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Abstract

We present a scheme which associates to a generalized quasi-variational in-
equality a dual problem and generalized Kuhn-Tucker conditions. This scheme
allows to solve the primal and the dual problems in the spirit of the classi-
cal Lagrangian duality for constrained optimization problems and extends, in
non necessarily finite dimentional spaces, the duality approach obtained by A.
Auslender for generalized variational inequalities. An application to social Nash
equilibria is presented together with some illustrative examples.

2000 Mathematics Subject Classification: 65K10, 49N15, 91A10.
Key words: Generalized quasi-variational inequality, Primal and dual problems, Gen-

eralized Kuhn-Tucker conditions, Banach space, Social Nash equilib-
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1. Introduction
Let X be a real Banach space with dualX∗ or, more generally, letX andX∗

be two real locally convex topological vector spaces, duals with respect to a
product of duality〈·, ·〉 (see [14, p. 336]).

If A andK are two set-valued operators fromX to X∗ and fromX to X,
respectively, we are interested to the following variational problem (in short
(V P )):

find x∗ ∈ X such thatx∗ ∈ K (x∗) and there exists(V P )

z∗ ∈ A(x∗) satisfying 〈z∗, x− x∗〉 ≥ 0, for all x ∈ K (x∗) .

This problem, called Generalized Quasi-Variational Inequality ([16], [8], [12],
...), generalizes the following problems:

– variational inequalities as introduced by G. Stampacchia [17] (see also [2],
[6], [11], ...)

– generalized variational inequalities ([2], [5], [11], ...)

– quasi-variational inequalities ([6], [12], ...)

and describes various economic and engineering problems (see Section3 and,
for example, [1], [7], [10]).

Existence results for solutions of such a problem have been given in [8] and
[16], while stability of the following problem (equivalent to (V P ) under suitable
assumptions):
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(V P )′ : find x∗ ∈ X such thatx∗ ∈ K (x∗) and

inf
z∗∈A(x∗)

〈z∗, x− x∗〉 ≥ 0, for all x ∈ K (x∗)

has been investigated in [12].
Differently, to our knowledge there exists no results concerning a duality

scheme or a numerical method which solves a generalized quasi-variational in-
equality. Nevertheless, in the case of generalized variational inequalities, for
constraints defined by a finite number of inequalities and in finite dimensional
spaces, A. Auslender introduced in [2] a duality scheme which associates to
the Primal Problem another generalized variational inequality (with only con-
straints of positivity) for which an algorithm has been developed (see [3]).

In this paper, we extend to generalized quasi-variational inequalities in non
necessarily finite dimensional spaces the duality approach obtained by Auslen-
der for generalized variational inequalities. More precisely we present a scheme
which associates to the variational problem (V P ):

– a dual problem, called (DV P )

– Generalized Kuhn-Tucker Conditions

which allows us to solve (V P ) and (DV P ) in the spirit of the classical La-
grangian duality for constrained optimization problems. From a numerical point
of view, we point out that the dual problem (DV P ) has a special structure which
allows to apply the algorithm introduced in [3] for generalized variational in-
equalities.

In Section2, we present the duality scheme and the connections between the
primal and the dual problems through the Generalized Kuhn-Tucker Conditions.
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In Section3, we apply this method to find Social Nash Equilibria for nonzero-
sum games with coupled constraints defined by a finite number of inequalities
and we give some illustrative examples.
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2. Duality Scheme for (V P )
The scheme presented in this section takes advantage of the particular structure
of the set-valued operatorK defined by a finite number of inequalities. More
precisely, we assume that for allx ∈ X:

K (x) = {z ∈ X/fj (x, z) ≤ 0, for all j = 1, 2, . . . ,m}

where:

fj (x, ·) : X → R ∪ {+∞} is a proper, closed and(H1)

convex function ([18]) for all j = 1, . . . ,m.

