< —1.

Thus, we have

1 n o (b)) 1 _ Q-1 + baQi2
SV +b SV +be S(V)+b  [S(V) + 02 [Qir + 0:1Qrs]
(b2 = b1) [S (V) Qi—2 — Qi1

[S (V) +b1][S (V) + bo] [Qi—1 + D1Qi—2]’

hence

I — 1 Z —(ba = b1) [S(V) Q12 — Qi 1]

(3) yesy SV 0] S (V) + 0] [Qus + 5:1Qia]

We apply our lemmats (V) Q2 — Q;_1,
S(V)Qia — Qi =S (V) B  (bs, ... by) — B (b, by) s
VCB={bs....b.},|V|=k—1.

above,
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Since(k — 1)+ (1 —1) > (n — 2)+1, by Lemma4.2in part (i), we can conclude
thatS (V) Q2 — Q;-1 > 0forall V C Bwith |V| =k — 1, henceL < 0. On
the other hand, from4(8) we havel + ¢’ (b;) < 0, henceM < 0. Finally, we have
¢' (by) = L+ M < 0. This means thdbg [(G o A), (z,¢ (x),bs,...,by)]is strictly
decreasing at a neighbour &f. Now we have for allke > b,, sufficiently close to
b1 .

(4.9) (GoA), (x,0(x),bs,....b,) < (GoA), (br,bs,...,by).

Clearly ¢.9) contradicts 4.7). Thus we complete the proof of our clairt §.

What we have proved so far is the following: With respect to positive variables,
inequality (©) holds for everyzy,...,z, > 0 and the equality of[{) holds if and
onlyifey =---=x, > 0.

By continuity, it is obvious that the inequalitip§ holds for all non-negative vari-
ableszy, ..., z, > 0. The only remaining unproven point is when the equality of
(D) happens for non-negative variables which include 0.

(iii) As mentioned at the beginning of part (ii)p] is actually an identity if k, 1) =
(1,n) or (n, 1). Hence the equality condition obj should be examined for the case
of2<k,l<nandn+1<k+I.

Supposery, ..., x, > 0, which include 0, are given and suppose the number of
positivex; is m, then we havd < m < n — 1. Without loss of generality we can
assumerq,...,z,, > 0andz,, ; =--- =z, =0.

SetX = {z,...,z,} and X, = {xy,...,z,}. First, the following is easy to
observe.

(4.10) If n—m >k, theng (X)=0=(GoA), (X),
hence we have an equality foD).

As there is a subsét C X with |Y| = k such thaty” consists oft many0, hence
A(Y) =0and we havgG o A), (X) = 0.
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On the other hand, sinde> n+1—k > m+1, every subsef C Xwith |Z] =1
contains 0, henc® (Z) = 0, thus we have; (X) = 0.

In our remaining arguments, we will show thdt10) above is the only case for
which the equality of D) holds. Namely we claim the following:

(***) If n—m <k, thenwe havey (X) < (GoA), (X).
Our proof of (** ) is completed as follows. Firstly, it — m < k andm < [, then Miéed Arithmhe;icand
we have eometric Means

Takashi Ito

g(X)=0<(GoA), (X).

Sincen — m < k, every subseY” C X with |Y| = k contains a positive number,
henceA (Y') > 0, thus we havéG o A), (X) > 0. On the other hand, because of

vol. 9, iss. 3, art. 64, 2008

m < [, every subsef C X with |Z| = [ contains 0, henc® (Z) = 0, and we have e e
q (X)=0. o Contents
In order to prove’(** ), we limit ourselves tas —m < kandn —k+1 <[ < m.
First we have “ 44
_ l
(411) qi (X> - [ (7[1) ] ai (X—i-) ) Page 32 of 43
since Go Back
_ 1 % Full Screen
1 1
@ (X) = |75 P(Z)| = |-~ Z P(Z) Close
l) ZCX,|Z|=l l) ZCX4,|Z|=1 . . -
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Next we examine a relationship betwegno A), (X) and(G o A), (X;). For any
subsety” ¢ X with |Y| = k, the cardinality ofY” N X, is possibly betweer —
(n —m) andmin {k, m}, namely

kE—(mn—-—m)<|YNX| <min{k m}.

