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Abstract

In this paper we restrict ourselves to the case when conics are circles one
completely inside of the other. Certain inequalities concerning bicentric quadri-
laterals, hexagons and octagons in connection with Poncelet’s closure theorem
are established.
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A polygon which is both chordal and tangential is briefly called a bicentric
polygon. The following notation will be used.

If A;--- A, is considered to be a bicentregon, then its incircle is denoted
by C1, circumcircle byCs,, radius ofC, by r, radius ofC; by R, center ofC
by I, center ofC, by O, distance betweehandO by d.
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Figure 1.1 Figure 1.2

The first person who was concerned with bicentric polygons was the German Co ZEice

mathematician Nicolaus Fuss (1755-1826). He foundd@has the incircle and Close
(5 the circumcircle of a bicentric quadrilatera} A, Az A, iff

Quit
(1.1) (R? —d*)? = 2r*(R* 4+ d?), Page 3 of 43
(see ]). The problem of finding this relation has been mentionedjraf one
of 100 great problems of elementary mathematics. 3. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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Fuss also found the corresponding relations (conditions) for bicentric pen-
tagon, hexagon, heptagon and octagdnfor bicentric hexagons and octagons
these relations are

(1.2) 3p'q" = 20" (0 + &) = ' (P — &)

and

(1.3) 20" + ¢*) — P’ = 16p" " (p* — r*)(¢* — 1),

Wherep =R+d, q= R —d. Certain Inequalities Concerning

The very remarkable theorem concerning bicentric polygons was given by ﬁgf;égﬁf::ggizgzs
the French mathematician Poncelet (1788-1867). This theorem is known as

Poncelet’s closure theorerfror the case when conics are circles, one inside the Mirko Radi¢
other, this theorem can be stated as follows:
If there is one bicentria-gon whose incircle i§'; and circumcircle’y, then Title Page

there are infinitely many bicentric-gons whose incircle i€'; and circumcircle

is Cy. For every pointP; on C, there are points, ..., P, on (5 such that Contents

P, --- P, are bicentrice-gons whose incircle i€, and circumcircle ig;. <4< »»
Although the famous Poncelet’s closure theorem dates from the nineteenth < >

century, many mathematicians have been working on a number of problems in

connection with it. Many contributions have been made, and much interesting Go Back

information can be found concerning it in the referencésipd [0]. Close
An important role in the following will have the least and the largest tangent _

that can be drawn fror@i, to C;. As can be seen from Figure 1.2, the following Quit

holds Page 4 of 43

(1.4) tm =V (R—=d)? =712 ty =+ (R+d)?—r2

J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mradic@pefri.hr
http://jipam.vu.edu.au/

Let A; A, A3 A, be any given bicentric quadrilateral whose incircleCisand
circumcircleC, and let

(21) t,L + ti+1 = ‘AiA'L'Jrl‘, ’l = 1, 2,3,4.

(Indices are calculated modulo 4.) Ia, [Theorem 3.1 and Theorem 3.2] it is
proven that the following hold

(2.2) tits = toty =1,
and
(2.3) tity + tots + taty + tat; = 2(R* — d?).

Reversely, ift1, t5, t3, t4 are such thatq.2) and @.3) hold, then there is a bicen-
tric quadrilateral such tha®(1) holds.

Theorem 2.1. The tangent-lengths, t,, t3, t4, given by(2.1) satisfy the follow-
ing inequalities

(24) 2T§t1+t3 Stm—i‘tM,

(2.5) 2 <ty + by < b + tar,
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R? + (2

(26) 4T§t1+t2+t3+t4§47"-m,
(2.7) At <2424 22412 <AR P+ 2 —r?),
and

(2.8) 3 2 > ke N

The equalities hold only if = 0.

Proof. First let us remark that,t,, = r? since there is a bicentric quadrilateral
as shown in Figure 2.1. Now, Iét denote a circle whose diametertjs + ¢,
(Figure 2.2). Then for each, ¢ = 1,2, 3,4, sincet,, < t; < ty, there are
points@ and R on C such that

where|PQ| + |PR| = |QR)|. In this connection let us remark that the power of
the circleC at P is t,,t,;. Therefored PQ||PR| = tth.
Obviouslyt; + t;1 o < t,, + ty Sincet,, + t,, is a diameter of”. Also it is
clear thatt; + t;,5 > 2r sincer? = t,,t,;.
This proves 2.4) and @.5).
In the proof that2.6) holds we shall use the relations
R—d R+d