Now, for all u ∈ Rm
+ , let

(2.1) F (x, y) = (f1 (x, y) , . . . , fm (x, y))

and

(2.2) G (u) =

{
−F (x, x) / 0 ∈ A (x) +

m∑
j=1

uj∂2fj (x, x)

}

where∂2fj (x, t) is the subdifferential of the functionfj (x, ·) at the pointt, that
is:

∂2fj (x, t) = {z ∈ X∗/fj (x, y) ≥ fj (x, t) + 〈z, y − t〉 ∀y ∈ X}
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Definition 2.1. The Dual Problem of the problem (V P ) (in short (DV P )), is
the following generalized variational inequality:

to findu∗ ∈ Rm
+ such that there existsd∗ ∈ G(u∗)(DV P )

satisfying〈d∗, u− u∗〉 ≥ 0, for all u ∈ Rm
+ .

The problem (DV P ) is termed a Dual Problem because we have:

Theorem 2.1. Assume that (H1) is satisfied and thatx∗ is a point ofX such
that E (x∗) = ∩m

j=1 dom(fj (x∗, ·)) is an open subset ofX. If (x∗, u∗), with
u∗ ∈ Rm

+ , satisfies the following conditions, called ”Generalized Kuhn-Tucker
Conditions”:

(KT )1 : x∗ ∈ K (x∗);

(KT )2 : 0 ∈ A (x∗) +
∑m

j=1 u∗j∂2fj (x∗, x∗);

(KT )3 : F (x∗, x∗) ∈ NRm
+

(u∗);

then

(i) x∗ is a solution to (V P )

(ii) u∗ is a solution to (DV P ).

Proof. First, to prove (i) we observe that:

“ (x∗, z∗) , with z∗ ∈ A (x∗) , solves (V P )”
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is equivalent to

“x∗ is a solution to the optimization problem (OP )”

where (OP ) is:

(OP ) min
x∈K(x∗)

〈z∗, x− x∗〉 .

The problem (OP ) admits as classical Lagrangian the functionL, fromE (x∗)×
Rm to R, defined by:

L (x, u) =


〈z∗, x− x∗〉+

m∑
j=1

ujfj (x∗, x) if x ∈ E (x∗) andu ∈ Rm
+

−∞ u /∈ Rm
+

+∞ otherwise.

So to prove (i), it is sufficient to apply the Theorem 7.5.1 in ([14]) to the problem
(OP ), taking into account thatNE(x∗) (x∗) = {0} (sinceE (x∗) is open) and
∂ (〈z∗, x− x∗〉) = z∗ + NE(x∗) (x∗).

Now we prove (ii). In light of the assumption(KT )2, it follows that
−F (x∗, x∗) ∈ G (u∗), whereF andG are defined, respectively, by (2.1) and
(2.2). So, sinceF (x∗, x∗) ∈ NRm

+
(u∗) by assumption(KT )3, and

NRm
+

(u∗) =

{ {
v ∈ Rm

+/ 〈v, u− u∗〉 ≤ 0 ∀u ∈ Rm
+

}
if u∗ ∈ Rm

+

∅ otherwise,

thenu∗ solves the problem (DV P ) defined in Definition2.1.
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Theorem 2.2.Assume that (H1) is satisfied. Ifx∗ is a solution to (V P ) and if:

(i) E (x∗) = ∩m
j=1 dom(fj (x∗, ·)) is an open subset ofX

(ii) ∃y ∈ X such thatfj (x∗, y) < 0 for all j = 1, . . . ,m

then, there exists a pointu∗ ∈ Rm
+ such that(x∗, u∗) satisfies the Generalized

Kuhn-Tucker Conditions(KT )1 to (KT )3 (and thereforeu∗ solves (DV P ) fol-
lowing Theorem2.1).

