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Abstract

Observing that ¢(n) divides n — 1 if n is a prime, where ¢(n) is the well known
Euler function, Lehmer has asked whether there is any composite number n
with this property. For this unsolved problem, partial answers were given by
several researchers. Considering the unitary analogue ¢*(n) of ¢(n), Subbarao
noted that ¢*(n) divides n — 1, if n is the power of a prime; and sought for in-
tegers n other than prime powers which satisfy this condition. In this paper we
improve two inequalities, established by Subbarao and Siva Rama Prasad [5],
to be satisfied by n for ¢*(n) which divides n — 1.

[5] M.V. Subbarao and V. Siva Rama Prasad, Some analogues of a Lehmer
problem on the totient function, Rocky Mountain Journal of Mathematics; Vol.
15, Number 2: Spring 1985, 609-619.

2000 Mathematics Subject Classification: 11A25.
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Let ¢(n) denote, as usual the number of positive integers not exceedimnat

are relatively prime ta.. Noting thatp(n) | n — 1if n is a prime, Lehmer]

asked, in 1932, whether there is a composite numider which ¢(n) | n — 1.
Equivalently, if

(1.1) Su={n:M¢p(n)=n—-1} for M=1,2,3, ...,

then the Lehmer problem seeks composite numberS§ ia- J,,.,5y. For

Inequalities Related to the
Unitary Analogue of Lehmer

this problem, which has not been settled so far, several partial answers were Problem

provided, the details of which can be found ii}.[Lehmer [’] has shown that
(1.2) If n € S, thenn is square free.

It is well known that a divisord > 0 of a positive integem for which
(d,n/d) = 1 is called aunitary divisorof n. For positive integers andb,
the greatest divisor af which is a unitary divisor ob is denoted bya, b)*.

E. Cohen [] has defined)*(n), the unitary analogue of the Euler totient
function, as the number of integersvith 1 < a < n and(a,n)* = 1. It can be
seen thap*(1) = 1 and ifn > 1 with n = p{'py2p5® - - - por, then

(1.3) o*(n) = (pI* = 1)(py> —1)--- (py" — 1)

Noting thaty*(n) | n — 1 whenevem is a prime power, Subbara#][has asked
whether non-prime powers exist with this property and this is the unitary
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analogue of the Lehmer problem. If

(1.4) Sy={n:M¢*(n)=n—-1} for M=1,23,...,
the problem seeks non-prime powers§j, = U Sy
M>1

For excellent information on the Lehmer problem, its generalizations and
extensions, we refer readers to the book of J. Sandor and B. Crstipi 212-

215])- Inequalities Related to the
Let @ denote the set of all square free numbers. Sifi¢e) = ¢(n) for Ve A”é'j%gblf:rsf e
n € Q, itfollows thatS;, NQ = Sy, for each) > 1 and therefore&*NQ = 5,
showingS C S* and hence a separate studySsfis meaningful. e %?;naa;;isad e
In a study of certain analogues of the Lehmer problem, Subbarao and Siva
Rama Prasad-] have proved, among other things, that.ifn) = r is the _
number of distinct prime factors of € S* then Tide Page
Contents
(1.5) w(n) > 11
44 44
and that < >
(1.6) n<(r—1%" Go Back
The purpose of this paper is to prove TheorefnandB (see Sectiord) Close
which improve (.5 and (L.6) respectively. Quit
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We state below the results proved if} yvhich are needed for our purpose.

(2.1) If n € S*, thenn is odd and is not a powerful number.

A number is said to be powerful if each prime dividing it is of multiplicity at
least 2.

(2.2) If n € S* andp, ¢ are primes such thatdividesn and¢® = 1(mod p), Inequalities Related to the
. . Unitary Analogue of Lehmer
theng®cannot be a unitary divisor of. Problem
V. Siva Rama Prasad and
Uma Dixit
(2.3) If n € S* and3|n thenw(n) > 1850. _
Title Page
Contents
(2.4) Ifn € S*, 3tnand5 | nthenw(n) > 11. 4 »
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Go Back
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(2.5) Ifn € S*, 31nand5{nthenw(n) > 17. E—
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Suppose: € S}, for someM > 1. Then#n) > M > 2, which gives

n

¢*(n)

forall n € S*.

(2.7) 2<

Also if n € S* is of the form

(2.8) n=py'py*pst - Withpy <py < -+ <py,

then by @.1) at least oney; = 1

(2.9) ([5,Lemmab.3]): Ifn e Sy, and n = pi'py*ps®------ par, with

i—1
Pt < ps? <o < pfr, thenp® < (r—i+ )] [’
j=1

fori=2,3,...,r

(2.10) (b, Lemma5.3]): Ifn = pi'py*ps® - - - por,
with p&* < p2? < ... < p° is such that——— > 2,

¢*(n)

then p{* <242 (Z) :

3
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Theorem A. If n € S* and 455 is not a unitary divisor of thenw(n) > 17.

Proof. (2.3) and @.5) respectively prove the theorem in the ca3@sand15 1 n.

Therefore we assume that » and5 | n.

Let n be of the form 2.8) with w(n) < 16 then by @.6), n € S5, 5|n and
7In. Thatisp; = 5,p, = 7 and son = 5M7%2p5? - - - p2r, wherep; # 1(mod 5)
andp; #Z 1(mod 7) for i > 3, in view of (2.2).

SupposeA is a set of primes (in increasing order) containing 5 and 7; and
those primeg with p # 1(mod 5) andp # 1(mod 7). Denote the'" element
of Aby a; sothata;, =5, a; =7, az3 = 13, ay = 17, a5 = 19, ag = 23,
ar = 37, e

Now since .

n ;"

¢*(n) 1P —1
increases withr andr < 16, we consider the case= 16 and prove that the
product on the right i< 2 in this case, which contradict&.().
Thereforer < 16 cannot hold, proving the theorem.

If » = 16 andps # as, thenp; > a; 1 for i > 3 so that, in view of the fact
thatx/(xz — 1) is decreasing, we get

16 16

g 7 s 57 ;
n vt ] Qi1

= . . o —. <2
¢*(n) S —1 7 —12ep' =1 46

a1 — 1
i=3 i+l
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Henceps = a3. Now sincel3? = 1(mod7) we get, by 2.2), 2 t a3 and so
n = 5M7e213% ..
divisor ofn, we must havaqagag > 1.

If ajay = 1 0r aqas > 1, we get contradiction to2(7). In fact in case
a1 = 1, we must havevs > 3 so that

e _13° 2107
PP —1 - 13 -1 2196

and therefore

<2

n__5 7 2197 a;
o) “16 2196H

CLZ‘—]_

and in casev;a, > 1, itis enough to consider the case = 1, so that in this
case

s 16 2llg=1<?

Finally the casev; > 1, ap, > 1, andas > 1 can be handled similarly. O

Theorem B. If n € S* withw(n) = r and 455 does not divide unitarily then

n < (r — %) =1

Proof. Letn = p'p52p5? - -
TheoremA, we have

-p2r, wherep{® < p§? < --- < p®. By (2.10 and

(3.1) p‘f1<2+2(g)<r—%8, for > 17.

166, whereqa; is odd. Further since 455 is not a unitary
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Now by (2.9) and @.1), we successively have

w18 23
r—— r——
B 5 10
s o 18
Py < (r—1)pi* <(r—1) r-— )<
2
23\?
3 < o 2 aq 02 < _
23 27'71
< r—— :
< (r-3%)
Multiplying all these inequalities we get, < (r — 2

rem.
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