2.10 o= Cty=r- .
(2.10) ""Rya ™MTT R4
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It is easy to show that each of the above relations is equivalent to the Fuss
relation (L.1). So, for the first of them we can write :
Title Page
R—d\’ tent
(R—d)? — v =1 (R d) Contents
N «“« S
(R? —d*)? - r*(R+d)*> =r*(R — d)? p >
(R? — d*)? = 2r*(R* + d%).
Go Back
The proof that 2.6) holds can be written as Close
2T+2T<t1+t3+t2+t4, Quit
t1+t3+t2+t4<2(t +tM)_2T(R+d+R+d)—4 RQJFZ; Page70f43
The prOOf that 27) h0|ds IS as fOHOWS J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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Since2r < t; + ts, 2r < ty + t4, We have
4r? <2 412420 ts,  4r? <2413 2ty
or, SiNCE2t 1ty = 2tot, = 212,
2r? <ti4t3, 2r* <5+ t3.

Thus,4r? < 2 + 3 + 13 + 3.
Fromt, +t3 <t,, +ta, to +ts < t,, + ty it follows that

<2 +13, G+ <E A+,
since2t ts = 2toty = 2t,,t2s. Thus, we obtain
2t 2 12 <282+ 13)),

wheret?, +13, = (R—d)* —r* 4+ (R+d)* —r* = 2(R* + d* — r?).
In the same way it can be proved thatd) holds. So, starting fromdr <
t; + t3, since2tktt = 2r? we can write

2r? <t 413,
4rt <t 4 t5 + 26585 or 20t < ]+t

and so on.
Starting fromt; + t3 < t,, + t), it can be written

£+t <2+t
t i3 <th + 1y,
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and so on.

Sincet,, = ty; only if d = 0, itis clear that the relation2(4) — (2.8) become
equalities only ifd = 0. Thus, ifd # 0, then in the above relations instead<of

we may put<.
Theorem2.1is thus proved.

Corollary 2.2. The following holds

(2.11)

4
4 1 4 R?+ d?
—<E—<—- .
r r

Proof. From2r < t; + t5 it follows that% <Ll % since

—

11 i+t

_t1+t3 > 2r N 2
tl t3 N tltg N r2 2 N 7“.

Fromt, + t3 < t,, + ty it follows that = + £ < L + L since

L, L_ ity 11ttt

tl t3 r2 ’ tm tM r2

Corollary 2.3. Leta =t; +ty, b =ty + t3,c =t3+ ty,d =ty + t;.Then

R? — 2

2.12 i
(2.12) R+ &

8r<a+b+c+d<8r-

]
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Corollary 2.4. Leta, b, c,d be as in Corollary2.3. Then
(2.13) AR —d*+ 2% <a* + 0+ +d® <4(3R* - 2r7).
Proof. Using relation 2.3) we can write
A+ 0+ + AP =20t + 5+t +t]) + AR — d°).
Now, using relations4.7) we can write relations(13). O
Corollary 2.5. The following holds
(2.14) 2t +d? < R* < 2% + d? + 2rd.
Proof. Sincet; + t3 > 2r, ty + t4 > 2r, we can write

(t1 + ts) (t2 + ta) > 417,

tity + tots + tsty + taty > 472,
2(R? — d%) > 4r,

R* — d* > 22

The fact thatk? < 2r% + d* + 2rd is clear from the quadratic function
F(d) =&+ 2rd + R? — 212,

If d =0, thenf(d) =0, butifd > 0, thenf(d) > 0. O
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Remark 1. It may be interesting that relation®.14) can be obtained directly
from Fuss’ relation(1.1). It was done by L. Fejes Toth iri {]. Namely, relation
(1.1 implies

& =r>+R*—rVr2 +4R?,

so the left side inequality .14 becomes equivalent 2 < R? or

(2.15)

(2.16) rv/2 < R.

The right side of(2.14) is equivalent to (quadratic polynomial inequality in

d)
d>—-r+vR?—1r?
or by using(2.15), after some simple computations,(£16), again.

Concerning the sigr< in the relations2.11) — (2.14), it is clear that in the
case wher # 0, that is, whert,,, # t;,, then instead oK may be puk.
In connection with Theorerf.1, the following theorem is of some interest.

Theorem 2.6.Let P = PP, P3P, and(Q = (Q1(Q2:Q3Q4 be axially symmetric
bicentric quadrilaterals whose incircle i8; and circumcircleC, (Figure 2.3).

