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Abstract: In this paper, we establish some results concerning the Hadamard product of cer-

tain meromorphig-valent starlike and meromorphjevalent convex functions
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analogous to those obtained by Vinod Kumar (J. Math. Anal. Appl. 113(1986),
230-234) and M. L. Mogra (Tamkang J. Math. 25(1994), no. 2, 157-162).
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1. Introduction

Throughout this paper, lete N = {1,2,...} and let the functions of the form:

oo

SO(Z) = szp - Z Cp+nzp+n (Cp > 0, Cp+n Z 0)7

n=1

U(z) =dpe” = dpin?”™  (dy > 05y > 0)

n=1

be regular ang—valent in the unit disé/ = {z : |z| < 1}. Also, let

U o0
@D fE) =0 Y T (4 > 0y 20),
n=1

)
ap_l)i p+n—1
—1, —4, ? —Lt —
fi(2) » +§ :%+n 1i% (ap-1; > 05 apn—1,; > 0),

& n=1
g(z) = % + ibp+n_1zp+”_1 (bp—1 > 0;bpsn—1 > 0)
n=1
and
g9i(z) = bpzpl’j + ibp+n1,j2p+n_l (bp—1; > 05bpin_1,; > 0).

n=1

be regular ang—valent in the punctured disb = {z : 0 < |z| < 1}.
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Let S (p, o, 3) denote the class of functiogg z) which satisfy the condition
20 (2) _
wx) P

20 (2)
o) P20

forsomen, 5 (0 <a<p, 0<p<1,pe N) and for allz € U; and letCy(p, «, 3)

be the class of functiong(z) for which Zf € Si(p,a, B). Itis well known that

the functions inS;(p, v, 3) andC§ (p, ,ﬁ) are, respectivelyy—valent starlike and
p—Vvalent convex functions of orderand types with negative coefficients ity (see
Aouf [1]).

Denote by~ S (p, o, 3), the class of functiong(z) which satisfy the condition

<p

2f ()
o TP

/()
o T2a-p

forsomea, (0 <a<p, 0< <1, pe€ N) and forallz € D, andXC{(p, o, 3)

be the class of functiong(z) for which ‘Zf € XSi(p,a, 5). The functions
in XS5 (p, a, B) and 2C5(p, «, 3) are, respectlvely, called meromorphie-valent
starlike and meromorphig—valent convex functions of order and types with
positive coefficients irD. The classESg (p, «, 5) with a,_; = 1 has been studied by
Aouf [2] and Mogra P].

Using similar arguments as given ir2[[and [9]), we can prove the following
result for functions ir.S; (p, a, 3).

A function f(z) € £S§(p, «, §) if and only if

(1.2)

<pB

13) > Aln+2p—1)+B(n+2a— D] anp 1} <28(p— a)ay 1.
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The result is sharp for the functiof{z) given by

— 1 Qﬁ(p_a)ap—l p+n—
f(z)-; (n+2p—1)+pB(n+2a—1) "

Proof Outline.Let f(z) € XS;(p, a, 3) be given by (.1). Then, from (.2) and
(1.7), we have

(p,n € N).

S (n+2p— 1Dappn_122P!

n=1

20— a)ap—1 — Yo (n+2a — 1)app,_1 22+

(1.4) ' <p (z€l).

Since|Re(z)| < |z| (z € C), choosing: to be real and letting — 1~ through real
values, (..4) yields

Z(n +2p — Dapin—1 <26(p — a)ap—1 — Z Bn+2a —1)apin_1,
n=1 n=1

which leads us tol(.3).
In order to prove the converse, we assume that the inequality Ifolds true.
Then, if we letz € 0U, we find from (L.1) and (L.3) that

2f (2) 00
o TP | S i(n+2p = Datyins

_Z]]:;,(;) +2a—p| (p— )ap—1 =357 (n+ 20 — 1)apipn
<fB (2€dU={z:2€C and |z| =1}).

Hence, by the maximum modulus theorem, we h#ye) € XS;(p, «, 5). This
completes the proof ofl(3). O
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Also we can prove thaf(z) € XCi(p, a, ) if and only if

(1.5) Z{(“” )[(n+2p—1)+5(n+2a—1>}an+p_1}

< 25(]9 - Oé)apfl .