Denoteky = k — (n — m) andk;= min {k, m}, thenk, < k; < k.
Now we have

(4.12) (GoA), (X)
- I ()P e, e ®EDG)

ko<p<ki ko<p<ki

since,

(God),x)®) = T[ A

YCX,|Y|=k

_ H <§) Gz H A (W)(Z:;”)
ko<p<ki | WCX, | W]=p

- 10 _<%)(£”)(ZI;”) (Go ), <X+>(;F)(ZI;”)]

- 11 <%)(?)(Z_;”) - II (@ea), (x )G,
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In(4.11) and ¢.12), by settingr; = --- = z,,, = 1 we have

(4.13) q(1,...,1,0,...,0) = [%]l and
(GoA),(L,...,1,0,....,00= [] (%) I/ k)
ko<p<ki

Thus, ¢.11) and (.12 can be expressed as
(414) ql(X):ql(la"'alv 07---70)ql<X+)7

(415)  (GoA), (X)=(GoA)y(1,...,1,0,...,0)
[T (©oa),(x,)EEE/6),

ko<p<k1
For anyp of ky < p < k;, we have
p+Hl>koy+l=k—(n—-—m)+l=k+l—n+m>1+m,

namelyp + [ > m + 1. Thus inequality D) for X ,, which was already proven in
(i), yields
(Go A)p (X4) 2 @ (Xy) forallp, ko <p <k

> () ()

And, since

b

ko<p<ki (Z)
we have from4.15

(GoA), (X)>(GoA),(1,....1,0,...,0)q (X,).
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From (4.14) we have
(GoA),(1,...,1,0,...,0)
a(1,...,1,0,...,0)

(4.16) (G o A), (X) >

From (4.16), it is obvious that
(GoA),(1,...,1,0,...,0) > ¢q(1,...,1,0,...,0)

yields
(GoA), (X)>q(X).

Thus our claim{** ) is reduced to proving
(GoA),(1,...,1,0,...,0) > ¢q(1,...,1,0,...,0).
Note that this is a very special case of*().
(4.17) (GoA),(1,...,1,0,...,0) > ¢q(1,...,1,0,...,0).
Proof of (4.17). In (4.17), we replace 0 by non-negative variable> 0, denote
L(z)=(GoA),(1,....1, z,....x2) and M (z)=¢q(1,...,1, z,... 7).

Then, from the inequality[{) we haveL (z)/M (x) > 1 for all z > 0. Thus,
if we know thatL (x)/M (z) is strictly decreasing at = 0, we can conclude
L(0)/M (0) > 1, which is the same asi(l7). Setf (z) = log[L (z) /M (z)]
and calculate the derivative ¢f(z) atz = 0. According to the definitions of
(GoA),(X)andg (X), we have
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and

M(z)=q((,...,1, z,..x) = [Z %ﬂ] )

Now, we can calculaté: [log L (z) — log M (2)]|,_, = [’ (0),

ro- y G ey 10 e/

o k)P (7)/(7)
_ Z <?><Z—?>k—p_ n—m

ko<p<ki (¥) p m—i+]
Note 3 () () / (1) = 1andkse < ke = momfor all p of ky < p <
k1.

The above expression ¢f (0) yields
, n—m n-m . n+l-(k+])

This completes the proof ofi(17). O

Together with what we proved in (ii), we have completed the proof of the equality
condition of O) stated in Theorem.1, namelyg; (z1,...,z,) = (Go A), (1, ..

)

xz,) > 0ifandonly ifz; = --- = 2, > 0andq (z4,...,2,) = (Go A), (z1,
...,x,) = 0if and only if £ or more thark manyzx; are zero. This completes the
proof of Theorem!. L. O
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As mentioned in the introduction, the inequality)(can be regarded as corollary
of Theorem4. 1. And it is easy to see that the equality condition ©f (s the same
as the equality condition of).