Denote by2p,, and2p,, respectively the perimeters gfand(. Then for every
bicentric quadrilateralA = A; A, A3 A, whose incircle i<, and circumcircle
Cs it holds that

4
(2.17) Pm <)t < pu,
=1
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wheret; + t; 11 = |A;Ai4|, 1 = 1,2,3,4. Also, ifd # 0, thenp,, < p); and

(2.18)

=1
Proof. First we see that
(2.19)

wherer = |P,H| and

(2.20) t,, = |PG| =

(2.21) # =|EQ,| =R — (r+d)?

According to Theorem 3.3 ing], the tangent lengths,, ¢35, ¢, can be ex-

pressed by, as follows:

PM = by + 21 + Ty,

(R - d>2 - T27

(R> — d®)t, + VD

(2.22) ty =

where

(2.23)

r2+ 2

Y

=1

Pm = 2(£1 + 1?3))

4 4
Y ti=pu iff A=P, Y ti=p, iff A=Q.

(R+d)? —r?,

ty = |[FQ3] = /R — (r — d)2.

D = (R — &2 + (s + £)°.
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Mirko Radi¢

In this connection let us remark that for every pouit on C; there is a
tangentt; drawn fromC, to C, (Figure 2.4). Ift; is given, then quadrilateral Title Page
A1 A A3 Ay is completely determined by, andi,, t3, t4 can be calculated using

; Contents
expressions4.22).
Let the sume:1 t;, Wheret,, t3, t, are expressed by, be denoted by(¢,). <44 44
It can be easily found th%%s(tl) = 0 can be written as < >
(t3 —r?)[t] — 2(R* — d*> — r*)t] + 1Y = 0, Go Back
from which it follows that Close
it
B =12 =8 #)x=1£ o

R R . . . Page 13 of 43
wheret; andt; are given by 2.21). In this connection let us remark that

:|:\/(R2 _ d2 _ 7“2)2 _ 7a4 — :|:2d7“ J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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since, using Fuss’ relatior (1), we can write
(R2 o d2 _7,2>2 - 7“4 — (RQ - d2)2 o 2(R2 . d2)T2
=2r*(R* + d*) — 2(R? — d°)r* = 4d*r*.

The part of the expressioﬁ;s(tl) important for discussion can be expressed
1
as

ty = 2(R? = & — ")t} + 1" 4 2] — )|t} — (R?* = &® — 7)),

For brevity, let the above expression be denoted fiy). It is easy to find that

(2.24) S(r)=—-R*+2r* +d* <0,
(2.25) S(t,) = 2dr > 0,
(2.26) S(t3) = (R* — 2r* — d* — 2rd)(—2dr) > 0,

where the relations2(14) are used.
In this connection let us remark that by Theorem 3.35hthe following
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holds:

4
if t, = r andiy, £, 1, are given by 2.29), then > " t; = py,
=1

4
if ¢t = £, andty, £, 1, are given by 2.29, then > " t; = p,,

=1
4
if ¢, = {3 andt,, 3,1, are given by 2.2, then > " t; = p,,.
=1
Theorem2.6is thus proved. O

Corollary 2.7. Let A be as in Theoren2.6, that is, A is any given bicentric
guadrilateral whose incircle i€, and circumcircleC,. Then

area of@ < area ofA < area of P.
Proof. From 2.17) it follows that
(227) TPm S T(tl + tg + tg + t4) S TDnr -

Using relations .22 and denoting the area of by J(¢,), the inequalities
(2.27) can be written as

J(t) < J(ty) < J(tm),

where

ty r? 4t

B 2 (R?—d)t + VD
J(t)=r <t1 +—+ (7~ &), + VD

r2(r? + ) ) |
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Since, according to Theorem 3.3 i#][we have

S(tm) = J(r) = J(tm),
J(ty) = J (i),

the graph of/(¢,) is like that shown in Figure 2.5.

J(t)
Jt ) --
J(ﬂ) ==
:
I
|
O t, t r t, t, g
Figure 2.5

Of course,J (t,,) = 7(tm + 2r + tar), J(t2) = 2r(t, + £5). Let us remark
thatt, = t5. (See Figure 2.3.)