The result is sharp for the functiof{z) given by Hadamard Product
M. K. Aouf
f(z) = l + 26(p — @)ay—s Sptn—l (p,n € N). vol. 10, iss. 2, art. 43, 2009
2 (%) [(n+2p—1)+ B(n +2a — 1)]
The quasi-Hadamard product of two or more functions has recently been defined and Title Page
used by Owa ([1], [12] and [L3]), Kumar ([6], [7] and [8]), Aouf et al. [3], Hossen .
[5], Darwish 4] and Sekine 14]. Accordingly, the quasi-Hadamard product of two
functionsy(z) and¥(z) is defined by « 4
o < >
px U(2) = cpdpz” — 2—31 Cptndprn” . Page 6 of 14
Let us define the Hadamard product of two functigiis) andg(z) by Go Back
b . Full Screen
a,—10,_ .
frg(z) = % + Z Apn1bpin 12T Close
n=1
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Similarly, we can define the Hadamard product of more than two meromorphic
p—valent functions.
We now introduce the following class of meromorphievalent functions inD.
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A function f(z) € X5 (p, «, 8) if and only if

(1.6) Z{(“" ) [(n+2p—1)+ﬁ(n+2a—1)]an+p—1}

< 28(p — oz)ap,1 .

where) < a <p, 0 < 8 <1, p € N, andk is any fixed nonnegative real number.
Evidently, >3 (p, o, B) = S5 (p, a, 5) andXi (p, o, B) = XCg(p, i, 3). Further,

Yi(p, o, B) C E5(p, v, B) if K > h > 0, the containment being proper. Moreover,

for any positive integek, we have the following inclusion relation

22(}%0(,6) C ZZ—l(pa a?ﬁ) c---C Z;(pvaaﬁ) - ECS(%avﬂ) C ZSS(%%ﬁ) .

We also note that for every nonnegative real numbethe class¥;(p, a, 3) is
nonempty as the functions

_ Qp (p+n—1 -k
o=ty (P

) X{ 26(p — @)
(n+2p—1)+B(n+2a—1)

p+n—1
} 6Lp—l)\p-i-n—lz ;

wherea, 1 > 0,0 < a<p,0< B <1,peNa,_ >0 \i,1 > 0and
Yoot Aptn—1 < 1, satisfy the inequality(. 1)

In this paper we establish certain results concerning the Hadamard product of

meromorphig—valent starlike and meromorphjic-valent convex functions of or-
dera and types analogous to Kumaif7] and Mogra [LO].
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2. The Main Theorems

Theorem 2.1. Let the functionsf;(z) belong to the clas&Cj(p, «, ) for every
i = 1,2,...,m. Then the Hadamard produgi * f; * - -- % f,,(z) belongs to the

Classzszl (p7 a, ﬁ) '

Proof. It is sufficient to show that

{(P+"‘1) Kn+%w%>+6m+2&—UﬂI%ﬁnu}

L[]

i=1

<28(p— ) [H ap_u] .

=1

Sincef;(z) € £Ci(p, o, #), we have

1) }j{(p+" D) 20 - 1)+ 50+ 20— Dl
S Qﬁ(p - a)ap—l,i7
fori =1,2,...,m. Therefore,

(H#_l) [(n+2p—1)+ B(n+2a = 1) apyn—1i < 26(p — @)ap-1,

or
26(p — a)
(2222) [(n+ 2p = 1) + Bln + 20 — 1)

Apyn—1,i < Ap—1,
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for every: = 1,2,...