Corollary 4.3 (Carlson, Meany and Nelson).Supposé:, [ andn are positive in-
tegers such that < k,/ < nandn + 1 < k 4+ [. For any non-negative numbers
x1,...,%, > 0we have

©) (Ao G), (z1,...,2n) < (GoA), (x1,...,2p) .

The equality condition of{) is the same as the equality condition bf)(
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5. Inequality (C) with Weights (three variables)

The process of making the mixed means involves two stages. We can consider
weights differently at each stage, that is, our weights at the second stage may be
unrelated to the weights at the first stage. Suppese.,t, > 0 are weights for
variablesry,...,z, > 0andl < k < n. Forany subseY ¢ X = {zy,...,2,}

with |Y| =k, A, (Y) andG, (Y) are defined as before. At the second stages,let Mixed Arithmetic and
be weights forY” with |Y'| =k, namely we have, > 0 for all Y with |Y| =k and CEmmes s
>> sy = 1. Here this second weigKty } can be chosen independently of the T i 1
YCX,|Y|=k vol. 9, iss. 3, art. 64, 2008
first weight{t¢;}. Now, consider
Y sG(Y) and [ AT Title Page
YCX,|Y|=k YCX,|Y|=k Contents

These two numbers, denoted by o G), ,  (X) and (G o A4), ,  (X), can be
regarded as thie-th mixed arithmetic and geometric means with weights in the most
general sense. < 4

In relation to ), one can ask the following question. Suppose the first weight
{t;} and2 < k,l < nwithn + 1 < k + [ are given. Do there exist second weights

44 44

Page 38 of 43

{sy } (Y C X,|Y|=Fk)and{sz} (Z C X, Z =I) such that Go Back
(Ao G)y, (@1, mn) < (Go Ay, (1, 1) Full Screen
holds for allzq,...,z, > 0? If the answer is yes, it means that we can have the Close

inequality () with weights. The author does not have the answer in general. How-

ever, there is one positive answer for the simplest case-o8 (three variables) and journal of inequalities
E—1]=9 in pure and applied

mathematics

Our notation goes back to the three variables case. Suppgse> 0 are non- cen: Tuuac7eL

negative three variables aadb, c > 0 with a + b + ¢ = 1 are the first weights. If
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we choose the second weightsas

ab be and ca
ab+bc+ca’  ab+ be+ ca ab + be + ca

forY = {z,y}, {y,z} and{z, 2} respectively, then we can generalize our inequal-
ity (C) of three variables from without weights to with weights.

Theorem 5.1. Suppose, b, ¢ are positive numbers with + b + ¢ = 1. For any
non-negative numbers y, = > 0, we have, denoted b = ab + bc + ca,

a

b 1P 1 1
(61) T (=)™ + % (12" + 3 (")

ab be ca
< ar+by\ 2 [by+cz\2 [cz+ax\?
—\a+b b+c c+a '

The equality holds if and only if = y = z > 0 or two ofz, y, z are 0.

Proof. Our proof can be done using an idea which is almost the same, but slightly
general, as the idea used in CMB].[ We assume all variables, y, > are positive

until the equality condition of.1) is discussed. With respect to our first weights
a,b,c > 0, the arithmetic mean and the geometric mean of any subset X =

{z,y,2}, Y # ¢, are simply denoted byl (Y') andG (Y'), for instance,A (V) =
@t andG (Y) = (2"y")* for Y = {z,y}. To make sure, our second weights
sy are®, X and$ for Y = {z,y}, {y,z} and{z, z} respectively. Using these
notations, our inequality5(1) above is expressed equivalently as

(C) doosGY)< Y AT
YCX,|Y|=2 YCX,|Y|=2

We will use this expression ob(1).
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First, as in CMN B], a variational form of Holder’s inequality will be used. Sup-
poseq; ;, 1 <i <nandl <j <m, aren x m many positive numbers and suppose
tiy 1 <i < nands;, 1 < j < m aren + m many positve numbers satisfying
tv+---+1t,=1.