Corollary 2.8. The following holds

4 1 D
Pm M
EED Dt

i=1

Certain Inequalities Concerning
Bicentric Quadrilaterals,
Hexagons and Octagons

Mirko Radi¢

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 16 of 43

J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mradic@pefri.hr
http://jipam.vu.edu.au/

Proof. Sincetts; = tyt, = 2, we have

4

1 titals + totgty + talaty +tatite &1 +ta+ 13+ 1

2.28) > - - .
i=1

t1t2t3t4 ’I“2
[
From the proof it is clear that
11 4 . N .
> — = maximum (minimum) iff> " t; = maximum (minimum). O otz
i=1 i=1 Hexagons and Octagons
Corollary 2.9. The following holds Mirko Radi¢
4
P2, —4(R* —d%) < th < py; — 4(R* - d%). Title Page
=1 Contents
H 4
Proof. Since(t; +ty + t3 + t4)* = >, t7 + 4(R* — d?), we have « N
. < >
pa <Y B+ 4R —d*) < piy.
i=1 Go Back
] Close
From the proof it is clear that Quit
4 4 Page 17 of 43
> 7 = maximum (minimum) iff » " ¢; = maximum (minimum).
=1 i=1 J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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Corollary 2.10. When the arithmetic meaA(t1, to, t3, t4) is maximum, then
the harmonic meaw (¢4, t2, t3, t4) iS minimum and vice versa.

Proof. From .29 it follows that
Aty to, tg, ty) - H(ty, tg, ts,tg) =72

]

Corollary 2.11. Lett; be given such that, < t; < t,,;. Then the equation

Certain Inequalities Concerning

J(tl)J(x) = J(tm) J(fl) Bicentric Quadrilaterals,

Hexagons and Octagons

has four positive roots, =5, x3, 74, and we have Mirko Radié

2 2 4
T1To + oy + X3y + X411 = 2(R° — d°), 1200314 = 1",

Title Page
Proof. There is a bicentric quadrilateral; X, X5.X, whose incircle is”; and
circumcircleC, such that Conients
area ofA, A, Ay A, - area ofX, XoXs Xy = J () (F1), « dd
T+ 21 = [ XiXi|, i=1,2,3,4. h d
0 Go Back
. . . Close
In connection with the sunf + t5 + ¢4 + ¢}, wherewv is a real number, the
following theorem will be proved. Quit
Theorem 2.12.1f there is a bicentric quadrilateral whose tangent lengths are Page 18 of 43
t1,t9, t3,t4, then there is a bicentric quadrilateral whose tangent lengths are
”i)’ 72)7 §7 Z’ Where,U may be any given real number. J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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Proof. Let A = A; A, A3 A, be a bicentric quadrilateral whose incircle€isand
circumcircleCy, and let|A; A; 1| = t; + tiy1, 4 = 1,2,3,4. Then

(2.29) Uty = oty = (r¥)%

According to what we said in connection with the relatioag) and @.3) there
is a bicentric quadrilateral® = A A A% A such that
AV AN =y i =1,2,3,4.

)

Let its incircle and circumcircle be denoted respectivel)(lﬁ) and Cé”) and
let

r, = radius ofo”),
R, = radius ofC{",
d, = distance between the centers@df’ andC".

From 2.29 we see that
(2.30) ry, =71
In order to obtaink, andd, we shall use relations

(2.31) Ut ol + 5ty + thtY = 2(R2 — d2),

(2.32) (Ry = dy)* = 2r(Ry + dy),
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where the second is Fuss’ relation. If, for brevity, the left-hand side .6fl is

denoted by, we can write

SR s = 2r2(R% + d%)
2 (v v 4 v (3 v
from which follows that

2 4 2 2 4 2
(2.33) R, = VA AsTy d, = VTR

4r, ’ 4r,

Theorem2.12is thus proved.

Before we state some of its corollaries here are some examples.

Example 2.1.1f v =0, thens =4, r, = 1, R, = v/2, d, = 0.

Example 2.2.1f v = —1, thens = Q(Ri;‘ﬂ), ro=14R,=£,d,= 4.

Corollary 2.13. The following holds

4

2(t1,v + t37v) S Z t;} S tm,v + tM,v + QTva
i=1

where

t72n,v = (R, — dv)2 - T1217 t?\/],v = (R, + dv)2 - Tg?
Bom B (s = (=)

This corollary is analogous to Theoreirt. (See £.17).)
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Corollary 2.14. The following holds

2r, <t +t5 <tpmo +tumo
QTU S t; + tz S tm,v + tM,v
v v v v Ri —"_ d12}
4T’U S t1+t2+t3+t4 S 47"7)' m
The proof is analogous to the proof that4) — (2.6) hold. We can imagine
that in Figure 2.2 instead of, t; ., t,, tar, r there arey , t7 o, to, o, tare, To-

Corollary 2.15. The following holds

(2.34) A b, b, 00) - H(8 b, 15, 17) = )

This corollary is analogous to Corollagy10Q

Theorem 2.16. Each of the following six sums is maximum (minimum) iff the
sumy ;| #; is maximum (minimum).