Proof. Let x∗ be a solution to (V P ) andz∗ ∈ A (x∗) such that〈z∗, x− x∗〉 ≥ 0
for all x ∈ K (x∗). By Theorem 7.5.2 in [14], there exists a pointu∗ ∈ Rm

+ such
that(x∗, u∗) is a saddle point for the LagrangianL above defined. So, it results
that:

0 ∈ ∂xL (x∗, u∗) = z∗ +
m∑

j=1

u∗j∂2fj (x∗, x∗)

which implies that0 ∈ A (x∗)+
∑m

j=1 u∗j∂2fj (x∗, x∗). Moreover, sinceL (x∗, u) ≤
L (x∗, u∗) for all u ∈ Rm

+ :

m∑
j=1

(
uj − u∗j

)
fj (x∗, x∗) = 〈F (x∗, x∗) , u− u∗〉 ≤ 0 ∀u ∈ Rm

+

that isF (x∗, x∗) ∈ NRm
+

(u∗). Therefore(x∗, u∗) satisfies(KT )1 to (KT )3 and
u∗ solves (DV P ).

In light of Theorems2.1 and 2.2, the variational problem (DV P ) can be
considered as a dual problem associated to (V P ).
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Remark 2.1. If X = Rn, for all x ∈ X:

K (x) = C = {z ∈ X/fj (z) ≤ 0, for all j = 1, 2, . . . ,m}

and the generalized quasi-variational inequality comes from an optimization
problem defined by a convex and differentiable function, then the previous the-
orems reduce to the classical theorems of Convex Mathematical Programming
(Theorems 3.2 and 3.3 in [2]).

Remark 2.2. Let us observe that the condition

E (x∗) = ∩m
j=1 dom(fj (x∗, ·)) is an open set ofX

has been needed to properly handle convex programs within the formalism of
extended valued functions ([14]).

By the previous theorems it follows that, to solve (V P ), one can solve the
dual problem (DV P ) and then, using the generalized Kuhn-Tucker condition
(KT )2, one can find the solutions of problem (V P ) proceeding as in the fol-
lowing example.

Example 2.1. If

K (x) = {y ∈ R/y − 2x ≤ 0 andx− y ≤ 0}

and

A (x) =


[
x− 1

3
, 0

[
if 0 < x < 1

3

[x, 1] if 1
3
≤ x ≤ 1

∅ otherwise
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then the dual problem (DV P ) associated to the primal problem (V P ) is the
easier generalized variational inequality:

to findu∗ ∈ R2
+ such that there existsd∗ ∈ G(u∗)

satisfying〈d∗, u− u∗〉 ≥ 0, for all u ∈ R2
+

where

G (u1, u2) =


]
0, u2 − u1 + 1

3

]
× {0} if − 1

3
< u2 − u1 < 0[

1
3
, u2 − u1

]
× {0} if 1

3
≤ u2 − u1 ≤ 1

∅ otherwise.

The solutions to the problem (DV P ) are all the points(0, u2) such that 1/3≤
u2 ≤ 1 , so, using the Generalized Kuhn-Tucker Condition(KT )2, we find that
all the pointsx∗ such that 1/3≤ x∗ ≤ 1 are solutions to (V P ).
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3. Application to Social Nash Equilibria
Let us consider an-person noncooperative game with coupled constraints, as
considered by G. Debreu in [7]. Let Yi be a Banach space (or, more generally,
a real locally convex topological vector space) and, for the playeri, let Xi ⊆ Yi

be the strategy set,Ji from X = X1×· · ·×Xn to R be the payoff function, and

Ki (x−i) =
{
yi ∈ Xi/f

i
j (yi, x−i) ≤ 0, for all j = 1, 2, . . . ,mi

}
be the constraints depending on the strategies of the other players, wherex−i

is a shorthand for(xj)j∈N\{i}. We assume that the players want to minimize
their payoff function and play a Social Nash Equilibrium [7] (also called Gen-
eralized Nash Equilibrium [10], which is a generalization of the concept of
Nash Equilibria [15]). We recall that a Social Nash Equilibrium of the game
Γ = {Xi, Ji, Ki} is a pointx∗ ∈ X such that no player can uniterally decrease
his payoff given the constraints imposed on him by the other players; that is a
point such that:

(SNE) Ji (x
∗) ≤ Ji

(
xi, x

∗
−i

)
for all xi ∈ Ki

(
x∗−i

)
and for alli = 1, . . . n.