Then we have

m n n m ti
(H) > s <H aﬁfj) <11 (Z Sjai,j)

j=1 i=1 i=1 \j=1
The equality holds if and only if; ; = b;c; forall1 < < nandl < j < m for
someb; > 0,1 <i <nandec; > 0,1 <7 <m. (We will not need this equality
condition here).

A proof of (H) can be given simply by applying the inequality between the arith-
metic means and the geometric means to the ratio of the left side divided by the right
side of ().

Next, we have the following identities 1) and 2).

Foralll < j < mwith |Y| = 2 we have

DAY)= ) szA(YNZ),
ZCX,|Z|=2
¢(Y)= [ Gnz*=.

ZCX,|Z|=2

Proof of 1). Suppose” = {z,y} ,, then

Y. A NZ) =sppA{zy}) +spad () +spad{a))

ZCX | Z|=2

ab ax + by . be i ca
—_— —_— —x
A aro AYTA
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abax + by

+ % (by + ax)

“ A a+b
ar +by [ ab azr + by
A <a +0b * C) a+b )
O]
Proof of 2). This can be done exactly the same as 1) above. O

(H)
Now, our proof of C") goes as follows, note that our notatio}l%sand < mean
the equality = follows from 1) and the inequalityfollows from (H).

S osam2 Y s [ cnzT

YCX,|Y|=2 YCX,|Y|=2  ZCX,|Z|=2
Sz
(H)

< II Y sG(YnZ)

ZCX,|Z|=2 | YCX,|Y|=2

11 Y syA(YN2)

ZCX,|Z|=2 | YCX,|Y|=2

I 4@
ZCX,|Z)=2
Thus, we have provedX() for positivex, y, = > 0. And one can see that the equality
of (C’) holds if and only if we have the equality dfffandG (Y N Z) = A(Y N Z)
forall Y andZ with |Y'| =2 and|Z| =2. However, the latter is equivalentio= y =
z and the latter yields the equality ¢flY. Hence we can conclude that the equality
of (C’) for x,y, z > 0 holds if and only ifx =y = 2> 0.

sz

IN

—_
~
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By continuity again, it is obvious that the inequalit¢’'j holds for any non-
negativex,y,z > 0. The only point we have to check is the equality condition
for x,y, z > 0 which include 0. If two ofz, y, z > 0 are0, it is clear that both sides
of (C’) are0. Suppose only one af,y,z > 0 is 0, then forall Z with |Z| =2 we
have

0< > sGYNnZ)< > syA(YN2)

YCX,|Y|=2 YCX,|Y|=2 Mixed Arithmetic and
. G tric M
and forsomeZ with | Z| =2 we have comeHe T
Takashi Ito
Z sy G (Y N Z) < Z sy A (Y N Z) ) vol. 9, iss. 3, art. 64, 2008
YCX,|Y|=2 YCX,|Y|=2
Thus, we have Title Page
i 1°%2 Contents
o< ] >, G N2z « »
ZCX,|Z|=2 | YCX,|V|=2
- 3 sz < >
< H Z syA(YNZ)| . Page 42 of 43
ZCX,|Z|=2 _YCX,\Y\:2 ] Go Back
This means that the last inequality of the previous arguments prouingy(strict. Eull Sereen
Hence we have a strict inequality of’). This completes the proof of Theorem
51 L] Close

Finally a question is left open. Itis verified easily that the inequalitigsafhd ) journal of inequalities
of three variables are transformed into each other by the transformatian:z) — in pure and applied

17171} |t seems natural to ask whether there is a reasonable relationship between mathematics

z?y’z . .
(A) and (O) of generak variables, which extends the relationship for three variables. Essn AHA3=S7S6
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