4 4 4 4 4 4
a)Y 7, b)Y 77 o> o d)) 6t et H
=1 =1 =1 =1 =1 =1

In other words,
4
(2.35) 20y +15) <Y <l + 20+t v=2,-23,-3,4,—4,
=1

wheret,,, ty, t1, t3 are given by(2.20) and (2.21).
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Proof. a) It holds
(ty 4ty + tg + ty)* Zt2+4 d?).

b) Sincet t; = tot, = 72, we can write

e B+t 4+15+1) B+ +t5+1
Z r8 - ré .

c) From

(t1 +to+t3+14)> = (t) +ty +ts +14)2(t1 +tg +t3 +1y)

or
(Zt) (12 + 12 4+ 12 4 12+ 4(R? — A+ r2)|(ty + ty + 13 + ty)

follows

(ty + to 4 ts + ta)[(t1 + to + t5 + t4)? — 6(R? — d?) — 3r?] Zt?’.

d) It holds

Zt_ t3+t3+t3+t4
76
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e) From

4 2 4 4
() =3 (S
i=1 i=1

=1
since
4 2 4 4
(2.36) (Z titi“) = #t, + 27 (Z tf) + 4rt,
=1 =1 =1
we get

4 4 2 4
> oth= (Z tf) + 472 (Z tf) — 8(R? — d®)? + 4t
=1 =1 =1

f) It holds

Zt_4_t3‘+t§+t§+t3
— 5 ,

Theorem2.16is proved.
In connection with b), d), f) in this theorem let us remark that
1 4 £\
Y3 (5)
It is easy to see that this is equivalent to

AGEE, 25,85, ) - H (e, 2, 25, 25) = v,
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Corollary 2.17. Let f;(t1),: = 1,2, 3,4, be the functions given by

7,2 T2
filt) =t,  fo(t) =ta,  fa3(t1) = 0 fa(th) = .
1 2
wheret, is expressed if2.22). Then each of the following two equations
d o d o
2.37 — (t1) =0, — ki) =0, k=234
(2.37) dh;f(l) dh;ﬁm
has in the intervalt,,, t,;] the same solutions,,, t1, 7, t3, t5; given by(2.20) Certain Inequalities Concerning
and (2.2]). Bicentric Quadrilaterals,

Hexagons and Octagons

Thus, the graph of the functiafi(¢,) = 3>, f¥(t,) is like the graph of the

X X ] Mirko Radi¢
function J(t,) shown in Figure 2.5.

If f(¢1) andg(t,) are polynomials which respectively correspond to the _
equations given byX(37), thenf(t1)|g(t,). Title Page
Remark 2. We conjecture that Corollar.17is valid for every real number Contents
k#0. «“« b
Corollary 2.18. "7 t2¢2,, is minimum wher}_;_, ¢; is maximum and vice P >
versa. In other words, the foIIowing holds

Go Back
4r3(R? —r* + d*) < thtfﬂ —r? —d*)?, Close
Quit

where
Page 24 of 43
tor? + Pt + 4 rit, = 43 (R? — 1 + dP), .

tltg + Z?gtg + l%t?l + tz% = 4(R2 — 7“2 — d2)2. J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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Proof. From ©.36), sinced""_, tit;11 = 2(R? — d?), it follows that

4 4
-0 (350).
i=1 i=1

In this connection let us remark that from

Certain Inequalities Concerning
2 2 2 2 2 2 2\2
Ar*(R* —r*+d°) < 4(R° —r* — d*)*, Bicentric Quadrilaterals,

Hexagons and Octagons
using Fuss’ relation](.1), we get the following inequality

Mirko Radi¢
(2.38) R* < 2r% + 3d°.
Title Page
(Cf. with (2.14). The equality holds only il = 0.) Contents
Remark 3. W. J. Blundon and R. H. Eddy iG][have proved that for semiperime- pp >
ter s of bicentric polygons, the following inequalities hold ) R
s<r+Vr24+4R?, s> 8r (\/r2+4R2—r>, e
and two other inequalities in. (Both inequalities are based up¢a.16) stated Close
in Remarkl.) Quit
Inequalities(2.38), using(2.19 stated in Remark, can also be proved. Page 25 of 43
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Let now, in this section;’; andC, be given circles such that there is a bicentric
hexagon whose incircle i5; and circumcircle’; and let

r = radius ofC';, R = radius ofC5,
= distance between centers@f and(Cs,

(3.1) t=+(R—d?—1r2, ty=+(R+d)?—r12

We shall use the following results given ia, [Theorem 1-2].
Let A = A, --- Ag be any given bicentric hexagon whose incircl€isand
circumcircleC;, and let