It is well known that, under suitable assumptions, the Social Nash Equilibrium
problem can be put into the form of a generalized quasi-variational inequality
(see for example [6, 4, 11]). More precisely, if we assume that the following
condition is satisfied:

(H2) for everyx−i ∈ X−i the functionJi (·, x−i) is convex and bounded from
below onXi, for all i = 1, . . . , n
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then, a pointx∗ is a solution to the problem (SNE) if and only if x∗ solves the
following system of generalized quasi-variational inequalities:

(SNE)



find x∗ ∈ X such thatx∗ ∈ K1

(
x∗−1

)
× · · · ×Kn

(
x∗−n

)
and

there existz∗1 ∈ ∂x1J1 (x∗) , · · · , z∗n ∈ ∂xnJn (x∗) satisfying

〈z∗1 , x1 − x∗1〉 ≥ 0, for all x1 ∈ K1

(
x∗−1

)
...

〈z∗n, xn − x∗n〉 ≥ 0, for all xn ∈ Kn

(
x∗−n

)
where∂xi

Ji is the subdifferential ofJi (·, x−i) for all i = 1, . . . , n.
Now, if we considered the set-valued operator defined onX by:

A (x) = ∂x1J1 (x)× · · · × ∂xnJn (x)

and

K (x) = {y ∈ X / yi ∈ Ki (x−i)∀i = 1, . . . , n}
= {y ∈ X / fj (x, y) ≤ 0 j = 1, . . . ,m}

wherem = m1 + · · ·+ mn and

fj (x, y) =



f 1
j (y1, x−1) if j = 1, . . . ,m1

...

f i
j (yi, x−i) if j =

∑i−1
r=1 mr + 1, . . . ,

∑i−1
r=1 mr + mi

...

fn
j (yn, x−n) if j =

∑n−1
r=1 mr + 1, . . . ,m
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thenx∗ is a Social Nash Equilibrium forΓ if and only if it solves the following
generalized quasi-variational inequality:

find x∗ ∈ X such thatx∗ ∈ K (x∗) and there exists(SNE)

z∗ ∈ A(x∗) satisfying 〈z∗, x− x∗〉 ≥ 0, for all x ∈ K (x∗) .

If the problem (SNE) satisfies the assumptions(H1) and(H2), we can define
the dual problem:

find u∗ ∈ Rm
+ such that there existsd∗ ∈ G(u∗)(DSNE)

satisfying 〈d∗, u− u∗〉 ≥ 0, for all u ∈ Rm
+ ,

whereG is the set-valued operator defined by:

G (u) =

{
−F (x, x) / 0 ∈ ∂xh

Jh (x) +
m∑

j=1

uj∂xh
fj (x, x) , for all h = 1, . . . , n

}
.

Therefore, we can find the Social Nash equilibria ofΓ using the method intro-
duced in section 2, as one can see in the following example:

Example 3.1.Let us consider a two-player gameΓ with

J1 (x, y) = x2 + 2x− y2

J2 (x, y) = y2 + 2xy

and
K1 (y) = {x ∈ R / x− y ≤ 0}
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K2 (x) = {y ∈ R / 2x− y ≤ 0} .

The Social Nash Equilibrium problem associated to this game is equivalent to

the following generalized quasi-variational inequality:

find (x∗, y∗) ∈ K (x∗, y∗)(SNE)

such that(2x∗ + 2) (x− x∗) + (2y∗ + 2x∗) (y − y∗) ≥ 0

for all (x, y) ∈ K (x∗, y∗) .

Since
G (u1, u2) = {(2u1 + u2 + 4/2, 3u1 + u2 + 6/2)} ,

the dual of (SNE) is the easier problem:

findu∗ ∈ R2
+ such that(DSNE)

(2u∗1 + u∗2 + 4/2) (u1 − u∗1) + (3u∗1 + u∗2 + 6/2) (u2 − u∗2) ≥ 0

for all u ∈ R2
+.

The unique solution of (DSNE) is (u∗1, u
∗
2) = (0, 0) and so, by the General-

ized Kuhn-Tucker Condition(KT )2, we have that the point(x∗, y∗) = (−1, 1)
is a Social Nash Equlibrium for the gameΓ.
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