2
greaterthar(%) a,_1,. Hence

(2.2)

foreveryi =1,2,...,m.

ptn—15 < <

Using 2.2 fori=1,2,...,

L[]

IN

)

p+n—1

-2
) apfl,ia

p

,m. The right-hand expression of the last inequality is not

m — 1, and @.1) for i = m, we obtain

2(m—1)

< 2ﬁ( O[) [H ap_lﬂ;] .
=1
Hencef,  fo - * f(2) € 33,1 (p,

{( *”‘1> 2 — 1) 4 Bt 20— 1))

m—1

a, ).

m

| | Qptn—1i

=1

}

Zl{(zl_l> " [(n+2p—1)+ B(n+2a —1)]

(5
(2=

: | | ap—l,i) ap—l—n—l,m}
=1

)+ 20— 1)+ 800+ 20 = Dl v

]

Theorem 2.2. Let the functionsf;(z) belong to the clas&S;(p, a, 3) for every

i=1,2,...,
classX’ _,(p,a, B3).

m. Then the Hadamard produgi * f5 * - - -

* fm(2) belongs to the
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Proof. Sincef;(z) € £5;(p, a, 5), we have

23) > A{l(n+2p—1)+B(n+20— )] apin-14} < 26(p — a1,

n=1

fori =1,2,...,m. Therefore,

. ,< 268(p — @) 4
PR = U+ 20— D)+ B+ 20— D] [ 70
and hence
+n—1 -1
(2.4) pyn—1,i < <]9T) ap—1,
foreveryi =1,2,...,m.

Using 2.4 for:=1,2,...,m — 1, and ¢.3) for i = m, we get

- n—1\"" i
Z { (ZH_T> [(n+2p—1)+ B(n+2a —1)] H ap+n1,i}

n=1 i=1

Z{(p”_l) [(n+2p — 1) + B(n + 20 — 1)]

—(m—1) m—1
p+n—1
X ((—p ) : H apl,i) ap+n1,m}
=1

= [H ap—l,z'] D Al +2p = 1)+ Bn + 20— 1] anrp-1m}

i=1 n=1

<28(p [ Ap—1,i

=1
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Hencef, * fo* -+ f(2) € X5, (p, o, B). o

Theorem 2.3. Let the functionsf;(z) belong to the clas&Cj(p, «, 3) for every
i=1,2,...,m, and let the functiong; (=) belong to the class.S;(p, «, ) for every
j=1,2,...,q. Then the Hadamard produgt = fo % - - - % f,, % g1 % go * - - - % g,(2)
belongs to the classs,, ., (p, @, 3).

Proof. It is sufficient to show that

- p+n -1\t
Z{(T) (n+2p—1)+ B(n+2a —1)]
X (ﬁ Apyn—1 ° f[ prrnl,i) }
<28(p— ) (H ap—1 H bp—l,i) :

Since f;(z) € XC§(p,«, 3), the inequalities {.1) and @.2) hold for everyi =
1,2,...,m. Further, sincg;(z) € £S5 (p, a, 5), we have

n=1

25) S {l(n+2p— 1)+ Bn+20— )] byrn-1s} < 26(0 — )by

n=1

forevery; =1,2,...,q. Whence we obtain

Hadamard Product
M. K. Aouf
vol. 10, iss. 2, art. 43, 2009

Title Page
Contents
44 44
< 14
Page 11 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

+n—1\"
(2.6) bpin-1,j < (pT) bp—15 5

forevery; =1,2,...,q.
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Using .2 fori=1,2,...,m,(2.6forj=1,2,...,q—1,and .5 for j = ¢,
we get

;{(w) o (n+2p—1)+ B(n+2a —1)]

p

m q
X (H Aptn—1,i ° H bp+n1,j> }
- e

{(p—l—n 1) o [(n+2p—1)+ B(n+2a —1)]

—2m ~(g=1) m a1
p+n—1 ptn—1
X ((—) (—) Hafp—l,ipr—l,j> bp-l—n—LQ}
p p i=1 j=1

[e.e]

= <H p—1i H prj) Z {{n+2p—1)+ B(n+2a — )] bpin-1,4}
< 26(p (Hap lZf[bp 1]>.

Hencef x fox - - % fr, k gr % go ¥ - - % go(2) € E§m+q—1(19a04,ﬁ)- O

We note that the required estimate can also be obtained by Usigdr i =
1,2,....m—1,26forj=1,2,...,q,and g.) fori =m

Remarkl. Puttingp = 1 in the above results, we obtain the results obtained by

Mogra [10].
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