(3.2) ti+tisn = |AjAi|, i=1,...,6.
Then

(3.3) tits + tsts + tst; = 12,
(3.4) toty + tats + teta = 72

and

(3.5) tity = tots = tstg = h,
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where

(3.6) h=tntu.
If ¢, is given, then,, ... ts are given by
a a\ 2 b
3.7 ty = 2 (—) —b, oty =,
(3.7) 355 + 5 5 s
h h h
( ) 2 t5’ 4 tla 6 t3
where
(rt — )ty h2(r? + %)
3.9 S S N G S VA
(3.9) ¢ rii+ h? r2t2 + h?

Thus, for every; such that,, < t; < t,, there is a bicentric hexagon whose
tangent lengths arg, ¢, . . ., ts, wheret,, . . ., ts are given by 8.7) and @3.9).

Theorem 3.1. The following results hold

(3.10) IWh < ti+tipg <tm+ty, i=1273
6

(3.11) 6Vh <> "t < B(tm + tur)
=1
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and

6
(3.12) 6h <Y t7 <6(R*+d*— 1" +h).

=1

Proof. Analogous to the proof of Theorethl. (Here verticesd; and A, ; are

opposite and instead of we haveh.)

Theorem 3.2. The following result holds
(3.13) r? > 3h,
wherer? = 3h only if d = 0.

Proof. Since from 8.5 we have

h h h
3.14 ty=—, ty=—, tg=—
( ) 2 t57 4 t17 6 t3
the relation 8.4) can be written as
A 2
(3.15) ty +ts +ts = <E> titsts.

Using this relation and relatior2 (4) we can write

r 2
ty + 15 = (—) titsts — t,

h

ti(ts +t5) + tats = 17,
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from which follows that
(316) tg + t5 = a, t3t5 = b,

wherea andb are given by 8.9). Thus, we have the equation

b
ty+ -~ =a or t3 —atz+b=0.
3

Let the discriminant of the above square equatioty ibe denoted by). Then
we can write

(3.17) D= —4h*r*t] + [(r* — h?)? — 4R* — AR}t — 4h*? > 0.
Now, the discriminant of the corresponding quadratic equatigiimgiven by
Dy = [(r* — h*)? — 4h* — 4h*r")? — 645"
SinceD; > 0 must hold, we have the following inequality
(r* — h?)? — 4h* — 4t — 8h%? > 0,
which can be written as
(r* — 3h)(r* + h) > 0.

Thus,r? — 3h > 0.

If d = 0, thenr = Rcos30° = B3, ¢, =ty = Rsin30° = £ and
2 =tmtu.

Theorem3.2is proved. O
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In proving this theorem we also have proved that for evesuch that,, <
t; <ty the inequality 8.17) holds.

It may be of some interest to note that Theor@gmcan be readily proved
using a connection between arithmetic and harmonic means. Namely, starting

from
A(tla t37 Z(’-5) Z H(tla t37 t5)7

we can write bt date + £k
113 + U3ls + l5l1
. >
(tl R tS) t1t3ts > 9 Certain Inequalities Concerning
i 9 Bicentric Quadrilaterals,
or, sincet ts + t3t5 + t5t1 = r*, Hexagons and Octagons
(3.18) L L L Mirko Radi¢
t1 + 13+ 15
Also we have that the relatio® (L5 can be written as Title Page
t1+t3+t Contents
(3.19) R
ttsts « >
Now, using relations3.18 and (3.19 we can write < >
> gp2 titsts 9 <h2 . t1 4+t + t5) titsts _ g2 Go Back
t1+ 13+ 15 titsts t1+ 13+ 15
Close
or _
r? > 3h. Quit

Corollary 3.3. The following result holds

tits 4 tats + 581 > 3h, toty + tate + tto > 3h.

Page 30 of 43
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Proof. Follows from @.3), (3.4) and @3.13). O

Corollary 3.4. It holds
t1t3ts
= ity rts
Proof. Since(5)? > 2, the relation follows from¥.19. O

(3.20)

Corollary 3.5. The following holds

Lot sl
ﬁ_ Certain Inequalities Concerning
to+ 14+ tg Bicentric Quadrilaterals,

Proof. From (3.3), using @.5), we get Flexagons and Octagons

(3.21) h>3.

t t t Mirko Radi¢
p2 2. 2t
lolale
] Title Page
Corollary 3.6. The following result holds Contents
6 44 44
(3.22) ;titiﬂ > 6h. p >
Proof. Starting fromr2 > 3h, we can write Go Back
rt > 9h?, Close
rt — 3h* > 61 Quit
3R Page 31 of 43
iti 6 ri—3h? neq. Pure an . Math. rt.
In [9, Theorem 3] itis proved that,_, tit11 = =2 O el Sl e
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The following theorem is analogous to Theor@né but with much more
involved calculation. Before its statement we have the following preliminary
work.

In Figure 3.1a we have drawn an axially symmetric bicentric hexdgon. F;.
The marked tangent lengthsand?; are given by

(3.23) to=—ty+R+d
and Certain Inequalities Concerning
Bicentric Quadrilaterals,
(3_24) 53 = —t,, + R—d. Hexagons and Octagons
. Mirko Radi¢
The proof is as follows.
Sincet, = ts andt, = t,,, the relation 8.4) can be written as _
Title Page
(t2)® + 2tpty — 12 =0, Contents
from which follows 3.23. 4 44
Sincet; = ts, t; = t,,,, the relation 8.3) can be written as < >
(t3)* + 2tz — 1> =0, Go Back
. Close
from which follows (3.24).
In Figure 3.1b we have drawn an axially symmetric bicentric hex@gon - (. Quit
The marked tangent lengths ¢, t3 are given by Page 32 of 43

Fo— /P2 _ 2
(325) tl - R (T + d) ) J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
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t
c, >
t,
Q,
£
o | o,
P
Q;
P, Q
Figure 3.1a Figure 3.1b
(3.26) ts =\/R>— (r —d)?,
A 2t
(3.27) fp = 10
t1 + 13

Fprz?1 andt; it is obvious from Figure 3.1b. Also, from Figure 3.1b we see
thatt, = t5, so relation 8.3) can be written as
tits + tgts + tst; = 12,
from which follows
r? — tits

bi+is

ts =
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Now, let A, - - - Ag be a bicentric hexagon whose incircleis and circum-
circle Cy, and let its area be denoted Wyt ), that is

(328) J(tl) = T’(tl + tz + -4 tﬁ),

wheret; + t;11 = |A;Ai4], i =1,...,6, andt,, ..., ts are given by 8.7) and
(3.9).
According to Theorem 2 in], we have

(3.29) J(tm) = J(t2) = J(ts) = J(tm)
and
(3.30) J(t) = J(tz) = J(1s).

Theorem 3.7. Let the perimeter of the hexagét - - - P; shown in Figure 3.1a
be denoted byp,,;, and let the perimeter of the hexag@h ... Qs shown in
Figure 3.1b be denoted Bp,,. Then

(3.31) Tpm < J(t1) < 7pu,

that is
J(t1) = maximum ift; € {tm, 2, T3, tar }
J(t1) = minimum ift, € {£;, 45,13} .

Proof. The relation 8.28), using relations given by3(7) and @3.8), can be writ-

ten as
r? (h* + 2027 + 't 4+ Wi (r? 4 17)?)

Ity (r2 + £2)(h2 + r2t2)

J(t) =

Certain Inequalities Concerning
Bicentric Quadrilaterals,
Hexagons and Octagons

Mirko Radi¢

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 34 of 43

J. Ineq. Pure and Appl. Math. 6(1) Art. 1, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mradic@pefri.hr
http://jipam.vu.edu.au/

From %J(tl) = 0, we obtain the equation

r2(h — ) [h(h? + hi3 + t1) + 2hr?t] — r'43][3h21F 4 (h? + t])r? — r't]]

=0
W2 (2 + £2)2(h2 + r2£3)2 ’

from which follow

(3.32) (t) = h,

(7,2 _ h)2 + \/(73 _ h)4 — 4h4

(3.33) (t%)m = oh :

and

(3.34) (i), — T30 E OB 4T
’ 1)45 = .

212

SinceR, r, d satisfy Fuss’ relation](.2), it can be shown, using this relation,
that

(t) = ta, (t)
ts, (1)

So, for example, it can be found thigt= (¢, ), is equivalent to

s=13, (h)3=1h
5 ZEQ.

647 ( R—d+r)(— R4+-d+7)[3( R*—d*)* —4r*(R*+d*) (R*—d*)*— 16 R*r*d*] = 0,
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where only the last factor is equal to zero since Fuss’ relaficf) fiolds, which

can be written as

3(R? — &*)' — 4r*(R? + &*)(R® — d°)* = 16R*r"'d* = 0.

In the same way as in Theoret6, only with somewhat more involved
calculation, it can be shown that the graph/df,) is like that shown in Figure

3.2.

J(t)

Jit )~ omcm——mmm— e — == =
JE)F--f =L g

(o] o p——
SR ———— -

N

Figure 3.2

Theorem3.7is proved.
Corollary 3.8. Each of the following three sums
6 6 1 6 1
a) Zt?a b)Zt_’ C)Zt_g
i=1 i=1 " i=1 ¢

has maximum if, = t,,, and minimum it, = ¢,.
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Proof. a) We have

(t1+ ... +te)? =174+ ...+t + 21ty +tots + ... + tsts + tet1)
+ 2(tqts + tsts + tsty) + 2(taty + tate + teta)
6 4 2
—3h -
= 742 TT + 472, (See P, Theorem 3].)
i=1
b) We have

Corollary 3.9. Lett; be given such that, < ¢; < t;;. Then the equation
J(t1)J () = J(tm)J (1)

has six positive roots,, . . ., z¢ and we obtain
6
r4 — 3n?
Zmixiﬂ T
i=1
6

4 2
E TiTip1TiyaTip3 =1 — 3h7,
i=1
_ 13
T1ToT3XaX5Te = h°.

The proof is analogous to the proof of Corollaryl 1.

O]
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In this section, letC; and C; be given circles such that there is a bicentric

octagon whose incircle i§7 and circumcircle”; and let

r = radius ofC';, R = radius ofCy5,
d = distance between centers@f and(Cs,

(4.1) t=+(R—d?—1r2, ty=+(R+d)?—r12

We shall use some results given iy Theorem 4-5].
Let A = A, --- Ag be any given bicentric octagon whose incircl&isand
circumcircleCy, and let

(4.2) bi+tit1 =
Then

|AiAi+1|7 Z: 17...,8.

(43) ’f’ - T (tltg + t3t5 + t5t7 + t7t1 -+ t1t5 + t3t7) + t1t3t5t7 = O

(44) T’ —Tr (t2t4 + t4t6 + tgtg + tgtz + tgtﬁ + t4t8) + t2t4t6t8 = O

(4.5) tits = totg = tsty = tytg = h,
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A bicentric octagon may be convex or non-convex, but the relatiord €

(4.6) have the same form.
The theorem below will now be proved.

Theorem 4.1.Let A, - - - Ag be a bicentric octagon. Then

(4.7) (r - ﬁ>2 > 4h,

,
where equality holds only if = 0.

Proof. The relation 4.3), using relationg$,t5 = t3t; = h, can be written as

2
(4.8) (h+8)t; — <r — g) tits + h(h +t]) = 0.

The discriminant of the above quadratic equatior;iis

h 4
D= (7’—;) t} —4h(h +t])*.

h 4
<r— —> —8h2] t] —4h* > 0.
T

SinceD > 0, we obtain

—4ht} +
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We shall use the discriminant

B\ ’
D, = [(r—;) —8h2] — 64h*

of the corresponding quadratic equatiortjmgiven by

h 4
(r— —> —8h2] 2 — 4n3 = 0.
T

FromD; > 0 it follows that

h 4
(r — ;) — 8h? > 8h?,

—4ht? +

i.e.
A 2
(r — —) > 4h.
r
It remains to prove that — %)* = 4h only if d = 0. Since
r = Rcos22.5°, h =r%sin?22.5° and
2 2 2—4/2
cos® 22.5° = i \/_, sin? 22.5° = V2
4 4
we have
h ? 2 2
r——) =r3%2-v2), 4h=r*2-V2).
T

Theoremd.1is proved.
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Corollary 4.2. The following inequalities hold

(4.9) tits + tsts + tstr + trty > Atpty
and
(410) t2t4 + t4t6 + t6t8 + tgtg 2 4tmt]w.

Proof. The relations4.3) and @.4), using relations4.5), can be written as

Certain Inequalities Concerning
2 Bicentric Quadrilaterals,
) Hexagons and Octagons
)

h
tits + tsts + tstr + trt) = (7" - =
r Mirko Radi¢

h 2 .
t2t4 + t4t6 + tﬁtg + tgtg = <7’ — —) . Tide Page
r Contents
0 < >
Remark 4. It can be shown that for almost every property considered for bi- < >
centric quadrilaterals there are analogous properties for bicentric hexagons
. . C Go Back
and octagons. But, since the number of the pages in the paper is limited, we
omit some analogous theorems for bicentric hexagons and octagons. So that Close
all we have stated about bicentric hexagons and octagons can be considered as Quit

some steps or an insight into possibilities for further research.
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